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A meshless algorithm with moving least square approximations
for elliptic Signorini problems*
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Based on the moving least square (MLS) approximations and the boundary integral equations (BIEs), a meshless
algorithm is presented in this paper for elliptic Signorini problems. In the algorithm, a projection operator is used to
tackle the nonlinear boundary inequality conditions. The Signorini problem is then reformulated as BIEs and the unknown
boundary variables are approximated by the MLS approximations. Accordingly, only a nodal data structure on the boundary
of a domain is required. The convergence of the algorithm is proven. Numerical examples are given to show the high
convergence rate and high computational efficiency of the presented algorithm.
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1. Introduction
In 1933, Signorini[1] studied a problem in elasticity with

contact boundary conditions from which the term the Signorini
problem was coined. In 1964, Fichera[2] gave the proof of the
existence and the regularity of a weak solution, and discussed
the uniqueness of the solution. Signorini problems involve
the determination of an unknown free boundary and are im-
portant to many branches of engineering and science. Many
physical phenomena, such as the fluid mechanics problems in
media with semipermeable boundaries, the elasticity with con-
tact conditions, the free boundary problems, the dam problem,
and the electropainting problem, can be described as Signorini
problems.[3–5]

In the past three decades, the finite difference method,[6]

the finite element method (FEM),[3,4] and the boundary el-
ement method (BEM)[7–11] for the Signorini problems have
been developed. The success of those methods depends crit-
ically on the ability to generate and maintain meshes of suf-
ficient quality throughout the whole simulation. The mesh
generation in some situations is time consuming, arduous, and
fraught with pitfalls.

In recent years, meshless (or meshfree) methods have at-
tached much attention for solving boundary value problems.
This type of method alleviates the difficulty of meshing and
remeshing the entire structure by simply adding or deleting
nodes. Meshless methods have developed so fast that they are
applied successfully to a variety of science and engineering
problems.

The moving least square (MLS)[12] is an approximation
scheme of constructing continuous functions from a set of un-
organized sampled point values. Recently, some MLS variants

have also been presented.[13–17] Since the numerical approx-
imations start from scattered nodes instead of elements, the
MLS scheme is one of the most extensively used schemes to
form the meshless shape functions. Some MLS-based mesh-
less methods, such as the element-free Galerkin method, the
h–p meshless method, and the meshless local Petrov–Galerkin
method have been developed and achieved remarkable success
in solving a broad range of physical problems.[18–21] They are
the domain type, as the FEM, in which the problem domain is
discretized by nodes.

The boundary integral equation (BIE) is an important and
attractive computational tool as it can reduce the dimension-
ality of the considered problem by one. The meshless bound-
ary integral equation method is an important direction of the
meshless method. Combining the MLS scheme with BIEs,
some meshless boundary integral equation methods have been
developed, such as the boundary node method (BNM),[22] the
hybrid BNM,[23–25] the boundary element-free method,[26–28]

and the symmetrical Galerkin BNM.[29–31] Compared with the
domain type meshless methods, they require only a nodal data
structure on the bounding surface of a body whose dimension
is less than that of the domain itself. Therefore, they have
emerged as promising numerical techniques in scientific com-
puting.

In this paper, based on the MLS approximation, a mesh-
less boundary integral equation algorithm is developed for el-
liptic Signorini problems. The algorithm only requires nodes
generated on the boundary of the domain. In Signorini prob-
lems, the Signorini boundary conditions are in the form of
nonlinear inequalities involving the unknown function and its
derivative together with a complementarity relation. In this
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algorithm, these nonlinear conditions are incorporated into an
iterative scheme and thus can be applied with ease. As the non-
linear inequality conditions lie on the boundary of the domain
and the boundary is of prime interest, the present algorithm is
suitable for Signorini problems. The convergence of this al-
gorithm is also derived theoretically. The numerical examples
show that this meshless algorithm is very effective, and has
good convergent character and computational efficiency.

The rest of this paper is organized as follows. In Sec-
tion 2, BIEs for Signorini problems are described. In Sec-
tion 3, boundary variable approximations are provided. Then,
a detailed numerical implementation for Signorini problems is
provided in Section 4. In Section 5, a convergence study of this
meshless algorithm is presented. In Section 6, some numerical
examples are given. Finally, the conclusions are drawn from
the present study.

