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Model error is one of the key factors restricting the accuracy of numerical weather prediction (NWP). Considering
the continuous evolution of the atmosphere, the observed data (ignoring the measurement error) can be viewed as a series
of solutions of an accurate model governing the actual atmosphere. Model error is represented as an unknown term in
the accurate model, thus NWP can be considered as an inverse problem to uncover the unknown error term. The inverse
problem models can absorb long periods of observed data to generate model error correction procedures. They thus resolve
the deficiency and faultiness of the NWP schemes employing only the initial-time data. In this study we construct two
inverse problem models to estimate and extrapolate the time-varying and spatial-varying model errors in both the historical
and forecast periods by using recent observations and analogue phenomena of the atmosphere. Numerical experiment on
Burgers’ equation has illustrated the substantial forecast improvement using inverse problem algorithms. The proposed
inverse problem methods of suppressing NWP errors will be useful in future high accuracy applications of NWP.
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1. Introduction

No matter how well we understand the physical processes
of the actual atmosphere, numerical weather prediction (NWP)
error originates from two distinct sources: inaccurate initial
conditions and model errors. Many studies have focused on
the errors of initial conditions including data assimilation and
ensemble forecasting techniques.!'~”) More accurate estima-
tion of the initial conditions is necessary, but it is not suffi-
cient for improving weather forecasts. ) Model errors, which
include deficiencies in numerical differentiation and integra-
tion as well as inaccurate forcing and parameterizations of the
subgrid-scale physical processes, result in large-scale system-
atic errors of NWP. Currently, many more efforts to tackle
model errors have focused on generating more accurate ap-
proximations of forcing, improving the parameterizations of
physical processes, and increasing the grid density to resolve
smaller-scale processes. However, unresolved phenomena and
model errors will be present no matter how precise the forcing
is, how accurate the parameterizations are, and how fine the
grid resolution is. Therefore, it is important to develop mathe-
matical methods to account for model errors. %)

Leith!'!] proposed a statistical method to diagnose model
bias and systematic errors linearly dependent on state anoma-
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lies. However, Leith’s empirically estimated state-dependent
correction term is optimal only for a linear model. In-
spired by Leith’s procedure, various approaches to model
error correction have been presented and produced promis-
ing results. For example, the singular value decomposi-
tion (SVD) method!'%!%13] and empirical orthogonal function
(EOF) technique ['*! are used to estimate the state-independent
(constant) or state-dependent model error (function of model
state). These studies are based on the traditional viewpoint
that NWP is in essence an initial-value problem (namely, for-

ward problem). Gul!3)

pointed out that the fundamental defect
of the NWP is only using single-time data in the initial-value
problem. Chou!'®! proposed a theoretical method to improve
the NWP by using past data, in which the observed data (ig-
noring the measurement error) are considered as a series of
solutions of the accurate model and then the NWP with an un-
known error term actually becomes an inverse problem. The
unknown model error term should be determined by the so-
Iutions (observed data) of the partial differential equation of
the actual atmospheric motion. If we can solve the inverse
problem effectively, then, by adding an error term (the solu-
tion of the inverse problem) to the model, we can inevitably
improve the NWP. In contrast to the existing model error cor-
rection methods based on forward problems, the inverse prob-
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lem method can internally use past data and improve forecast
both dynamically and statistically.

A series of methods to estimate the forecast errors or
model errors has been developed by using the inverse prob-
lem ideas. For example, Qiu and Chou!'"'"! presented a pat-
tern recognition and parameter optimizing method. Huang and
Yil?% and Huang et al.[*!] established a coupled analogue de-
viation model for monthly and seasonal forecasts and achieved
results better than those from the model for a statistical ana-
logue forecast. Based on this method, Bao et al.,?”) Ren et
al.,’?! and Zheng et al.?*! estimated forecast error instead
of tendency error by using analogue techniques which avoid
They used this
method in an operational T63L16 model and obtained consid-

establishing an analogue deviation model.

