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Modulated high frequency (HF) heating of the ionosphere provides a feasible means of artificially generating ex-
tremely low frequency (ELF)/very low frequency (VLF) whistler waves, which can leak into the inner magnetosphere
and contribute to resonant interactions with high energy electrons. Combining the ray tracing method and test particle
simulations, we evaluate the effects of energetic electron resonant scattering driven by the discrete, multi-frequency arti-
ficially generated ELF/VLF waves. The simulation results indicate a stochastic behavior of electrons and a linear profile
of pitch angle and kinetic energy variations averaged over all test electrons. These features are similar to those associated
with single-frequency waves. The computed local diffusion coefficients show that, although the momentum diffusion of
relativistic electrons due to artificial ELF/VLF whistlers with a nominal amplitude of ∼ 1 pT is minor, the pitch angle scat-
tering can be notably efficient at low pitch angles near the loss cone, which supports the feasibility of artificial triggering
of multi-frequency ELF/VLF whistler waves for the removal of high energy electrons from the magnetosphere. We also
investigate the dependences of diffusion coefficients on the frequency interval (∆ f ) of the discrete, multi-frequency waves.
We find that there is a threshold value of ∆ f for which the net diffusion coefficient of multi-frequency whistlers is inversely
proportional to ∆ f (proportional to the frequency components Nw) when ∆ f is below the threshold value but it remains
unchanged with increasing ∆ f when ∆ f is larger than the threshold value. This is explained as being due to the fact that
the resonant scattering effect of broadband waves is the sum of the effects of each frequency in the ‘effective frequency
band’. Our results suggest that the modulation frequency of HF heating of the ionosphere can be appropriately selected
with reasonable frequency intervals so that better performance of controlled precipitation of high energy electrons in the
plasmasphere by artificial ELF/VLF whistler waves can be achieved.
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1. Introduction

There has been increasing concern regarding the dynam-
ics of energetic radiation belt electrons over the past decades,
and various simulation models of radiation belt electron dy-
namics have been developed.[1–7] In the basically collisionless
magnetosphere, changes in energetic electron population are
significantly controlled by resonant interactions with a vari-
ety of naturally forming plasma waves,[8–17] such as whistler-
mode chorus, plasmaspheric hiss, electromagnetic ion cy-
clotron (EMIC) waves, etc. An additional potential mecha-
nism has also been proposed and studied,[18–24] by using artifi-
cial extremely low frequency (ELF)/very low frequency (VLF)
waves generated by ground-based or satellite-based transmit-
ters or by modulated high frequency (HF) heating of the
ionosphere, to actively control/modify the energetic electron
lifetimes and consequently the energetic electron population.
While many studies followed the quasi-linear theory to evalu-
ate the electron diffusion effects of these artificial ELF/VLF

waves,[18,19,21–23] test particle simulations were also imple-
mented by Inan et al. that only considered the wave propa-
gation along the magnetic field lines to assess the electron pre-
cipitation caused by ground-based VLF transmitters,[20] and
by Chang et al. that combined the ray tracing and test parti-
cle simulations to investigate the local resonant diffusion of
the energetic electrons induced by highly oblique monochro-
matic (single-frequency) ELF/VLF waves due to ionosphere
modification.[24]

In the present study we follow the method presented by
Chang et al.[24] but perform a detailed investigation on the
electron scattering effects of discrete, multi-frequency artifi-
cial whistlers, since it has been practically feasible to run HF
heating experiments to trigger artificial ELF/VLF waves at a
number of frequencies[21–24] and produce a broadband fre-
quency spectrum in a certain spatial region. Considering that
these broadband artificial waves are discrete and the frequency
interval is an important quantity, we evaluate the dependences
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of the diffusion coefficients on the frequency intervals of the
artificial broadband waves.