2. Signorini problems and BIEs
Let Ω be a domain bounded by Γ , which is divided

into three nonoverlapping parts: the Dirichlet boundary ΓD,
Neumann boundary ΓN, and Signorini boundary ΓS, such that
Γ = ΓD ∪ΓN ∪ΓS and ΓS ̸= /0. The governing equation for the
Signorini problems can be written as

ℒu(𝑥) = b(𝑥) , 𝑥 ∈ Ω , (1)

with the Dirichlet and the Neumann boundary conditions

u(𝑥) = ū(𝑥) , 𝑥 ∈ ΓD, (2)

q(𝑥) = q̄(𝑥) , 𝑥 ∈ ΓN, (3)

and the Signorini boundary conditions

u(𝑥)≤ ū(𝑥) , q(𝑥)≤ q̄(𝑥) ,

(u(𝑥)− ū(𝑥))(q(𝑥)− q̄(𝑥))= 0, 𝑥 ∈ ΓS, (4)

where ℒ is a uniformly elliptic and self-adjoint second order
partial differential operator without loss of generality, u(𝑥)
is an unknown function, q(𝑥) is the conformal derivative of
u(𝑥) on Γ , b(𝑥) is a known function, and ū(𝑥) and q̄(𝑥) are
the prescribed boundary functions.

In Signorini problems, we need to determine the part of ΓS

on which conditions u = ū and q < q̄ apply and the remaining
part on which conditions u < ū and q = q̄ apply.

To tackle the nonlinear Signorini boundary conditions (4),
we define an operator[6,7,11,32]

[v]− = min(v,0) , v ∈ R.

Then, conditions (4) may equivalently be formulated as

u(𝑥)− ū(𝑥) = [(u(𝑥)− ū(𝑥))− c(q(𝑥)− q̄(𝑥))]− ,

𝑥 ∈ ΓS, (5)

where c is an arbitrary but fixed positive constant. Thus, we

define an iterative scheme on ΓS as

u(k+1)(𝑥) = ū(𝑥)+
[
(u(k)(𝑥)−ū(𝑥))−c(q(k+1)(𝑥)−q̄(𝑥))

]
−,

k = 0,1,2, . . . , 𝑥 ∈ ΓS. (6)

To implement Eq. (6) numerically, the boundary condi-
tions on ΓS need to be verified point-wise. If on some parts of
ΓS, denoted as ΓSD, inequality(

u(k) (𝑥)− ū(𝑥)
)
− c
(

q(k) (𝑥)− q̄(𝑥)
)
> 0

is true, then the boundary condition is imposed as

u(k+1) (𝑥) = ū(𝑥) , 𝑥 ∈ ΓSD (7)

for the next iteration. On the remaining parts of ΓS, denoted as
ΓSR, the boundary condition is imposed as

u(k+1) (𝑥) = u(k) (𝑥)− c
(

q(k+1) (𝑥)− q̄(𝑥)
)
, 𝑥 ∈ ΓSR. (8)

Consequently, the original Signorini problem (1)–(4) is con-
verted into a sequence of well-posed problems

ℒu(k+1)(𝑥) = b(𝑥), 𝑥 ∈ Ω ,

u(k+1)(𝑥) = ū(𝑥), 𝑥 ∈ ΓD ∪ΓSD,

q(k+1)(𝑥) = q̄(𝑥), 𝑥 ∈ ΓN,

u(k+1)(𝑥) = u(k)(𝑥)−c
(
q(k+1)(𝑥)−q̄(𝑥)

)
, 𝑥 ∈ ΓSR.

(9)
In the following, problem (9) is solved by a meshless boundary
integral equation method to obtain u(k+1) and q(k+1) on ΓS.

The BIE for the solution of problem (9) is[33]

C (𝑦)u(k+1) (𝑦) =
∫

Γ

u* (𝑥,𝑦)q(k+1) (𝑥)dΓ

−
∫

Γ

q* (𝑥,𝑦)u(k+1) (𝑥)dΓ

−
∫

Ω

u* (𝑥,𝑦)b(𝑥)dΩ , 𝑦 ∈ Γ , (10)

where 𝑥 is the field point, 𝑦 is the source point located on
boundary Γ , C (𝑦) is the function of the internal angle that
boundary Γ makes at the given point 𝑦, u* (𝑥,𝑦) is the funda-
mental solution of the differential operator ℒ, and q* (𝑥,𝑦) is
the conformal derivative of u* (𝑥,𝑦) with respect to 𝑥 on Γ .