erable predictive skill in monthly means and extended range
forecasts. Meanwhile, with the refinement and increase of
the observational network, much research has been devoted
to estimating and accounting for model error in or using vari-
ational data assimilation methods and is capable of extract-
ing significant information about the model error from the
observations.[>>~>7 However, because of the uncertainty of the
factors causing model errors, these studies usually decompose
the model errors into systematic bias, a model state-dependent
part and a random error part, and so on, 28] where the covari-
ances and/or dynamics of model error are often needed. An
accurate estimate of the observation error covariance is usu-
ally at hand, while more difficulties arise from the background

s.271 At the same time, due to the

and model error covariance
lack of the knowledge of the accurate dynamics of model error,
a simple dynamical law, such as a first-order Markov process,
has usually been used. [25] For these defects, a new issue in the
estimation of model error as a missing forcing rather than its
empirical decomposed parts is presented.>°-31]

The purpose of the present study is to explore the fea-
sibility of estimating and extrapolating the time-varying and
spatial-varying model errors using inverse problem methods
and past data, which objectively suppose the model error as an
unknown functional term (a missing forcing term) of the nu-
merical model. The rest of this paper is organized as follows.
In Section 2, we construct an inverse problem to compute the
time-varying and spatial-varying model error dataset by using
the past observations, in which the observed data are actually
viewed as the dynamics of model error. In Section 3, we con-
struct another inverse problem to extrapolate the time-varying
and spatial-varying model errors in the forecast period accord-
ing to the historical model error dataset. The numerical exper-
iments are presented in Section 4 to illustrate the substantial
forecast improvement resulting from our inverse problem al-
gorithms. The main results are summarized and discussed in
the concluding section, in which we point out that our inverse
problem methods can be used especially in local NWP models

to improve the prediction of the local investigated phenomena.

2. Inverse problem for model error
2.1. Inverse problem

Without loss of generality, if we do not consider the effect
of boundary conditions, the NWP model can be written as the
initial problem

) t
%’) +L(y(x,t)) =0, xe€D,t>t,
lI/|t:Io = l//o(.’l?),

ey

where D denotes the range of spatial variables x, W and v
are the state vector (including wind, temperature, moisture,
pressure, etc.) and initial condition, respectively, and L is
the nonlinear differential operator governing the dynamics of
the model system. Because of the deficiencies in parameter-
izations of physical processes and inaccurate forcing, equa-
tion (1) is usually an approximation of the actual atmosphere.
If we use A to represent the nonlinear differential operator gov-
erning the dynamics of the actual atmosphere, the accurate
model (the ultimate aim of all numerical models) of the true
system can be written as

w +A(y(x,t)) =0, x€D,t> 1,

V0=, = Yo(),

@

where A is the nonlinear differential operator governing the
dynamics of the actual atmosphere.
Let E(y(a.1) = A(y(x,1)) — L(y(,1)), then equa-
tion (2) can be rewritten as
d t
WL L y(.0) + Ew() =0, @eDi>0
W‘t=to = WO(:E)’

3)

where E represents the unknown model error term (the missing
forcing term) that is not or inaccurately described by Eq. (1).
The model error term E (y(x,t)) is both time varying and spa-
tial varying.

From the viewpoint of dynamics, the existing observed
data represent the true dynamic system of the actual atmo-
sphere. The observed data (ignoring the measurement error)
are actually a series of solutions of Eq. (3). Namely, we have
known not only the initial value y|;,—,, = yo(x) but also the
solutions W|,—, = Wi (x), ..., Y], = Vk(x) of Eq. (3). The
information about the unknown model error term E(y/(x,t))
is included in the past data Yy, y1,..., Y. Problem (3) with
the unknown term E(y(x,¢)) is a standard partial differential
equation inverse problem.

Unlike forward problems, system (3) with solutions of
Vo, V1,..., Wk is usually overdetermined and ill posed. The
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common method to deal with this problem is to seek the opti-
mal fitting of the minimization problem

1 X
min> [[[ ¥ v - w@) da. @)
D k=1

where y(x,7;) and W (x) are the solution of initial value
problem (3) and observed data at time #;, respectively. Min-
imization problem (4) constrained by Eq. (3) means that we
try to find the error term E(y/(x,t)) such that the forecast of
Eq. (3) is as close to the observation as possible. However,
problem (4) is still ill posed because it has a non-unique so-
lution, which will lead to instability of the numerical com-
putation. As a consequence of the regularization theory for
inverse problems, 3! we should penalize the problem (4) and
construct the following optimization problem:

1 -
min > [[[ ¥ (@) - wi(@) da
E 2 =
o=
a [k [ 2
w2 [ ][ 1Ew@n) dea, ©
2 Jtg  Je
D
where o > 0 is the regularization parameter. The second
term, E(y(x,1)), of expression (5) indicates that the unknown
model error term E(y(ax,t)) is actually a small quantity in
Eq. (3), which admits the reliability of numerical model (1)

and, at the same time, resolves the ill-posedness of problem

.