The remainder of this study is organized as follows. In
Section 2 we present our ray tracing results of ELF/VLF emis-
sions at frequencies of our interest. In Section 3, the resonance
conditions between artificial ELF/VLF waves and energetic
electrons in the plasmasphere are investigated to identify the
energy and pitch angle of electrons in resonance with the arti-
ficially generated ELF/VLF whistlers. The test particle model
and the simulation results are presented in Section 4. The
temporal variations of multiple electron energy and pitch an-
gle, due to resonant interactions with discrete, multi-frequency
waves, are clarified and used to evaluate the average effect of
wave-induced localized pitch angle scattering and momentum
diffusion. The dependence of local diffusion coefficient on the
adoption of frequency interval is also analyzed. In Section 5
we summarize our conclusions, and also discuss our results
and the limitations of this study for future improvement.

2. Ray tracing simulations of whistler-mode
waves generated by modulated ionospheric
heating
The generation of electromagnetic waves in the ELF and

VLF bands by modulated HF heating of the ionospheric cur-
rent system has been investigated experimentally.[25–28] There
have been a number of observations indicating that some of
these artificial ELF/VLF waves can propagate directly up-
wards and penetrate through the ionosphere into the magne-
tosphere, and others propagate within the earth–ionosphere
waveguide and leak up progressively.[25,26] The wave intensity
detected by a ground-based receiver or by a spacecraft instru-
ment is generally at a magnitude of a few picoteslas.[25–28]

Since there have been a number of ionospheric heating at-
tempts at low latitudes such as Arecibo besides those at higher
latitudes such as HAARP, the present study is directed towards
exploring the artificial triggering of ELF/VLF waves at low
latitudes. During the Arecibo experiments, ELF/VLF waves
were produced over a frequency range from 500 Hz to 5 kHz
using a heater frequency of approximately 3 MHz and a total
HF input power of 800 kW.[28] Thus we concentrate on the ar-
tificially triggered waves at 800 Hz–1000 Hz, which are much
lower than the range of 17 kHz–23 kHz investigated by Abel
and Thorne and represent the particular interest of the present
study.

We have developed a cold plasma ray-tracing model to
simulate the propagation of these ELF waves from the iono-
spheric generation region upward into the magnetosphere, ex-
cluding the damping/growth of the waves. The magnetosphere
is an inhomogeneous magnetoplasma, and the wave energy, in
general, propagates in a direction different from the wave nor-
mal angle, referred to as the ray direction.[29,30] The ray trac-

ing equations, which are a set of first order differential equa-
tions, describe the variations of the ray position and wave nor-
mal vector with time.[24,29,30] By solving the ray tracing equa-
tions with a proper setting of initial values and a background
model description of the magnetosphere, the entire trajectory
of the wave energy (i.e. the ray path) and the wave normal
angle can be determined. Here we focus on the spatial region
confined to L < 6, for which we choose a dipole field and the
cold plasma diffusion equilibrium model.[24,29,30] Readers are
referred to the paper by Chang et al.[24] and references therein
for more details of the adopted ray tracing model.

To initiate the ray tracing simulations, we select three
frequencies, i.e. 800, 900, and 1000 Hz, and assume that
these ELF waves are already triggered by modulating the iono-
spheric currents and launched at an altitude of 120 km and
magnetic latitude of 15◦. In addition, the initial angle between
the wave normal and the radial vector is set to be 0◦ for all
cases considered below.

According to the ray tracing results shown in Figs. 1(a)–
1(c) for the three specific wave frequencies, these artificial
whistler waves, once leaking into the magnetosphere from
the lower ionosphere, can reflect between the southern and
northern hemispheres, propagate outwards, and finally set-
tle down at certain L shells. Apparently, the ray path varies
strongly with wave frequency; that is, lower frequency waves
can propagate outwards to farther distances, thus reaching
higher L shells with a broader spatial coverage. Specifically,
the 800 Hz wave can reach L = 3.2, the 900 Hz wave settles
down at about L = 3.1, and the 1000 Hz wave tends to be-
come stable at L = 3. This implies that ELF waves at 800 Hz–
1000 Hz, once triggered by modulated HF heating of the iono-
sphere, should all reach the region of L = 3 and contribute to
wave–particle interactions there.