3. Boundary variable approximation
Let {𝑦i}N

i=1 be a set of N boundary nodes 𝑦i ∈ Γ . We
approximate u(k+1) and q(k+1) at the boundary Γ by the MLS
approximation as[29,30]

u(k+1) (𝑥) =
N

∑
i=1

Φi (𝑥) û(k+1)
i , (11)

q(k+1) (𝑥) =
N

∑
i=1

Φi (𝑥) q̂(k+1)
i , (12)

where û(k+1)
i = û(k+1) (𝑦i) and q̂(k+1)

i = q̂(k+1) (𝑦i) are the
nodal values. Φi (𝑥) is the shape function of the MLS ap-
proximation corresponding to node 𝑦i, which is given by
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Φi (𝑥) =


m
∑
j=0

Pj (𝑠)
[
𝐴−1 (𝑠)𝐵 (𝑠)

]
jk, i = Ik ∈ ∧(𝑥) ,

0, i /∈ ∧(𝑥) ,
1 ≤ i ≤ N,

where 𝑠 is a local coordinate of the boundary point 𝑥 on Γ ,
Pj (𝑠) is a basis of order m consisting of monomials in 𝑠,
∧(𝑥) = {I1, I2, . . . , Iκ} is the set of the global sequence num-
bers of the boundary nodes that lie on the influence domain of
𝑥, and the matrices 𝐴(𝑠) and 𝐵 (𝑠) are defined as

𝐴(𝑠) = ∑
j∈∧(𝑥)

w j (𝑠)𝑃 (𝑠 j)𝑃
T (𝑠 j),

𝐵 (𝑠) = [wI1 (𝑠)𝑃 (𝑠I1) ,wI2 (𝑠)𝑃 (𝑠I2) , · · · ,wIκ (𝑠)𝑃 (𝑠Iκ )] ,

in which w j (𝑠) is a weight function and 𝑠 j is the curvilinear
co-ordinate of node 𝑦 j.

4. Discretization and numerical implementation
Substituting Eqs. (11) and (12) into Eq. (10) for boundary

node 𝑦 j yields

C (𝑦 j)
N

∑
i=1

Φi (𝑦 j) û(k+1)
i

=
∫

Γ

u* (𝑥,𝑦 j)
N

∑
i=1

Φi (𝑥) q̂(k+1)
i dΓ

−
∫

Γ

q* (𝑥,𝑦 j)
N

∑
i=1

Φi (𝑥) û(k+1)
i dΓ −

∫
Ω

u* (𝑥,𝑦 j)b(𝑥)dΩ .

(13)

To carry out numerical integration, the boundary Γ is sep-
arated into nonoverlapping integration sub-domains ΓI (I =

1,2, . . . ,NΓ ) such that Γ =
⋃NΓ

I=1 ΓI . Here, NΓ is the total num-
ber of the sub-domains. It is stressed that ΓI is not a boundary
element, so no shape function is dependent on it. In this pa-
per, these sub-domains are only used so that the integrals in
Eq. (13) can be obtained numerically. Equation (13) can then
be written as

C (𝑦 j)
N

∑
i=1

Φi (𝑦 j) û(k+1)
i

=
N

∑
i=1

q̂(k+1)
i

NΓ

∑
I=1

∫
ΓI

u* (𝑥,𝑦 j)Φi (𝑥)dΓ

−
N

∑
i=1

û(k+1)
i

NΓ

∑
I=1

∫
ΓI

q*(𝑥,𝑦 j)Φi (𝑥)dΓ −
Ne

∑
e=1

[
NI

∑
I=1

wI (u*b)I

]
Ae,

(14)

where wI is the integration weight, the function u*b needs to
be evaluated at the I integration points, NI is the total number
of integration points, Ne is the number of cells into which Ω

has been divided, and Ae is the area of each cell.
Using Eq. (14) for all nodes 𝑦 j and applying the numer-

ical scheme for integrals, we have the following linear alge-
braic equation:

𝐻𝑈̂ +𝐺𝑄̂= 𝐵̄, (15)

where

𝑈̂ =
(

û(k+1)
1 , û(k+1)

2 , . . . , û(k+1)
N

)T
,

𝑄̂=
(

q̂(k+1)
1 , q̂(k+1)

2 , . . . , q̂(k+1)
N

)T
,

𝐻 and 𝐺 are the corresponding coefficient matrices, and
𝐵̄ = (B̄1, B̄2, . . . , B̄N)

T with B̄i =−∑
Ne
e=1

[
∑

NI
I=1 wI (u*b)I

]
Ae.