2.2. Discrete problem

The solution E(y(x,?)) of optimization problem (5) con-
strained by Eq. (3) is just the model error of numerical
model (1) in time interval fy <t < tg. Unfortunately, we can-
not obtain the minimum solution by solving the infinite dimen-
sional problem, but instead consider its discretization. First,
to discretize expression (5) and Eq. (3) in space, we use the
Galerkin method. If @y(x),@i(x),...,¢,(x) are a series of
basis functions that satisfy the boundary conditions of problem
(3), then we approximate y(x,7) and E(y(x,t)) by functions

of the form
Vi) = jioa.,-(tm(m), ©)
and
Eu(w(z.1) = jioe,-uij(sc). @

If we insert Egs. (6) and (7) into the objective function
of expression (5) and multiply the differential equation (3) by
¢i(x) (i=0,1,...,n) and integrate both sides over spatial vari-
able domain D, we obtain

ny (lw VM (1) + 90 ))
%1(13/(:1 3 k k) T g\lk k

+ & [ Be™ME®) 1, @®)
2 ),

where 1) (#;) is the solution of the following initial problem:

M%W) FN@E) +ME(®) =0, 1o <1<k,
¥(t0) = o,

at time g, (1) = (0(t) (), au(0), Bl) =
(eo(t),e1(t),-..,en(t))T. M € RUHD*+1) s a matrix, and
N(w(t)) € RV and g (1) € R"*1) are vectors with elements

©))

;= [[] 0/@)i(@)da.

N0 = /é/L(jé)O‘j(f)%(w)> ¢i(z)d,
g(t)i = —// Vi (z)gi(x)dx.
D

To discretize expressions (8) and (9) in time, we use the
Crank—Nicolson method. We let 1y <1t} < --- < t,,x = tx and
define At; =141 —1; (i=0,...,mK — 1), where m is a given
integer. We also introduce Az_; = At,,x = 0. Then the fully
discretized forms of expressions (5) and (3) are given by

K

. 1o .
= M
EOmI%mK k;l ( 2 wmk I/Jmk + gmkwmk)

a mK Ati_1 + At

E'ME; 1
+3 5 BIME;, (10)

i=0
where E; = Ei(ti) (i =0,1,... ,mK) and ¥, = ’l,b(tmk) (k =

1,...,K) are the solutions of

At; At;
Mapiy 1+ TZN(UJM) + TZMEHI

At; At
—M@+5NW»+§ME=Q an

where i =0,1,...,mK — 1, and 1) is given.

2.3. Algorithm

For convenience, we set E = (E1, ET,... . ET )T, ¢ =
(¥F, ..., )T, and we denote the objective function in ex-
pression (10) by f(w, E) and in Eq. (11) by c¢(¢, E) = 0.
Then we rewrite expression (10) and Eq. (11) as a constrained
optimization problem

min /(4. B,

12
s.t. ¢c(¢,E)=0. (12

Furthermore, if we insert the constrained equation ¢(¢, E) =0
into the objective function f(v, E) in Eq. (12), then we have
an implicitly constrained optimization problem

min /(E), (13)
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where f(E) = f(¢(E), E), 1 = v(E) is a functional of E
determined by c(t), E) = 0. The numerical calculation of
problem (13) using gradient-based and Newton-type meth-
ods is discussed in most courses on numerical analysis and in
courses on optimization. However, the optimization of prob-
lem (13) on the surface looks relatively simple, but it is actu-
ally quite complicated because the gradient and Hessian com-
putations for objective function f(E) involves the solution of
the implicit nonlinear constraint c¢(¢, E) = 0, namely the so-
lution of the NWP model. We here state a commonly used
version of the Newton—conjugate gradient (CG) method 3! for
solving problem (13) in the following.

