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Using the trial equation method, a Broer–Kau–Kupershmidt (BKK) mechanism physical model is obtained, and the
exact and approximate solitary traveling wave solutions are found. As an example, it is pointed out that the solitary traveling
wave approximate solutions have better accurate degree by using the homotopic mapping theory.
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1. Introduction

Nonlinear evolution equation has very important applica-
tions in physics. How to solve the nonlinear evolution equation
is an important field, where Broer-Kau-Kupershmidt (BKK)
mechanism system is a physical model. More new methods
have been established, for example, Wang and Zhang pre-
sented a further improved F-expansion method (improved Ja-
cobi elliptic function method),[1] Fan and Zhang gave a ho-
mogeneous balance method,[2] and similarity transforma-
tion method (see Refs. [3]–[5]), and more scholars have stud-
ied the method of hyperbolic tangent function, the homoge-
neous equilibrium method, the method of Jacobi elliptic func-
tion, the trial equation method, the (G′/G) developed method,
and the method of auxiliary equation, etc. They have done
a great deal of work on the theory of nonlinear evolution
equations. The asymptotic method for nonlinear theory of
the BKK mechanism system is a new method.[6,7] Many ap-
proximate methods have been developed and refined, includ-
ing the method of averaging, the boundary layer method, the
methods of matched asymptotic expansion, and the multiple
scales.[8,14] Using the differential inequalities and other meth-
ods, the authors also considered a class of nonlinear problems
using the approximate analytic methods.[20–30] In this paper,
using a simple approximate method, we consider a class of

nonlinear disturbed BKK mechanism physical models and ob-
tain exact and approximate solutions.

2. BKK mechanism disturbed physical model
Consider the following nonlinear evolution equations for

the BKK mechanism disturbed physical model:

uty +uxxy +2(uux)y +2vxx = f (u,v), (1)

vt + vxx +2(uv)x = g(u,v), (2)

where f and g are the disturbed terms. The above BKK mech-
anism disturbed model describes a nonlinear dispersion gravi-
tational wave model in the horizontal direction of shallow sea.

We first consider the typical BKK mechanism non-
disturbed physical model

uty +uxxy +2(uux)y +2vxx = 0, (3)

vt + vxx +2(uv)x = 0. (4)

In Refs. [6] and [15], using the trial equation method, the
non-disturbed BKK mechanism model (Eqs. (3) and (4)) were
studied. Introducing transformations

ξ = x− (a1t +a2)

b1
ln(b1y+b2), τ = t, v = ω(ξ ,τ),

u =
θ(ξ ,τ)

x
+

1
2

ln(b1y+b2) , (5)
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where (a1t + a2)(b1y+ b2) 6= 0, and ai and bi (i = 1,2) are
the arbitrary constants. Then from Eq. (5), we can obtain the
reduced equations of the typical BKK mechanism system (3)
and (4) as follows:[17]

θτξ +2θξ ξ −θτττ +2θ
2
ξ
+2θθξ ξ −2ωξ ξ = 0, (6)

ωτ +ωξ ξ +2ωθξ +2θωξ = 0. (7)

From Eqs. (6) and (7), using the G/G′ developed method and
the auxiliary function Riccati developed method, we can ob-
tain the following solitary solution Ū , V̄ of the typical BKK
mechanism model (3) and (4) (as λ 2−4µ > 0):[17]

Ũ(t,x,y)

= −λ +
l
2
+

2−λ l
µ

×
(
− λ

2
+

C1 sinh
√

λ 2−4µs+C2 cosh
√

λ 2−4µs

C1 cosh
√

λ 2−4µs+C2 sinh
√

λ 2−4µs

)
,

(8)

Ṽ (t,x,y)

= D+
D+ l

µ

×
(
− λ

2
+

C1 sinh
√

λ 2−4µs+C2 cosh
√

λ 2−4µs

C1 cosh
√

λ 2−4µs+C2 sinh
√

λ 2−4µ s

)2

.

(9)
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Fig. 1. Solitary traveling wave curves of U . λ = 3, µ = 2, l = 1C1 = 2,
C2 = 1, D = 2.
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Fig. 2. Solitary traveling wave curves of V . λ = 3, µ = 2, l = 1C1 = 2,
C2 = 1, D = 2.