In order to determine the unknown 𝑈̂ and 𝑄̂, the
boundary conditions must be imposed. For the conve-
nience of discussion, we assume that the first Nd bound-
ary nodes

{
𝑦 j
}Nd

j=1 ⊂ ΓD ∪ΓSD, the next Nn boundary nodes{
𝑦 j
}Nd+Nn

j=Nd+1 ⊂ ΓN, and the rest Nr = N −Nd −Nn boundary

nodes
{
𝑦 j
}N

j=Nd+Nn+1 ⊂ ΓSR.

Using Eq. (11) for all nodes
{
𝑦 j
}Nd

j=1 ⊂ ΓD ∪ΓSD yields

u(k+1) (𝑦 j) =
N

∑
i=1

Φi (𝑦 j) û(k+1)
i ,

which can be expressed as

𝑀1𝑈̂ = 𝑈̄1, (16)

where 𝑈̄1 =
(
ū(k+1)(𝑦1), ū(k+1)(𝑦2), . . . , ū(k+1)(𝑦Nd)

)T is
given by the boundary conditions on ΓD ∪ΓSD.

Besides, using Eq. (12) for all nodes
{
𝑦 j
}Nd+Nn

j=Nd+1 ⊂ ΓN

yields

q(k+1) (𝑦 j) =
N

∑
i=1

Φi (𝑦 j) q̂(k+1)
i ,

which can be expressed as

𝑀2𝑄̂= 𝑄̄2, (17)

where

𝑄̄2 =
(

q̄(k+1) (𝑦Nd+1
)
, q̄(k+1) (𝑦Nd+2

)
, . . . , q̄(k+1) (𝑦Nd+Nn

))T

is given by the boundary conditions on ΓN.
Moreover, using Eqs. (11) and (12) for all nodes{

𝑦 j
}N

j=Nd+Nn+1 ⊂ ΓSR yields

𝑀3𝑈̂ =𝑈3, (18)

𝑀3𝑄̂=𝑄3, (19)

where 𝑈3 =
(
u(k+1)(𝑦Nd+Nn+1), . . . ,u(k+1)(𝑦N)

)T and 𝑄3 =(
q(k+1)(𝑦Nd+Nn+1), . . . ,q(k+1)(𝑦N)

)T are unknowns at the
nodes on boundary ΓSR.

Furthermore, collocating the Robin boundary condi-
tions (8) at nodes

{
𝑦 j
}N

j=Nd+Nn+1 ⊂ ΓSR yields

u(k+1) (𝑦 j) = u(k) (𝑦 j)− c
(

q(k+1) (𝑦 j)− q̄(𝑦 j)
)
,

which can be expressed as

𝑈3 = 𝐹 − c𝑄3, (20)
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where 𝐹 =
(

fNd+Nn+1, fNd+Nn+2, . . . , fN
)T is given with f j =

u(k) (𝑦 j)+ cq̄(𝑦 j). Inserting Eqs. (18) and (19) into Eq. (20)
leads to

𝑀3𝑈̂ + c𝑀3𝑄̂= 𝐹 . (21)

Gathering Eqs. (15)–(17) and (21) leads to the following
linear algebraic equation:

𝐻 𝐺
𝑀1 0
0 𝑀2
𝑀3 c𝑀3

[ 𝑈̂𝑄̂
]
=


𝐵̄
𝑈̄1
𝑄̄2
𝐹

 . (22)

Equation (22) is now first solved for the unknown 𝑈̂ and
𝑄̂, then the unknown u(k+1) (𝑦 j) and q(k+1) (𝑦 j) for all nodes
𝑦 j ∈ ΓS can be obtained using Eqs. (11) and (12) as

u(k+1) (𝑦 j) =
N

∑
i=1

Φi (𝑦 j) û(k+1)
i ,

q(k+1) (𝑦 j) =
N

∑
i=1

Φi (𝑦 j) q̂(k+1)
i . (23)

At each iteration, equation (22) needs to be solved. In
the iterative algorithm, the coefficient matrices 𝐻 and 𝐺 and
the vector 𝐵̄ only have to be computed at the initial stage.
Besides, the MLS shape functions Φi (𝑦 j) used in Eqs. (16),
(17), (21), and (23) can also be computed only once, then the
matrices 𝑀1, 𝑀2, and 𝑀3 at each iteration can be assembled
easily.