Algorithm 1 (Newton-CG method with Armijo line-
search).

A-1. Given Ey and gtol > 0. Set k = 0.

A-2. Compute Vf(Ey).

A-3.1If ||VA(EY)|| < gtol stop.

A-4. Compute V2f(Ey).

A-5. Apply the CG method to compute the Newton equa-
tion

V2 F(Ex)se = —Vf(Ex).

A-6. Perform Armijo line-search.

A-6.1. Set by = 1 and evaluate f(Ej + hysy).

A-6.2. While f(Ey + hisy) > f(Ey) + 10~ Iys] V f(Ey)
set hy = hy /2 and evaluate f(Ej + hsy).

A-7. Set By = Ey+ hysg, k=k+ 1. Goto A-2.

3. Inverse problem for extrapolation
3.1. Inverse problem

According to the optimization problem defined by ex-
pressions (5) and (3), we have obtained the time-varying and
spatial-varying model error E (y/(x,t)) in the historical period
(in time interval 7y <7 < t). To improve the forecast, we now
need to extrapolate the model error E(y/(x,t)) to the forecast
period. To simplify the expression, we use the notation E(x,1)
instead of E(y(x,)) and use E(x, ) to denote the model error
dataset in the historical period. We also use O° = {(x,f)|z €
D,t € [ty,tk]} and O = {(z,1)|x € D,t € [tk,tk+1]} to repre-
sent the historical period (in the spatial domain D and time
interval o <t < ) and forecast period (in the spatial domain
D and time interval rx < t < fx41), respectively. Then the ex-
trapolation problem is to find model error E(x,) such that

E(a) = { E(x,1), (x,1)€0,

E(x,t), (x,1)€ 0" 14

Clearly the identity (14) can also be written as

O(E(z,1)) = b(z,1) = {%’<xi7ft)f“”itf) (em?t’) coe, (19

where the matrix @ is known as a projection operator from
O°UO to O°. The right-hand side zero in Eq. (15) presents the

first guess of the extrapolation value of model error in the fore-
cast period, since no better guess is available. Equation (15) is
another standard inverse problem, namely we need to compute
E(x,t) in both historical period and forecast period by using
matrix @ and right side b(x,?) in Eq. (15). Then, according to
the regularization theory for inverse problems,??! we have the
following optimization problem:
.1 o

min = / |B(E(2,1)) — b(z.)| dzdt + CR(E)|ovor, (16)

Eloeuo 2 2
0°U0

where R(E) is the regulation functional and « is the regulation
parameter. The regulation penalty R(E), which ensures that
the extrapolation problem (16) is well posed, is usually deter-
mined by the a priori information about model error E (x, ).

For obtaining higher efficiency, we here only need to ex-
trapolate E(x,7) in the forecast period without changing its
value in the historical period. If we insert Eq. (15) into the
objective function of expression (16), we obtain the following
optimization problem:

minR(E)|ouoe, (17
Elo
where E|p means that we only need to find E () in the fore-
cast period. Problem (17) means that the extrapolation value
of model error in the forecast period can be extracted by its
historical information.

Considering the analogue phenomenon of the atmo-
sphere, we assume that the whole error data set E(x,¢) in his-
torical and forecast periods exhibits self-similarity. For more
reasonable treatment, we should divide the historical period
O° and forecast period O into smaller patches according to the
regional characteristics of E(x,) that we already know, 333
and then, using the self-similarity of the atmosphere, we can
obtain the extrapolation value by comparing the recent infor-
mation about model error patches in the forecast period with
the value of the patches in the historical period (see Fig. 1).
This means that, by using nonlocal regularization theory, ¢!
we should construct the penalty term R(E)|puoec in problem
(17) as the following weighted sum of patch pairs of dataset
E(x,1):