In Eqs. (8) and (9),

s = x− lt− (a1t +a2)

b1
ln(b1y+b2),

and D, C1, C2, C1C2 6= 0 are the arbitrary constants. The soli-
tary traveling wave curves of the solutions for the BKK mech-
anism model (3) and (4) are shown in Figs. 1 and 2.

3. Homotopic mapping solutions of disturbed
model
From the BKK mechanism of disturbed physical model,

we cannot find exact solitary solutions using the finite terms
for the elementary functions. Therefore, we use the homo-
topic mapping method, and obtain approximate analytic so-
lutions for the BKK mechanism disturbed physical model (1)
and (2).

Firstly, introducing a set of the following homotopic map-
pings on R2× [0,1]→ R:

H1[u,v, p] = L1[u,v]−L1[ū, v̄]+ p[L1[ū, v̄]

+2(uvx)y +2vxx− f (u,v)], (10)

H2[u,v, p] = L2[v]−L2[v̄]+ p[L2[v̄]

+2(uv)x−g(u,v)], (11)

where p is an artificial parameter,[31,32] ū and v̄ are the initial
approximate solution of the original model (1) and (2), and
linear operators L1[u,v] and L2[v] are

L1[u,v] = uty +uxxy +2vxx, L2[v] = vt + vxx.

Let

U =
∞

∑
i=0

ui pi, V =
∞

∑
i=0

vi pi. (12)

Obviously, from the homotopic mappings (10) and (11),
Hi(u,v,1) = 0 (i = 1,2) and the BKK mechanism disturbed
physical model (1) and (2) are the same. Thus the solutions
U(t,x,y, 1), V (t,x,y, 1) of Hi(u,v,s) = 0 (i = 1,2) as s→ 1
are the exact solution of the BKK mechanism disturbed phys-

ical system (1) and (2). Umapp =
m
∑

i=0
ui, Vmapp =

m
∑

i=0
vi are the

mth-oder approximate analytic solutions of the BKK mecha-
nism disturbed physical model (1) and (2).

From the homotopic mappings (10) and (11), substitut-
ing Eq. (12) into Eqs. (10) and (11), developing nonlinear
terms in p and equating coefficients of the same power of p
for Hi(u,v, p) = 0 (i = 1,2), from the coefficients in p0 for
Hi(u,v, p) = 0 (i = 1,2), we have

L1[u0,v0] = L1[ū, v̄], (13)

L2[v0] = L2[v̄]. (14)
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For λ 2− 4µ > 0, from Eqs. (8), (9), (13), and (14), we
now select ū and v̄ as the solutions of the typical BKK mech-
anism non-disturbed physical model (3) and (4). Thus from
system (13) and (14), we have

u0 =U0app = Ũ , v0 =V0app = Ṽ . (15)

Substituting Eq. (12) into Eqs. (10) and (11), from the
coefficients in p1 for Hi(u,v, p) = 0 (i = 1,2), we have

L1[u1,v1] = f (u0,v0), (16)

L2[v1] = g(u0,v0). (17)

Assuming traveling wave transformation as z = t + cx+
dy, we can obtain a set of traveling wave solutions of the linear
system (16) and (17) with the zero initial condition selected as

u1 =
1

c2d

∫ z

0

∫
ξ2

0

∫
ξ1

0
f (u0(ξ ),v0(ξ ))

× exp
[
− 1

c2 (ξ −ξ2)

]
dξ dξ1 dξ2, (18)

v1 =
1
c2

∫ z

0

∫
ξ1

0
g(u0(ξ ),v0(ξ ))

× exp
(
− (ξ − z)

c2

)
dξ dξ1, (19)

where u0 and v0 represent Eqs. (15) and (19) respectively.
Thus, from Eqs. (12), (15), (18), and (19), and let p = 1,

we obtain a set of the first-order approximate solitary travel-
ing wave solutions of the BKK mechanism disturbed physical
model (1) and (2) (i.e., U1app and V1app) as

U1app(z)−λ +
l
2
+

2−λ l
µ

×
(
− λ

2
+

C1 sinh
√

λ 2−4µs+C2 cosh
√

λ 2−4µs

C1 cosh
√

λ 2−4µ s+C2 sinh
√

λ 2−4µs

)
+

1
c2d

∫ z

0

∫
ξ2

0

∫
ξ1

0
f (u0(ξ ),v0(ξ ))