The detailed algorithm of the current meshless method for
the Signorini problem (1)–(4) can be presented as follows.

1) Choose a tolerance τ > 0 and set k = 0.
2) Select N nodes on boundary Γ and compute the shape

functions.
3) Assume initially that the boundary condition on the

Signorini boundary ΓS is

u(0) (𝑥) = ū(𝑥) , 𝑥 ∈ ΓS, (24)

then equations (1)–(3) and (24) are solved together to obtain
q(0) on ΓS, and we obtain the matrices 𝐻 and 𝐺 and the vector
𝐵̄.

4) Determine ΓSD and ΓSR by checking the boundary con-
ditions on ΓS, then form the boundary value problem (9).

5) Assemble the linear system (22).
6) Solve Eq. (22) to obtain 𝑈̂ and 𝑄̂.
7) Solve Eq. (23) to obtain u(k+1) (𝑦 j) and q(k+1) (𝑦 j) for

all nodes 𝑦 j ∈ ΓS.
8) Compute the relative error

e(u)=

√√√√ ∑
𝑦 j∈ΓS

(
u(k+1)(𝑦 j)−u(k+1)(𝑦 j)

)2
/

∑
𝑦 j∈ΓS

(
u(k+1)(𝑦 j)

)2
.

9) If e(u)> τ , update k to k+1, and go to step 4). Oth-
erwise, stop the algorithm and return 𝑈̂ and 𝑄̂.

Once the algorithm is terminated, the yet unknown u on
ΓN ∪ΓS and q on ΓD ∪ΓS can be computed using Eqs. (11) and

(12), respectively. Then, the numerical solution u of the Sig-
norini problem (1)–(4) at any point inside domain Ω can be
computed as

u(𝑦) =
NΓ

∑
I=1

∫
ΓI

u* (𝑥,𝑦)q(𝑥)dΓ −
NΓ

∑
I=1

∫
ΓI

q* (𝑥,𝑦)u(𝑥)dΓ

−
Ne

∑
e=1

[
NI

∑
I=1

wI (u*b)I

]
Ae, 𝑦 ∈ Ω . (25)

The integrands in Eq. (25) are always regular and can be
evaluated by the usual Gaussian quadrature. The integrands in
Eq. (14) consist of regular and singular functions. The regu-
lar integrals can be computed in the same manner as above,
while the singular integrals are handled by the logarithmic
Gaussian quadrature and the Cauchy principle value integral
formula.[33]

5. Convergence study

In this section, we will prove that the current meshless al-
gorithm generates a sequence of strongly convergent approxi-
mations.

Theorem 1 The approximate solution
(
u(k),q(k)

)
ob-

tained from our algorithm converges to the unique solution
(u,q) of the Signorini problem (1)–(4).

Proof According to Eq. (6), we can verify〈
u(k+1)−u(k)+ c

(
q(k+1)− q̄

)
,u(k+1)−u

〉
ΓS

≤ 0,

where the duality ⟨·, ·⟩
ΓS

is defined for functions w and v as
⟨w,v⟩

ΓS
=
∫

ΓS
wvdΓ . Thus,∥∥∥u(k+1)−u

∥∥∥2

ΓS
=
∥∥∥u(k+1)−

(
u(k)− c

(
q(k+1)− q̄

))
+
(

u(k)− c
(

q(k+1)− q̄
))

−u
∥∥∥2

ΓS

=
∥∥∥(u(k)− c

(
q(k+1)− q̄

))
−u
∥∥∥2

ΓS

−
∥∥∥u(k+1)−

(
u(k)− c

(
q(k+1)− q̄

))∥∥∥2

ΓS

+2
〈
u(k+1)−u(k)+c

(
q(k+1)−q̄

)
,u(k+1)−u

〉
ΓS

≤
∥∥∥u(k)−u− c

(
q(k+1)− q̄

)∥∥∥2

ΓS

−
∥∥∥u(k+1)−u(k)+ c

(
q(k+1)− q̄

)∥∥∥2

ΓS

=
∥∥∥u(k)−u

∥∥∥2

ΓC
−
∥∥∥u(k+1)−u(k)