Figure 1(d) shows the temporal variation of wave normal
angle indicated as the bold curve (labeled left) and of latitude
as the fine curve (labeled right) for 1000 Hz waves (corre-
sponding to Fig. 1(c)). The wave normal angle changes around
90◦ (each magnetospheric reflection occurs when ψ is 90◦)
and eventually tends to stabilize at 90◦. It is evident that these
artificial ELF waves are highly oblique when propagating in
the magnetosphere. Actually, the waves have become quasi-
resonant waves when they are stabilized at a certain L shell and
the magnetospheric reflection occurs more easily. As indicated
in Fig. 1, many more reflections occur in a region L = 2–3
than L < 2. This can be related to the lower hybrid resonance
(LHR), which can significantly influence the wave propaga-
tion when the wave normal angle is close to 90◦, correspond-
ing to the so-called quasi-resonance regime of propagation.[31]

Moreover, since the quasi-resonance regime of propagation is
sensitive to the LHR frequency profile, the background plasma
parameters largely determine the LHR frequency and conse-
quently strongly affect the stable point.
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Fig. 1. (color online) Ray tracing results of artificially triggered whistler waves at different frequencies: (a) f = 800 Hz, (b) f = 900 Hz,
(c) f = 1000 Hz, and (d) the temporal variation of wave normal angle and latitude for the 1000 Hz wave corresponding to (c).

After these ELF whistler-mode waves, artificially gener-
ated by ionospheric modification, leak into the magnetosphere
for propagation, they encounter a highly active particle envi-
ronment, thus providing a potential for resonant interactions
with energetic electrons in the plasmasphere, which will be
investigated in detail in the following sections.

3. Wave–particle resonant interaction condition

When we have the information about the wave prop-
erty, the background magnetic field, and electron density, we
can evaluate electron energies in resonance with the indicated
broadband waves at a fixed location in the magnetosphere, fol-
lowing the relativistic resonance condition

ω−k‖v‖ =
N |Ωe|

γ
= 0,±1,±2, . . . , (1)

where ω is the wave frequency; k‖ = k cosψ is the wave num-
ber component parallel to the ambient magnetic field with
k = µω/c being the total wave number and ψ being the wave
normal angle, µ being the phase refractive index, calculated
using the cold plasma theory; v‖ = vcosα is the particle ve-
locity component parallel to the ambient magnetic field with
α being the pitch angle; N is the resonance harmonic number;
Ωe is the electron gyrofrequency; γ is the Lorentz factor given
by γ = (1−β 2)−1/2 with β = v/c. As seen from Eq. (1), af-
ter the wave frequency, the wave normal angle, the ambient
density, the magnetic field, and the resonance harmonic are

specified, the energy of the particles can be obtained for any
value of α .

Figure 2 shows the energies of electrons that resonate
with the artificial ELF/VLF waves at 800 Hz–1000 Hz as a
function of pitch angle for the resonance harmonic N = 1 at the
equator of L = 3. This location is within the spatial coverage
of the 800 Hz–1000 Hz wave propagation (Figs. 1(a)–1(c)).
According to Fig. 1(d), the wave normal angle is set to be 95◦

at the equator. Apparently, only resonances with positive har-
monic numbers, e.g. N = 1, 2, 3, can occur. Note that we have
assumed that the electrons move in the positive direction with
respect to the z axis.