×exp
[
− 1

c2 (ξ −ξ2)

]
dξ dξ1 dξ2, (20)

V1app(z)

= D+
D+ l

µ

×
(
− λ

2
+

C1 sinh
√

λ 2−4µs+C2 cosh
√

λ 2−4µs

C1 cosh
√

λ 2−4µs+C2 sinh
√

λ 2−4µs

)2

+
1
c2

∫ z

0

∫
ξ1

0
g(u0(ξ ),v0(ξ ))

× exp
(
− (ξ − z)

c2

)
dξ dξ1, (21)

where z = t + cx+dy and

s = x− lt− (a1t +a2)

b1
ln(b1y+b2).

Substituting Eq. (12) into Eqs. (10) and (11), from the
coefficients in p2 for Hi(u,v, p) = 0 (i = 1,2), we have

L1[u2,v2] = fu(u0,v0)u1 + fv(u0,v0)v1

+2(u0v1x +u1v0x)y +2v1xx, (22)

L2[v2] = gu(u0,v0)u1 +gv(u0,v0)v1

+2(u0v1 +u1v0)x. (23)

We can obtain a set of traveling wave solutions of the lin-
ear system (22) and (23) as

u2 =
1

c2d

∫ z

0

∫
ξ2

0

∫
ξ1

0
[ fu(u0,v0)u1 + fv(u0,v0)v1

+2c(u0v1ξ +u1v0ξ )+2c2v1ξ ξ ]

× exp
[
− 1

c2 (ξ −ξ2)

]
dξ dξ1 dξ2, (24)

v2 =
1
c2

∫ z

0

∫
ξ1

0
[gu(u0,v0)u1 +gv(u0,v0)v1

+2c(u1v0 +u0v1)ξ ]exp
(
− ξ − z

c2

)
dξ dξ1, (25)

where u0, v0, u1, and v1 represent Eqs. (15), (18), and (19)
respectively.

Thus, from Eqs. (12), (15), (18), (19), (24), and (25), and
let p = 1, we obtain a set of second-order approximate soli-
tary traveling wave solutions of the BKK mechanism disturbed
physical model (1) and (2) (i.e., U2app and V2app) as

U2app(z)−λ +
l
2
+

2−λ l
µ

×
(
− λ

2
+

C1 sinh
√

λ 2−4µs+C2 cosh
√

λ 2−4µs

C1 cosh
√

λ 2−4µ s+C2 sinh
√

λ 2−4µs

)
+

1
c2d

∫ z

0

∫
ξ2

0

∫
ξ1

0
f (u0(ξ ),v0(ξ ))

exp
[
− 1

c2 (ξ −ξ2)

]
dξ dξ1 dξ2

+
1

c2d

∫ z

0

∫
ξ2

0

∫
ξ1

0
[ fu(u0,v0)u1 + fv(u0,v0)v1

+2c(u0v1ξ +u1v0ξ )−2c2v1ξ ξ ]

× exp
[
− 1

c2 (ξ −ξ2)

]
dξ dξ1 dξ2, (26)

V2app(z)

= D+
D+ l

µ

×
(
− λ

2
+

C1 sinh
√

λ 2−4µs+C2 cosh
√

λ 2−4µs

C1 cosh
√

λ 2−4µs+C2 sinh
√

λ 2−4µs

)2

+
1
c2

∫ z

0

∫
ξ1

0
g(u0(ξ ),v0(ξ ))exp

(
− (ξ − z)

c2

)
dξ dξ1

+
1
c2

∫ z

0

∫
ξ1

0
[gu(u0,v0)u1 +gv(u0,v0)v1

+2c(u1v0 +u0v1)ξ ]exp(−ξ − z
c2 )dξ dξ1, (27)
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where z = t + cx+dy and

τ = t,s = x− lt− (a1t +a2)

b1
ln(b1y+b2).

Using the homotopic mapping method, substituting Eq.
(12) into Eqs. (10) and (11), from the coefficients Hi(u,v, p) =
0 (i = 1,2), we can obtain ui and vi (i = 1,2, . . .), respectively.
From obtained ui and vi (i = 1,2, . . .) and the transformations
z = t + cx+dy,

s = x− lt− (a1t +a2)

b1
ln(b1y+b2),

we can obtain U(t,x,y,1), V (t,x,y,1).