∥∥∥2

ΓS

−2c
(〈

q(k+1)− q̄,u(k)−u
〉

ΓS

−
〈

q(k+1)− q̄,u(k)−u(k+1)
〉

ΓS

)
, (26)

where the norm ‖·‖
ΓS

is defined for function v as ‖v‖
ΓS

=√
⟨v,v⟩

ΓS
.
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On the other hand, applying Green’s formula leads to〈
q(k+1)− q̄,u(k+1)−u

〉
ΓS
−
〈

q− q̄,u(k+1)−u
〉

ΓS

=
〈

q(k+1)−q,u(k+1)−u
〉

ΓS

=
∥∥∥∇

(
u(k+1)−u

)∥∥∥2

L2(Ω)
≥ 0.

Then from Eqs. (4) and (6), we have〈
q(k+1)− q̄,u(k+1)−u

〉
ΓS

≥
〈

q− q̄,u(k+1)−u
〉

ΓS

=
〈

q− q̄,u(k+1)− ū
〉

ΓS
−⟨q− q̄,u− ū⟩

ΓS

=
〈

q− q̄,u(k+1)− ū
〉

ΓS
≥ 0.

Hence,〈
q(k+1)− q̄,u(k)−u

〉
ΓS

=
〈

q(k+1)− q̄,u(k)−u(k+1)
〉

ΓS
+
〈

q(k+1)− q̄,u(k+1)−u
〉

ΓS

≥
〈

q(k+1)− q̄,u(k)−u(k+1)
〉

ΓS
. (27)

Inserting Eq. (26) into Eq. (25) yields∥∥∥u(k+1)−u
∥∥∥2

ΓS
≤
∥∥∥u(k)−u

∥∥∥2

ΓS
−
∥∥∥u(k+1)−u(k)

∥∥∥2

ΓS
. (28)

Hence, the sequence {u(k)} is bounded and
∞

∑
k=0

∥∥∥u(k+1)−u(k)
∥∥∥2

ΓS
≤

∞

∑
k=0

(∥∥∥u(k)−u
∥∥∥2

ΓS
−
∥∥∥u(k+1)−u

∥∥∥2

ΓS

)
≤
∥∥∥u(0)−u

∥∥∥2

ΓS
.

Consequently, {u(k)} is a Cauchy sequence.

Let (u,q) be a cluster point of the sequence {(u(k),q(k))},
and the subsequence {(u(k1),q(k1))} of {(u(k),q(k))} converges
to (u,q), then (u,q) satisfies Eq. (5). Therefore, from the
equivalence of Eqs. (4) and (5), we conclude that (u,q) is the
solution of the Signorini problem (1)–(4).

To prove that (u,q) is the unique cluster point of
{(u(k),q(k))}, we assume that (ũ, q̃) is another cluster point and
let

δ=‖ũ−u‖
ΓS
.

Since (u,q) is the cluster point, there exists a positive integer k̄
such that ‖u(k̄)−u‖ΓS ≤ δ/2. Besides, equation (28) indicates
‖u(k+1)−u‖ΓS ≤ ‖u(k)−u‖ΓS . Then, for any k > k̄, we have∥∥∥u(k)−u

∥∥∥
ΓS

≤ δ

2
.

Hence, according to the triangle inequality,∥∥∥u(k)− ũ
∥∥∥

ΓS
≥ ‖ũ−u‖

ΓS
−
∥∥∥u(k)−u

∥∥∥
ΓS

≥ δ

2
,

which indicates that limk→∞ u(k) ̸= ũ. Consequently, the se-

quence {(u(k),q(k))} has only one cluster point (u,q), thus

lim
k→∞

(
u(k),q(k)

)
= (u,q) ,

which completes the proof.

6. Numerical examples
In this section, the current meshless algorithm is applied

to study several Signorini problems, and the results are com-
pared with those obtained by the BEM to verify the accuracy
and the advantage of the new meshless algorithm. In this pa-
per, all numerical codes are implemented in MATLAB 7.0.1,
and the computations have been carried out on a desktop PC
with an Intel 2.93 GHz CPU and 2 GB of RAM.