RE)ovos= Y ¥ w(X,X')||Pe(X)—P:(X")||*, (18)
XeO X'eo*

where
Pe(X)=E(x+px,tk+p:); € E€D,px € By,p; € B;,(19)
and

Pp(X")=E(x'+px.,t'+pi)s

x' € D,t' € (to,tx),px € Bz, p: € By, (20)

denote the error patches of E (i, ) in the forecast and historical
periods, respectively. Here B, = [—dx,dx], B, = [—6t, 1],
and dx, Ot denote the space-scale and time-scale of Pr(X)
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and Py (X’), respectively. w(X,X') is a weight function to
measure the similarity between Pz (X) and P;(X'). We can
choose!3¢!

w(X,X") = exp(—||Pe(X) - P(X")|* /o), @)

where we promote the averaging of similar patches and min-
imize the averaging of dissimilar patches. The parameter ¢
is a constant related to the convex distance metrics of patches
Pg(X) and Pp(X').

model error E(z,t)

1.0 =

0.08
0.8

0.04
0.6

8 0

0.4

-0.04
0.2

-0.08
04—

0

Fig. 1. (color online) Illustration of the proposed extrapolation procedure for model error in the forecast period: if the value of patch Pg(X) in
the recent time interval 5 <t < 6 is similar to the value of patch Py (X ! ) in the historical interval t' —1 <t <t then the extrapolation value of
Pg(X) in the forecast interval 6 <7 <7 is also similar to the value of Pz(X") in the historical interval ' <7 <"+ 1.

Equation (18) means that if the model error in the recent
time interval tx — 0t < t < tx is similar to the value in the
historical interval ' — &t <t < ¢/, the extrapolation value of
model error in the forecast interval tx <t < tx + Ot is also
similar to the value in the historical interval ¢’ <t <t'+ &t by
the continuous evolution of the atmosphere (see Fig. 1). The
minimum solutions of problems (17) and (18) are the extrapo-
lation values of model error in the forecast period.

3.2. Algorithm

Now we present a simple and effective iterative algorithm
for problems (17) and (18). According to Egs. (19), (20), and
(21), the objective function of expression (18) can be written

as
R(E)|0UOC = Z W(X,X/)
Xe0X'eo*
x Y |E@+pxtx+pr)

PX EBx,piEB;
—E(@ +px.t+p)|
Y Y (X, X E@,«)—E@@ 1)].22)

Xe0X'eo

We use a change of variables * = © + px, tx = tx + pr,
and @' = @’ + px, t =t + p; to derive the second step in
Eq. (22).13¢] The weight g is specified by

(X, X)= Y
p=(px:Pt)
PX EBx,pt€B;

W(X_va/_p)v (23)

which denotes the sum of the similarity measures w(X, X")
between all the patch pairs that contain X and X’. Then we

obtain an equivalent form of optimization problem (17) as fol-
lows:

min ETA(E)E-2b"E, (24)

where E is the vector of E(x,t) in the forecast period,
A(E) is the diagonal matrix with the entries (X, X') de-
fined by Eq. (23), and b is the vector with the elements
ve(X, X"E(x/,1).

If we denote the objective function in expression (24) by
J(E) = ETA(E)E —2b"E, then we have

ménJ(E). (25)

The optimization problem (25) is actually a special case of
problem (13) in Section 2, and we can compute it using Algo-
rithm 1. For convenience, we also construct the following iter-
ative method. The numerical experiments in this study demon-
strate that the following iterative method is effective.

Algorithm 2 (iterative method for optimization prob-
lem (24)).

A-2-1. Given Ey and gtol > 0. Set k = 0.

A-2-2. Compute A(Ey).

A-2-3. Solve equation A(Ey) Eyy = b for Egyy.

A-2-4. If ||Ek+1 _Ek” / ||EkH < gtol stop.

A-2-5. Let k = k+ 1. Goto A-2-2.

4. Numerical experiment

In Sections 2 and 3, we theoretically estimate and extrap-
olate model error in historical and forecast periods by con-
structing two inverse problem models. In this section, we

will numerically demonstrate the effectiveness of our inverse
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problem algorithms by using Burgers’ equation. The Burgers’
equation can be viewed as the Navier—Stokes equations in one
space dimension??!, and it is usually written as

u u 0%u

—V—=E 1 T
Bt+u8 v8x2 (x,1), 0<x<1,0<t<T, 26)
uli=o = uo(x),

where V is the viscosity parameter and ug(x) is the initial con-
dition. u(x,t) and E(x,t) are the state variable and forcing
term, respectively.