As shown in Fig. 2, regarding the energy and pitch an-
gle (α , E) of the electrons that can undergo resonances with
these artificially triggered whistler waves at 800 Hz–1000 Hz,
there are a number of interesting features to note. (i) Electrons
with (α , E)-values within the marked grey area satisfy the
first-order (N = 1) resonance condition with the 800–1000 Hz
waves and potentially interact with them. The triggered waves
can resonate with electrons from ∼ 600 keV to ∼ 10 MeV.
(ii) For a fixed electron energy, such as 700 keV, 1 MeV or
2 MeV marked by the horizontal dotted lines, there is a certain
pitch angle range within which electrons can resonate with the
800 Hz–1000 Hz waves. Specifically, the pitch angle range is
0◦–28◦ for 700 keV electrons, 37◦–48◦ for 1 MeV electrons,
and 64◦–68◦ for 2 MeV electrons. (iii) The resonant energy
increases with increasing pitch angle. They also show a sharp
gradient for pitch angles from 60◦ to 90◦, which is mainly due
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to quickly reduced v‖ in the resonance condition. We note
that for other resonance harmonics the areas of (α , E) in res-
onance should be different, and can either absolutely differ
from or partially intersect with that for N = 1. For the case
considered here, i.e. 800 Hz–1000 Hz whistler waves at the
equatorial L = 3, the resonant energy for N = 2 (not shown)
is much higher than that for N = 1 and there is no overlap, in-
dicating that electrons with the energy and pitch angle (α , E)
within the marked grey area in Fig. 2 can only resonate with
the artificial waves under the first-order resonance harmonic.
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Fig. 2. Electron resonant energies as a function of pitch angle corre-
sponding to the interaction with the artificially generated whistler waves
at frequencies of 800–1000 Hz for the resonance harmonic N = 1 at the
equatorial region of L = 3.

4. Test particle simulations
4.1. Particle motion equations

To perform test particle simulations, we follow Chang et
al.[24] to use the following relativistic Lorentz equation:

d𝑥
dt

=
𝑝

γm
, (2a)

d𝑝
dt

= q
[
𝐸w +

𝑝

γm
× (𝐵w+B0)

]
, (2b)

where 𝑝 is the electron momentum, and m and q are the rest
mass and charge of an electron respectively. For simplicity, we
use a homogeneous background magnetic field 𝐵0 = B0𝑒𝑧 in
our simulation[24,32] as we focus on the resonance effect of lo-
cal (around the magnetic equator) artificial ELF/VLF waves.
The discussion of this simple assumption is deferred to Sec-
tion 5. Since we study the effect of artificially generated multi-
frequency whistlers, different from the single-frequency wave
as studied by Chang et al.,[24] the net magnetic and electric
fields of the artificial whistler ELF waves with the multiple
wave normal vectors 𝑘 j = k j (sinψ j,0,cosψ j) are given by

𝐵𝑤 =
Nw

∑
j=1

(Bw
x j cosΦ j𝑒𝑥−Bw

y j sinΦ j𝑒𝑦 +Bw
z j cosΦ j𝑒𝑧), (3a)

𝐸𝑤 =
Nw

∑
j=1

(−Ew
x j sinΦ j𝑒𝑥−Ew

y j cosΦ j𝑒𝑦−Ew
z j sinΦ j𝑒𝑧), (3b)

where 𝑒z is along the direction of background magnetic field,
and 𝑒x and 𝑒y are the unit vectors within the equatorial plane,
completing the right-hand coordinate system. The wave am-
plitudes Bw

x j, Bw
z j, Ew

x j, Ew
y j, Ew

z j of the jth frequency component
f j = fmin+ j∆ f , j = 1,2, . . . ,Nw, can be calculated by a chosen
Bw

y j.
[24,33,34] The wave phase angle of each frequency compo-

nent is Φ j = k jz−ω jt +φ0 j, with the initial wave phase angle
φ0 j randomly chosen between 0 and 2π and wave number k j

calculated using the cold plasma theory.

4.2. Simulation parameters

Here we select the location of L = 3 and the wave normal
angle to be 95◦, according to the ray tracing results. f j is set
to be within 800 Hz–1000 Hz with fmin = 800 Hz and the total
bandwidth Nw∆ f = 200 Hz. Consequently, fmax = 1000 Hz.
Note that the interval between frequencies ∆ f is an essen-
tial quantity in the simulation of test particles, which will be
shown below. In the present study ∆ f is chosen to be 0.1, 0.2,
0.5, and 1 Hz. Correspondingly, the total numbers of gener-
ated frequencies are 2000, 1000, 400, and 200. By doing so,
we aim to investigate the effects of various triggering patterns
of multi-frequency artificial whistlers on scattering energetic
electrons in the plasmasphere. According to the previous in-
situ observations of ELF/VLF whistler waves generated by HF
heating facilities, Bw

y j is nominally taken to be 1 pT for all wave
components at different frequencies.