4. Example
Now we consider a simple BKK mechanism disturbed

physical model: its disturbed terms are f = ε expu, g =

ε exp(−v) (0 < ε � 1). Thus, we have

uty +uxxy +2(uux)y +2vxx = ε expu, (28)

vt + vxx +2(uv)x = ε exp(−v). (29)

Using the homotopic mappings (10) and (11), we se-
lect a set of solitary hyperbolic function solutions (U,V ) for
λ 2−4µ > 0 of the BKK mechanism disturbed physical model
(28) and (29).

From Eqs. (8), (9), and (15), we can obtain the zeroth-
order approximate solution, i.e., u0 and v0:

u0 = U0app =−λ +
l
2
+

2−λ l
µ

×
(
− λ

2
+

C1 sinh
√

λ 2−4µs+C2 cosh
√

λ 2−4µs

C1 cosh
√

λ 2−4µ s+C2 sinh
√

λ 2−4µs

)
,

(30)

v0 = V0app = D+
D+ l

µ

×
(
− λ

2
+

C1 sinh
√

λ 2−4µs+C2 cosh
√

λ 2−4µs

C1 cosh
√

λ 2−4µs+C2 sinh
√

λ 2−4µs

)2

.

(31)

From Eqs. (18), (19), (30), and (30), we can obtain

u1 =
ε

c2d

∫ z

0

∫
ξ2

0

∫
ξ1

0

×exp
[
−
(

1
c2 (ξ −ξ2)−u0(ξ )

)]
dξ dξ1 dξ2, (32)

v1 =
ε

c2

∫ z

0

∫
ξ1

0
exp
(
−
(
(ξ − z)

c2 + v0(ξ )

)
dξ dξ1, (33)

where u0 and v0 are Eqs. (30) and (32), respectively.
Thus, from Eqs. (12), (26), (27), (32), and (33), and let

p = 1, we obtain a set of the first-order approximate soli-
tary traveling wave solutions of the BKK mechanism disturbed
physical model (28) and (29) (i.e., U1app and V1app) as

U1app

= −λ +
l
2
+

2−λ l
µ

×
(
− λ

2
+

C1 sinh
√

λ 2−4µs+C2 cosh
√

λ 2−4µs

C1 cosh
√

λ 2−4µ s+C2 sinh
√

λ 2−4µs

)
+

ε

c2d

∫ z

0

∫
ξ2

0

∫
ξ1

0

×exp
[
−
(

1
c2 (ξ −ξ2)−u0(ξ )

)]
dξ dξ1 dξ2, (34)

V1app

= D+
D+ l

µ

×
(
− λ

2
+

C1 sinh
√

λ 2−4µs+C2 cosh
√

λ 2−4µs

C1 cosh
√

λ 2−4µs+C2 sinh
√

λ 2−4µs

)2

+
ε

c2

∫ z

0

∫
ξ1

0
exp
(
−
(
(ξ − z)

c2 + v0(ξ )

)
dξ dξ1, (35)

where

s = x− lt− (a1t +a2)

b1
ln(b1y+b2).

As λ = 3, µ = 2, C1 = 2, C2 = 1, D = 2, and ε = 0.1, the
approximate curves of Eqs. (34) and (35) of solitary approx-
imate solutions for the BKK mechanism model (28) and (29)
are plotted in Figs. 3 and 4 respectively.
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Fig. 3. Approximate curves of solitary U . λ = 3, µ = 2, C1 = 2,C2 = 1,
D = 2, ε = 0.1.
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Fig. 4. Approximate curves of solitary V . λ = 3, µ = 2, C1 = 2, C2 = 1,
D = 2, ε = 0.1.
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Applying the transformation z = t + cx+ dy to Eqs. (38)
and (39), we obtain a set of the first-order approximate hyper-
bolic function solitary traveling wave analytic solutions.