Since we only consider the effect of model error on pre-
diction results, for convenience, we take the zero boundary
condition and accurate initial condition as ug(x) = sin27x,x €
[0,1] in the following discussion. We suppose that equa-

tion (26) is the accurate model if the forcing term is

E(x,t) =Acostsin2nx, x€[0,1],0<t<T, (27)
and its corresponding numerical model is as follows:
du du d%u
—-— ——Vv=—=0, O0<x<1, 0<t<T,
o Mo TV ae * (28)

uli=o = uo(x),
where the model error term E(x,7) is the actual forcing term
in the accurate model (26), which cannot be described by the
numerical model (28).

true value (a)
e K=5
--- K=10
K=20
== K=50

0.1

E(z,t)

E(xz,t)

0.1

-0.1

0 0.2 0.4 0.6 0.8 1.0

T

To illustrate the effectiveness of computing forcing term
E(x,t) in Eq. (26) by using our inverse problem algorithms,
we first solve the accurate problem (26) with expression (27)
to produce the ‘observations’ ul;—;, = ui,...,u|—y = ug, and
then we obtain the historical error term E(x,t), according to
Section 2, by solving the following optimization problem:

1 1E )
min — u(x,ty) —ug(x)|” dx
i J, X ) o)

T 1
+5/ / IE(x,1)[? dxdt,
2 Jo Jo

such that u(x, %) (k=1,...,K) and E(x,t) satisfy model (26).
Now we further divide the spatial interval [0, 1] into n subinter-
vals [x;_1,x;] (i=1,...,n) withx; = ih and h = 1 /n. We define
the following piecewise linear functions as the basis functions
in Egs. (6) and (7):

(29)

(x—=xi—1)/h,  x € [xi-1,x]N[0,1],
(XH,] —X)/l’l, X € [xivxiJrl]m[Ov 1]7
0, else,

i=0,...,n,

@i(x) =

which satisfies @;(x;) = 1 and @;(x;) = 0,i # j.

0.1 ) |
0 qy ~
|

-0.1
0 0.2 0.4 0.6 0.8 1.0
X

0.1 (d) E
E 0
|

-0.1

0 0.2 0.4 0.6 0.8 1.0
xr

E(x,t)

0.6 0.8 1.0

0 0.2

0.4
x

Fig. 2. Accurate values and numerical values of model error E (x,¢) in the historical period (0 <t < 10, at times ¢ = 0 (a), 2 (b), 4 (), 6 (d), 8
(e), and 10 (f)). The solid line denotes the accurate value computed by Eq. (27), and dashed lines denote the numerical value. K denotes the
number of the ‘observations’ used in the constrained optimization problems (26) and (29).
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After we have obtained the historical dataset E(x,z), we
first need to compare E (x,) with its accurate form Eq. (27) to
ensure the accuracy of our computing, and then we extrapolate
it in the forecast period. We also need to compare the extrap-
olation E(x,t) with its accurate form Eq. (27) in the forecast
period to testify the effectiveness of extrapolation algorithms.

For convenience, we call the solutions of numerical
model (28) ‘forecasts’ and the solutions of model (26) with
our computed term E(x,t) in both the historical period and
the forecast period ‘improved forecasts’. We take 7' = 10,
time step 0r = 0.025, space step dx = 0.0125, and parameter
v =0.02 in both Eq. (26) and Eq. (28). We choose parameter
a = 0.05 in expression (29), 62 = 0.1 in Eq. (21),and A = 0.1
in Eq. (27). We compute the mean square error of state vari-

able u(x,t) according to

1y ]
e(tj) = \/l’l (u('xhtj) _u(xhtj))za (30)
i=1
[T o]
-- K=10 gk
- K=20

~ K=50

E(z,t)
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x
0.1 (c)
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B
R
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0 0.2 0.4 0.6 0.8 1.0
x
0.1 (e) t
=
3
S
-0.1
0 0.2 0.4 0.6 0.8 1.0
x

where u(x;,7;) denotes the ‘forecast’ or ‘improved forecast’
and #i(x;,t;) denotes the ‘observation’.