We focus on tracing the temporal variations of electron
pitch angle and kinetic energy driven by HF heating triggered
local waves at frequencies in a range of 800 Hz–1000 Hz. We
use an ensemble of 100 electrons that have identical values of
initial pitch angle and energy (α , E) but have random initial
gyro-phases (the angle between ν⊥ and 𝑒𝑥) and z coordinates
to evaluate wave-induced average change of (α , E) and quan-
tify the corresponding rates of pitch angle scattering and en-
ergy diffusion.

Before discussing our simulation results in detail, we
point out that all test particle simulation results presented are
local values, namely, at one point in space. Strictly, inclu-
sion of the background magnetic field topology and a bounce-
averaged procedure is appropriate to apply ‘long term’ averag-
ing over particle bounce orbits and obtain more representative
features. However, in this study we intend to concentrate on
electron scattering effects locally induced by discrete, multi-
frequency artificial waves and their underlying dependence on
frequency interval (in other words, the number of frequen-
cies) of artificially generated whistlers. While test particle ex-
ploration of the wave scattering effect in an inhomogeneous,
more realistic magnetic field model is beyond the scope of the
present investigation, we defer the discussion on the limitation
of our local diffusion computations to Section 5.
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4.3. Results

We first present the cases of electrons with a pitch an-
gle of 10◦ and an energy of 700 keV. We investigate in de-
tail the pitch angle scattering and momentum diffusion driven
by artificial broadband whistler waves ranging from 800 Hz to
1000 Hz with four different frequency intervals, i.e., ∆ f = 0.1,
0.2, 0.5, and 1 Hz. The corresponding numbers of considered
wave frequencies are 2001, 1001, 401, and 201, respectively.
As shown in Fig. 2, theoretically, 700 keV electrons with 10◦

pitch angle can resonate with the 800 Hz–1000 Hz artificial
waves under the first order resonance harmonic.

The test particle simulation results are shown in Fig. 3.
The top two rows show the wave-induced temporal changes of
pitch angle and kinetic energy of five test electrons randomly
chosen from the total population of 100 electrons. On the one
hand, the behavior of each electron is apparently stochastic
over the 200 gyroperiods for the four adopted frequency in-

terval cases. The stochastic behavior of test electrons results

from the fact that the distance between two adjacent reso-

nances is smaller than the sum of the halfwidths of the two

resonance islands.[32] On the other hand, the frequency in-

terval tends to strongly affect the magnitudes of changes in

pitch angle and energy of electrons. Specifically, the wave in-

duced changes in pitch angle and energy are generally largest

for ∆ f = 0.1 Hz, varying between ±0.2◦ for pitch angle and

±0.03 keV for energy, respectively. These variations decrease

as the frequency interval increases to 1 Hz. The two bottom

rows show the magnitudes of ∆α2 (∆α = α −α0) and ∆E2

(∆E = E−E0) averaged over all 100 test electrons. Interest-

ingly,
〈
∆α2

〉
or

〈
∆E2

〉
increases nearly monotonically with

time and demonstrates an almost linear profile. These features

are similar to those associated with electron interactions with

single-frequency waves.[24]
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Fig. 3. (color online) Results of pitch angle scattering and momentum diffusion of electrons with an initial energy of 700 keV and an initial
pitch angle of 10◦ due to resonant interactions with the 800–1000 Hz artificial whistler waves, for four indicated frequency intervals, i.e., ∆ f =
0.1,0.2,0.5, and 1 Hz.
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It is necessary and straightforward to present our test
particle scattering results in the form of diffusion coeff-
icients,[35–37] which are calculated as

DTP
αα =

〈
∆α

2〉/2∆t, (4a)

DTP
EE =

〈
∆E2〉/2∆t. (4b)

Furthermore, test particle diffusion coefficients are obtained
by applying fitting as y = A+Bt to the temporal curves ∆α2

and ∆E2 with DTP
αα(D

TP
EE) = B/2,[32] of which the results are

indicated by the dotted curves in the two bottom rows. Note
that |A| is close to zero, and much smaller than B for all
cases in Fig. 3. The computed values of localized pitch an-
gle diffusion coefficient (DTP