6.1. Signorini problem for the Poisson equation

Consider the following Signorini problem:

∆u(x1,x2) =−cos
(

π

2
+πx1

)
−1,

(x1,x2) ∈ Ω = (0,1)× (0,1) ,

with the Dirichlet and the Neumann boundary conditions

u(0,x2) = 0, u(1,x2) = 0, 0 ≤ x2 ≤ 1,

q(x1,1) =−7x1 (1− x1) , 0 ≤ x1 ≤ 1,

and the Signorini boundary conditions

u ≤ ū, q ≤ 0, (u− ū)q = 0,

(x1,x2) ∈ ΓS = {(x1,x2) : 0 ≤ x1 ≤ 1,x2 = 0} ,

where ū(x1,x2) = 5x1 (1− x1)(0.5− x1)max(x1,1− x1).
The numerical results for u on ΓS are plotted in Fig. 1.

The results for q are plotted in Fig. 2. In this analysis, 32
boundary nodes are used to discretize per side of the domain.
These results are compared with the solutions of the BEM.[11]

Although no analytical solutions exist for this problem, it is ev-
ident that the solutions of the presented algorithm are in good
agreement with the results of the BEM.

For the purpose of error estimation and convergence stud-
ies, the problem is solved by choosing different numbers of
boundary nodes. The error

e(v) =

√√√√ ∑
𝑦 j∈ΓS

(v(𝑦 j)− vh (𝑦 j))
2
/

∑
𝑦 j∈ΓS

(v(𝑦 j))
2

is defined to evaluate the method performance, where v and vh

are analytical and numerical solutions, respectively.
Since the analytical solution of the problem is not known,

the error is estimated by substituting the analytical solutions
with some selected approximate ones which can be computed
with more boundary nodes. In this work, we obtain these ap-
proximate solutions by using our algorithm with 3000 bound-
ary nodes. Figures 3 and 4 show the log–log plot of the errors
obtained by our algorithm and the BEM.[11] The results show
that the more nodes there are, the greater precision we obtain.
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With the same number of nodes, our algorithm has smaller er-
rors than the BEM. So to obtain the same precision, our algo-
rithm needs fewer nodes. The results show that our algorithm
has a better convergence characteristic.

The corresponding CPU time is shown in Table 1, from
which we can see that the CPU time of our algorithm is less
than that of the BEM. Thus, our algorithm has not only a
higher convergence rate but also a greater computational pre-
cision and a better efficiency than the BEM.

Table 1. CPU time (in seconds) of our algorithm and the BEM.

Number of nodes 32 64 128 256 512 1024
BEM 0.109 0.187 0.515 1.781 8.218 47.297

Our algorithm 0.093 0.140 0.266 0.781 3.938 24.812
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Fig. 1. (color online) Numerical results for u on ΓS.
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Fig. 2. (color online) Numerical results for q on ΓS.
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Fig. 3. (color online) Convergence of u.
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Fig. 4. (color online) Convergence of q.

6.2. The electropainting problem

The electropainting problem describes the coating pro-
cess of a metal surface with paint.[4] This problem can be for-
mulated as a Signorini problem for the electric potential. In
the paint solution, the electric potential u satisfies

∆u(x1,x2) = 0, (x1,x2) ∈ Ω = (0,0.5)× (0,1) ,

with the Dirichlet and the Neumann boundary conditions

u(x1,0) = 1, 0 ≤ x1 ≤ 0.5,

q(0,x2) = 0, 0 ≤ x2 ≤ 1,

and the Signorini boundary conditions

u ≥ 0, q+ γ ≥ 0, u(q+ γ) = 0, (x1,x2) ∈ ΓS,

where the known constant γ is the critical cut-off current and
is a property of the paint, and the Signorini boundary

ΓS = {(x1,x2) : x1 = 0.5,0 ≤ x2 ≤ 1}
∪{(x1,x2) : 0 ≤ x1 ≤ 0.5,x2 = 1}

makes up the workpiece to be painted. On ΓS, we have to
decide which parts need to be painted (u > 0,q+ γ = 0) and
which parts do not need to be painted (u = 0,q+ γ > 0).

For various values of γ , the numerical results for u on the
Signorini boundary ΓS are presented in Figs. 5–8. In this analy-
sis, we employ 30 nodes on the boundary. The results are com-
pared with the solutions of the BEM.[10] Note that the results
are shown as plots over the arc-length s, s = 0 corresponds to
the origin O(0,0) and counter-clockwise parametrization of
the boundary Γ . Clearly, s = 0.5, s = 1.5, and s = 2 corre-
spond to the vertexes (0,0.5), (0.5,1), and (0,1), respectively.
From these figures, it can be seen again that the present results
are in excellent agreement with those of the BEM.