Figure 2 shows comparisons between the true forcing
term E(x,t) (see Eq. (27)) and our computed value in the
historical period (0 <7 < 10). We notice that the computed
E(x,t) is much closer to its accurate value when more “obser-
vations” (see K = 50 in Fig. 2) are used in the constrained op-
timization problems (26) and (29). Figure 3 presents compar-
isons between the true forcing term E (x,7) (also see Eq. (27))
and our extrapolation value in the forecast period (10 < <
11). It is obvious that the extrapolation value can closely ap-
proximate the true value when the historical model error is
well computed (see K = 50 in Fig. 3). Figures 2 and 3 il-
lustrate that our inverse problem procedures proposed in Sec-
tions 2 and 3 can well recover the unknown model error term
E(x,t) both in the historical period and in the forecast period.

E(x,t)

-0.1
0 0.2 0.4 0i6 0.8 1.0
x
0.1] @t
=
B
R
-0.1
0 0.2 0.4 0.6 0.8 1.0
xr
0.1 1 (f)
=
3 0 e —— P — PR
5 \/
-0.11
0 0.2 0.4 0.6 0.8 1.0
T

Fig. 3. Accurate values and extrapolation values of model error E (x,) in the forecast period (10 <¢ < 11, at times # = 10.1 (a), 10.3 (b), 10.5
(c), 10.7 (d), 10.9 (e), and 11 (f)). The solid line denotes the accurate value computed from Eq. (27), and dashed lines denote the numerical
value. K denotes the number of ‘observations’ used in the constrained optimization problems (26) and (29). Here, we divide the forecast period
O into two smaller patches in the model error extrapolation problems (17) and (18).
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After finding the model error term E (x,7) in the historical
period and the forecast period, we insert it into model (26) and
obtain the ‘improved forecasts’ for the state variable u(x,7).
Figure 4 presents the mean square errors of ‘forecasts’ and
‘improved forecasts’ in the historical period (0 < ¢ < 10)
and forecast period (10 <t < 11). It shows that the im-
proved model (26) has higher forecast skill than the numeri-
cal model (28). The improved forecast error is far less than
the forecast error if K and the patch in the forecast period O
become bigger (see Fig. 4(a)), which implies that the more re-
cent observations are used in our inverse problem methods, the

better the improvement of forecasts is.

. ] —forecasts (a) [
e —K=5
& 0.06{-- K=10
q>) """ K:20
ol
=-K=50

o 0.041
]
=
oy
wn
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8 “N\ -
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t

- — forecasts (b)
L 1—K=5 [
& 0.06{-- K=10
§ """ K:20
° = -K=50
© 0.04
!
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= 0.02
I~ L SN
5} N PR 2 - ’
I NEO 7/ SRYPN| ST i\ A
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t
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Y R K=20
ol
o 0.04] 7 TE=30
@
=}
o'
n
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A et NSO e N AN
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Fig. 4. Mean square errors of ‘forecasts’ (solid line) and their ‘improved
forecasts’ (dashed lines) in both the historical period (0 <7 < 10) and
the forecast period (10 <7 < 11): we divide the forecast period O into
(a) one patch, (b) two smaller patches, and (c) four smaller patches in
the model error extrapolation problems (17) and (18).

5. Conclusions

In this study, we show a novel method of estimating and
extrapolating model error using inverse problem ideas. We

propose to obtain the model error in both the historical period

and forecast period by solving two inverse problems using ob-
servations and self-similarity of the atmosphere. The numeri-
cal experiments demonstrate the substantial forecast improve-
ment resulting from our inverse problem algorithms. In partic-
ular, the inverse problem ideas in this paper can be used in a
global model, and especially in a local NWP model. For exam-
ple, researchers are now increasingly concerned about the ac-
curacy of timing, quantitative and fixed location prediction. If
we use the local observations of the investigated phenomenon
in the inverse problem methods to correct the local numerical
model, this will surely improve the prediction for the inves-
tigated phenomenon. This will lead to using large scale past
data more effectively and economically.