αα ) are 1.35× 10−4, 6.27× 10−5,
2.46×10−5, and 1.25×10−5 rad2 s−1, and the computed val-
ues of localized momentum diffusion rate (DTP

EE) are 1.61×
10−8, 7.86× 10−9, 3.09× 10−9, and 1.56× 10−9 MeV2 s−1,
for ∆ f = 0.1, 0.2, 0.5, and 1 Hz, respectively. These results
show that DTP

αα (DTP
EE) is approximately inversely proportional

to ∆ f . This can be explained as being due to the correspond-
ing changes in total wave power with variation of frequency
number, since quasi-linear diffusion coefficients scale linearly
with the total wave power, which is calculated as ∼ Nw(Bw

y j)
2

for discrete, multi-frequency waves[32] with Nw∆ f ≡ 200 Hz
and Bw

y j ≡ 1 pT for the present study.
Figure 4 shows similar results but for electrons with a

pitch angle of 45◦ and an energy of 1 MeV. It is clearly demon-
strated that an electron diffusion process occurs due to reso-
nant interactions with the 800–1000 Hz whistler waves trig-
gered by HF ionospheric heating. As shown in Fig. 3, the
wave-induced changes in pitch angle and energy of each test
electron are stochastic, while the averaged effect shows tem-
poral linearity. Obviously, the computed DTP

αα and DTP
EE are

also inversely proportional to ∆ f . While the total wave power
is the same, we note that the pitch angle scattering and mo-
mentum diffusion are weaker for 1 MeV electrons at 45◦ pitch
angles than for 700 keV electrons at 10◦ pitch angle.
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Fig. 4. (color online) The same as Fig. 3 but for 1 MeV electrons with an initial pitch angle of 45◦.
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To quantitatively evaluate the test particle diffusion rate
and investigate its pitch angle dependence, we perform the test
particle simulation runs for a number of initial pitch angles for
three fixed energies, i.e. 700 keV, 1 MeV, and 2 MeV. Accord-
ing to Fig. 2, the initial pitch angles are chosen to be in a range
of 1◦–27◦ in steps of 3◦ for 700 keV electrons, 37◦–48◦ in

steps of 1◦ for 1 MeV electrons, and 64◦–68◦ in steps of 1◦

for 2 MeV electrons. Figure 5 shows the curves of momentum
diffusion rates versus local pitch angle for the three energies,
based on the test particle simulation results. The rates are in-
dicated for four values of the frequency interval ∆ f , i.e. 0.1,
0.2, 0.5, and 1 Hz.
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Fig. 5. (color online) Localized pitch angle diffusion rates (top) and momentum diffusion rates (bottom) obtained by test particle simulation for electrons
of 700 keV, 1 MeV, and 2 MeV (from left to right) as a function of pitch angle for the four indicated adopted values of the frequency interval ∆ f .

Regarding the test particle diffusion rates DTP
αα and DTP

pp

as a function of pitch angle, there are a number of important
features. (i) Artificially triggered broadband ELF/VLF waves
with a nominal amplitude of ∼ 1 pT at discrete frequencies
can drive intense pitch angle scattering of 700 keV electrons
at low pitch angles near the loss cone. In contrast, the induced
local diffusion rates of 1 MeV and 2 MeV electrons are much
smaller at intermediate and high pitch angles, respectively,
suggesting that DTP

αα generally decreases with increasing pitch
angle and electron energy. (ii) Comparatively, the momen-
tum diffusion (DTP

pp) driven by artificially generated ELF/VLF
waves is minor, mainly due to the high electron density in the
plasmasphere. (iii) The test particle diffusion rates show a pro-
nounced dependence on the frequency interval at each pitch
angle. The diffusion rates are generally inversely proportional
to ∆ f within the considered range of 0.1 Hz–1 Hz, similar
to the results in Figs 3 and 4. (iv) The test particle diffusion
rates show non-monotonic variations with pitch angle, which

may be attributed to the occurrence of resonances with artifi-
cial whistler waves at different frequency components of the
800 Hz–1000 Hz artificial waves.