In Fig. 9, we plot the paint distributions over the domain
obtained for various values of γ . In this analysis, we use 240
nodes on the boundary. For a small γ , the workpiece is com-
pletely painted with the corner receiving the least amount of
paint, as shown in Fig. 9(a). If γ is increased, the paint film
near the corner becomes thinner (Fig. 9(b)) and eventually un-
painted (Fig. 9(c)). With a higher γ , both the corner and the top
boundary are unpainted (Fig. 9(d)). Therefore, although there
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are no analytical solutions available to verify the results of the
current meshless algorithm for such a complex problem, the
reliability can be judged from the reasonable physical charac-
teristics. Besides, the present results are in good agreement
with those given in Refs. [4], [8], and [10].

To investigate the convergence, we compare the relative
errors with different values of γ . The error is estimated by sub-
stituting the exact solutions with approximate ones obtained
using 3000 boundary nodes. The relationship between the er-
ror and the number of nodes is given in Fig. 10, which shows
that the solution converges as the number of nodes increases.
Besides, we can observe that the experimental convergence
rate is very high and approximates to 2.
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Fig. 5. (color online) Numerical results of the electropainting prob-
lem for γ = 0.4.

u
 o

n
 Γ

S
 

0.5 1.0 1.5 2.0
0

0.2

0.4

0.6

0.8

1.0

Arc-length s

our algorithm

BEM

Fig. 6. (color online) Numerical results of the electropainting prob-
lem for γ = 0.5.
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Fig. 7. (color online) Numerical results of the electropainting prob-
lem for γ = 0.55.
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Fig. 8. (color online) Numerical results of the electropainting prob-
lem for γ = 0.7.
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Fig. 9. Paint distributions for (a) γ = 0.4, (b) γ = 0.5, (c) γ = 0.55,
and (d) γ = 0.7.
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Fig. 10. (color online) Convergence in the electropainting problem.
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6.3. Problem on a half-torus domain

The example is a Signorini problem on a half-torus do-
main. The analytical solution is given by the following com-
plex function:[9]

u(𝑥) = Im
(√

A+Bsignx1 + i
√

A−Bsignx2

)3

in Ω = {𝑥= (x1,x2) : a < |𝑥|< b,x2 ≤ 0} ,

where

A =
1
2

√√√√(x2
1 − x2

2

|𝑥|2

)2

+
1
4

(
|𝑥|2 −a2

a2 |𝑥|2

)2

and

B =

(
x2

1 − x2
2
)(

|𝑥|2 +a2
)

4a2 |𝑥|4
,

with |𝑥| =
√

x2
1 + x2

2. The Dirichlet boundary condi-
tions corresponding to the analytical solution are given
on the noncontact boundary ΓD = {𝑥 : |𝑥|= b,x2 < 0} ∪
{𝑥 : a < |𝑥|< b,x2 = 0}. The Signorini boundary conditions
on the contact boundary ΓS = {𝑥 : |𝑥|= a,x2 < 0} are u ≥ 0,
q ≥ 0, and uq = 0.

In the numerical calculations, we take a = 0.1 and b =

0.25, and use the parameterization t → (acos2πt,−asin2πt).
The results for u and q on ΓS are plotted in Figs. 11 and 12,
respectively. In this analysis, we use 140 boundary nodes. It is
evident that the numerical results of our algorithm agree well
with the analytical ones.
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Fig. 11. (color online) Analytical and numerical solutions for u on
ΓS.
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Fig. 12. (color online) Analytical and numerical solutions for q on
ΓS.

7. Conclusion
Based on the MLS approximation, a meshless algorithm

has been presented for elliptic Signorini problems. The al-
gorithm requires only a nodal data structure on the boundary
of the domain to be solved. Besides, nonlinear boundary in-
equality constraints are incorporated into the iterative scheme
and thus can be applied with ease. Moreover, since the Sig-
norini boundary is of prime interest, this algorithm is particu-
larly suitable for Signorini problems. The theoretical conver-
gence study shows that the algorithm can generate a sequence
of strongly convergent approximations. Some examples have
been given and the numerical results are in excellent agree-
ment with the previously reported numerical solutions. We
have shown that this algorithm has not only a better conver-
gence characteristic but also a greater computational efficiency
than the BEM. In conclusion, the proposed algorithm is very
effective in solving Signorini problems.
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