Appendix A
Following Refs. [33] and [37], we present the detailed

procedures to compute the gradients V#(E}) and Hessians
V2 f(Ey) in Algorithm 1. Because v = v(E) is determined
by the nonlinear equation ¢(¢), E') = 0, the Jacobian of ¢ =
1 (F) is satisfied as shown below:

(Y, B) | ypmyp(m)YE(E) + cE(Y, E)|y—y () = 0.

To simplify the notation, we write cy(¢(E),E) and
ce(yp(E), E) instead of c¢(¢,E)|¢=¢(E) and

cE(Y, E)|yp—y(E):
respectively. We have
YE(E) = —cy($(E).E) 'cp($(E), E).
Since f(E) = f((E), E), the gradient Vf(E) is given by

(A)

VIE)=ve(E)'Vyf(Y(E).E)+Vef(¥(E),E).
If we insert Eq. (A1) into Eq. (A2), then we obtain

VF(E) = —cu($(E),E) cy(¢(E),E) "Vy f((E),E)
+Vef($(E),E). (A3)

(A2)

In order to compute the gradient more efficiently, we define

M(E) = —cy(p(E), E)"Vy f(¢(E), E),

or, equivalently, we can define A (E) as the solution of

oy (P(E), E)'A(E) = ~Vy f($(E), E).  (A4)
With this quantity, the gradient can now be written as
V/(E)=Vef((E),E)+ce($(E),E)'A(E). (AS)

Algorithm A1 (gradient computation).
Al-1. Given E, solve ¢(1, E) = 0 for ¢(E).
A1-2. Solve Eq. (A4) for A(E).
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A1-3. Compute V/(E) = Vg f(¢(E), E) +cg(y(E),
E)TA(E).

Now we need to compute the Hessian V2 f(E) for given
E from Eq. (A5). In fact, the Lagrangian, corresponding to

the constraint problem (12), is as follows:

L(Y,E,A) = f(¢,E)+ 2 c(4, E); (A6)
then equation (A4) can be written as
VyL(t(E), B, A(E)) = 0. (A7)

Differentiating Eq. (A7) gives

VyyL($(E), E,A(E)Ye(E) + VypL(Y(E), E,A(E))
+VyrL(¢(E),E,A(E))Ap(E) = 0.

If we use V; L(¢, E,A) = cy (1, E)T and Eq. (Al) in the

above equation, we have
AB(E) = cy(, E) " [VyyL(¢(E),E,A(E))

X C¢(¢<E)7E)7ICE(¢(E)’E)
—VyeL(Y(E),E A(E))].

(A8)
Moreover, equation (AS5) can be written as
VI(E) =VEL(),EA) y—ym)izam). (A9

Now we can compute the Hessian V2 f(E) by differentiating
Eq. (A9), and have

V2J(E) = VeyL(4(E), E,A(E))yEe(E)
+VeL(Y(E), E,A(E))Ap(E).

If we insert Eqgs. (Al) and (AS8) into Eq. (A10) and use
VEAL(vy, E,A) = cg(v, E)T, the Hessian V2f(E) can be

written as

(A10)

V2 f(E)

=cu(,E)cy(, E) "VyyL(¥(E), E,
A(E))cy((E), E) ' cp(¢(E),E)
—cp($,E) ey (¥, E) "VypL($(E), E,A(E))
—VeyL(Y(E), E,A(E))cy($(E), E) ' cp(¢(E), E)
+VeeLl(y(E),EA(E)). (A11)

Obviously equation (All) can be used to compute the
Hessian V2 f (E). However, in the Newton-CG algorithm 1,
we only require the Hessian-times-vector products V2 f(E)v.
Using Eq. (A11) we have the following algorithm.

Algorithm A2 (Hessian-times-vector computation).

A2-1. Given E, solve c(¢p, E) = 0 for ¥ (E).

A2-2. Solve Eq. (A4) for A(E).

A2-3. Solve equation cy(¢Y(E), E)w = cg(¢(E),E)v
for w.

A2-4. Solve equation

cy (¥, E)'p=VyyL($(E),E,A(E))w
—VyeL($(E),E,A(E))v for p.

A2-5. Compute

V2F(E)Y =cg(,E) p—VeyL((E),E,A(E))w
+ VEEL("/)(E),E? )‘(E»V
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