These features are similar to those for artificial monochro-
matic (single-frequency) waves.[24] This is to be expected
since the resonant scattering effect of broadband waves can be
reasonably regarded as a sum of the effects of the frequency
components in a narrow band (much narrower than the entire
frequency band, 200 Hz). We call such a narrow band the ‘ef-
fective frequency band’, and its central frequency the ‘effec-
tive central frequency fec’. fec is different for different pairs of
(α , E). For example, fec is 878 Hz for 700 keV electrons with
10◦ pitch angle in Fig. 3 and it is 934 Hz for 1 MeV electrons
with 45◦ pitch angle in Fig. 4. For each (α , E), the resonant
interaction between electrons and 800 Hz–1000 Hz broad-
band waves is actually attributed to the interaction with the
frequency components in the effective frequency band. More
specifically, when ∆ f increases, the number of frequency com-
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ponents in the effective frequency band decreases and thus the
number of frequency components that can contribute to elec-
tron resonant diffusion decreases to cause slower electron dif-
fusion processes. In this way, we can explain the inversely
proportional relationship between test particle diffusion coef-
ficient and frequency interval ∆ f . However, we speculate that
there should be a threshold value of frequency interval above
which only one wave frequency lies in the effective frequency
band and the resonant scattering effect of broadband waves
becomes identical to that of single-frequency waves.
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Fig. 6. (color online) Dependences of pitch angle diffusion rate (a) and
momentum diffusion rate (b) on frequency interval ∆ f .

To verify this hypothesis and quantify this threshold value
of ∆ f , we further look into the interactions of 1 MeV electrons
at 45◦ pitch angle with 800 Hz–1000 Hz artificial broadband
whistler waves by varying the frequency interval (∆ f ) value
in a much broader range. We reset the frequency components
from 800 to 1000 Hz as

f j = fm± j∆ f , (5)

where j = 1,2, . . ., fm = fec = 934 Hz. By doing this, we
can make sure that there is at least one effective frequency
component in the 800 Hz–1000 Hz range. The values of ∆ f
are arranged to vary from 0.1 Hz to 40 Hz, and the calcu-
lated test particle diffusion coefficients as a function of ∆ f are
shown in Fig. 6. Apparently, the diffusion coefficients are in-
versely proportional to ∆ f when ∆ f is below 6 Hz. When
∆ f is larger than 6 Hz, the diffusion coefficients remain un-
changed with increasing ∆ f , which is consistent with the test
particle scattering rates obtained for the interactions of these
electrons with the monochromatic waves at 934 Hz (shown
as horizontal dashed curves in Fig. 6). Figure 6 confirms the
above speculation by illustrating a well defined threshold value
of ∆ f at 6 Hz. It further reveals that modulation frequencies
of HF heating of the ionosphere should be selected with in-
tervals less than 6 Hz so that better performance of controlled
precipitation of high energy electrons in the plasmasphere by
artificial ELF/VLF whistler waves can be achieved.

5. Conclusions and discussion
In the present study we simulate the ray path of ELF/VLF

emissions at frequencies in a range of 800 Hz–1000 Hz in
the inner magnetosphere on the assumption that these waves
are already generated by modulated HF heating of the iono-
sphere. Following the relativistic resonance condition, we
evaluate electron resonant energies of these artificially trig-
gered whistler waves as a function of pitch angle. Finally, the
test particle approach is used to investigate the effect of reso-
nant scattering due to these triggered multi-frequency (broad-
band) ELF/VLF waves and to quantify the wave induced rates
of pitch angle scattering and energy diffusion under various
frequency intervals. Our major conclusions are summarized
as follows.

(I) ELF/VLF waves due to modulated HF heating in the
low latitude ionosphere can propagate to higher L shells by
magnetospheric reflections, and become highly oblique in the
magnetosphere. The wave frequency corresponding to the
modulation frequency of the HF carrier strongly affects the
spatial extent of the L shell. At the equator of L = 3, the ar-
tificially triggered ELF/VLF waves at frequencies in a range
of 800 Hz–1000 Hz can resonate with electrons with energies
ranging from ∼ 100 keV to ∼ 10 MeV.