From Eqs. (20), (21), and (30)–(33), we can obtain u2 and
v2 as

u2 =
1

c2d

∫ z

0

∫
ξ2

0

∫
ξ1

0
[ε exp(−u0)u1

+2c(u0v1ξ +u1v0ξ )−2dv1ξ ξ ]

× exp
[
− 1

c2 (ξ −ξ2)

]
dξ dξ1 dξ2, (36)

v2 =
1
c2

∫ z

0

∫
ξ1

0
[−ε exp(−v0)v1

+2c(u1v0 +u0v1)ξ ]exp
(
− (ξ − z)

c2

)
dξ dξ1, (37)

where u0, v0, u1, and v1 are Eqs. (30)–(33), respectively.
Thus, from Eqs. (12), (15), (18), (19), (24), (25), (30)–

(33), (36), and (37), selecting p = 1, we have

U2app

= −λ +
l
2
+

2−λ l
µ

×
(
− λ

2
+

C1 sinh
√

λ 2−4µs+C2 cosh
√

λ 2−4µs

C1 cosh
√

λ 2−4µ s+C2 sinh
√

λ 2−4µs

)
+

ε

c2d

∫ z

0

∫
ξ2

0

∫
ξ1

0

×exp[−( 1
c2 (ξ −ξ2)−u0(ξ ))]dξ dξ1 dξ2

+
1

c2d

∫ z

0

∫
ξ2

0

∫
ξ1

0
[−ε exp(−u0)u1

+2c(u0v1ξ +u1v0ξ )−2dv1ξ ξ ]

× exp
[
− 1

c2 (ξ −ξ2)

]
dξ dξ1 dξ2, (38)

V2app

= D+
D+ l

µ

×
(
− λ

2
+

C1 sinh
√

λ 2−4µs+C2 cosh
√

λ 2−4µs

C1 cosh
√

λ 2−4µs+C2 sinh
√

λ 2−4µs

)2

+
ε

c2

∫ z

0

∫
ξ1

0
exp
(
−
(
(ξ − z)

c2 + v0(ξ )

)
dξ dξ1

+
1
c2

∫ z

0

∫
ξ1

0
[ε exp(−v0)v1 +2c(u1v0 +u0v1)ξ ]

× exp
(
− (ξ − z)

c2

)
dξ dξ1, (39)

where

η = x− lt− (a1t +a2)

b1
ln(b1y+b2).

Applying transformation z = t + cx+dy to Eqs. (38) and
(39), we obtain a set of the second-order approximate hyper-
bolic function solitary traveling wave analytic solution.

Sequentially, using the same method, we can obtain
higher-order approximate traveling wave analytic solution. We

can also prove that the exact solutions Uexa and Vexaof the BKK
mechanism small disturbed physical model (28) and (29) and
mth-order approximate analytic solitary traveling wave solu-
tion Umapp and Vmapp hold the following precision using the
fixed point theorem:[18,19]

Uexa =Umapp+O(εm), Vexa =Vmapp+O(εm), 0< ε << 1.

From the above analysis, it is easy to know that the soli-
tary traveling wave approximate solution of the BKK mecha-
nism disturbed physical model by using the homotopic map-
ping method has a good precision.

5. Summary
The nonlinear evolution equations of BKK mechanism

disturbed physical model can describe many complicated nat-
ural phenomena. Hence, for many physical phenomena, we
need to reduce the basic BKK mechanism disturbed physical
model. We solve them using the approximate method. In this
paper, the homotopic mapping method is a simple and valid
method. First, we construct a set of homotopic mappings,
obtain an iteration relation, and select initial approximation.
Then we can have the solution of the nonlinear BKK mech-
anism disturbed physical model using the approximation the-
ory.

The obtained approximate solution of the BKK mecha-
nism nonlinear disturbed physical model by using the homo-
topic mapping method, is dependent on the initial approxima-
tion. In this paper, we select the exact solution of the typical
BKK mechanism physical model. It is very natural. In this
way, we can faster obtain higher-order approximate solution.

The homotopic mapping method is an approximate ana-
lytic method, which differs from general numerical method.
From the approximate analytic expansions of solution for the
BKK mechanism disturbed physical model, using the homo-
topic mapping method we can also execute the continuous an-
alytic operations, such as differential operation, integral op-
eration, etc. Thus, we can further study the qualitative and
quantitative behaviors of the BKK mechanism disturbed phys-
ical model.
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