(II) Changes in pitch angle and kinetic energy for a set
of test electrons due to resonant interactions with discrete,
multi-frequency ELF/VLF waves are stochastic. In contrast,
the averages of ∆α2 and ∆E2 over all test electrons increase
monotonically with increasing time and demonstrate a lin-
ear tendency, which is similar to that associated with single-
frequency waves. Computed local pitch angle diffusion co-
efficients can be notably efficient at low pitch angles near the
loss cone, further supporting the feasibility of the artificial trig-
gering of broadband ELF/VLF whistlers to affect the loss of
electrons at energies ranging from several hundred kiloelec-
tronvolts to a few megaelectronvolts in the magnetosphere.

(III) For discrete, multi-frequency waves, there is a
threshold value of ∆ f for which the net diffusion coefficient
is inversely proportional to ∆ f (proportional to the frequency
component Nw) when ∆ f is below the threshold value, but it
remains unchanged with increasing ∆ f when ∆ f is larger than
the threshold value. This is explained as being due to the fact
that the resonant scattering effect of broadband waves is the
sum of the effects of each frequency in the ‘effective frequency
band’. When ∆ f becomes large, there is only one component
in the ‘effective frequency band’, and the overall diffusion ef-
fect of multi-frequency (broadband) waves is nearly equiva-
lent to that of a monochromatic wave. Our results suggest that
wave frequencies of artificially generated whistlers can be ap-
propriately selected to have reasonable frequency intervals to
seek optimal scattering interactions with high energy electrons
in the plasmasphere.
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We note that the test particle simulation is performed
around the magnetic equator. In other words, it is localized,
and thus the background magnetic field, electron density, and
wave normal angle are assumed to be constant in each run.
Since in the test particle simulation the wave amplitude is set
to be constant at each discrete frequency, which is reason-
able for artificially generated whistler waves but different from
the commonly adopted Gaussian spectrum in the UCLA Full
Diffusion Code, we have not yet quantitatively compared our
test particle simulation results with the quasi-linear compu-
tation results,[6,11,12,35,36] which however will be investigated
in detail later. As a matter of fact, as the electrons bounce
back and forth along the magnetic field line, bounce-averaging
simulations in the inhomogeneous magnetic field geometry,
e.g. a dipole field, are more realistic.[37–39] The effects of
carrying out bounce-averaging of pitch-angle diffusion coeffi-
cients are discussed, for example, by Albert,[40] Summers and
Meredith,[10] and Chang et al.[24] In general, bounce-averaged
diffusion rates are smaller than the local rate. It is also ex-
pected that the curve of bounce-averaged scattering rate, plot-
ted as a function of equatorial pitch angle, can become much
smoother, as a result of the mixture of the resonant scattering
effects at various latitudes with various local pitch angles. In-
clusion of the bounce motion and incorporation of test particle
simulations in the inhomogeneous magnetic field for electron
interactions with artificial whistler waves are left as a subject
for our future studies.

Since artificially generated waves are inherently discrete
at various single frequencies, here we select broadband waves
that are composed of a series of discrete frequencies with a
certain frequency interval to represent the artificially generated
multi-frequency whistlers due to ionospheric heating. By in-
troducing the term of frequency interval ∆ f , we find that when
∆ f is chosen to be above the threshold value, the net diffu-
sion coefficients due to the artificial whistlers do not decrease
with increasing ∆ f , while the total wave power ∼ Nw(Bw

y j)
2

decreases. In this investigation we focus on weak wave com-
ponents, i.e. 1 pT; therefore, quasi-linear diffusion prevails.
More complicated dependence of diffusion effect on total
wave power can occur when large amplitude waves are con-
sidered and nonlinear effects take place.[41–43] In addition, we
note that our present analyses concentrate on localized wave–
particle resonant interaction. How the wave–particle interac-
tion process will vary with the adoption of frequency interval
∆ f in more realistic geomagnetic field morphology will be an-
other subject for our future research.
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