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Analysis of the injection-locked magnetron
with a mismatched circulator∗
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Based on the scatter matrix of the four-port lossless mismatched circulator, the phase differential equation of the
injection-locked magnetron is derived by comparing different effects of the mismatched and perfect circulator on the in-
jection ratio. Besides, the locking range of the injection-locked magnetron with the mismatched circulator is deduced by
functional operation. In addition, the phase differential equation and the locked bandwidth of the injection-locked system
with a mismatched circulator are compared with those of the small injection-ratio case with a perfect circulator. The in-
fluence of the circulator reflection coefficient on the injection-locked magnetron is also analyzed by numerical calculation.
Theoretical analysis shows that the decrement of the locked bandwidth is less than 1% and decrement of the stable phase
difference is less than 1.2% when the reflection coefficient is less than 0.1.
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1. Introduction

Microwave tubes are improved to obtain higher
powers.[1–5] Among them, the magnetron has been proved to
be one of the most efficient and economical industrial mi-
crowave generators, which has been widely used in both mili-
tary and civilian fields.[6] However, the output power of a sin-
gle magnetron is so limited that it cannot meet the require-
ments of industrial applications. So it is necessary to perform
coherent power-combination by using several magnetrons for
higher power microwave output. The precondition of power
combination is that the frequencies and phases of these mag-
netrons accord with each other. The best way to solve this
problem is injection-locking an ordinary magnetron, making
the output frequency of the magnetron accord with that of the
injected signal and getting a stable output phase difference.[7,8]

Injection-locking has been studied theoretically and ex-
perimentally for a long time.[9–21] In recent years, the fre-
quency and phase performance of an injection-locked mag-
netron have been studied in depth.[11,22–24] Adler’s condi-
tion based on a small injection ratio is widely accepted and
adopted by many papers.[12,13,16–19,23] The small injection-
ratio solution is derived with a lumped circuit model when
the injection ratio is very small. It gives the differential
equation of the phase difference between the injected sig-
nal and the output signal of the magnetron. Besides, it also
shows the relationships between the injection-locked band-

width and the injection ratio, and between the resonant fre-

quency and the external quality factor of the resonant cavity in

the magnetron.[12,13,16–19,23] The large injection-ratio solution

predicts a larger injection-locked bandwidth and improves the

injection-locked theory.[14]

A circulator separates the injected signal from the output

signal of the magnetron, which is necessary in an injection-

locked system, so the capability of the circulator has a sig-

nificant influence on the stability of the injection-locked pro-

cess. Both the small and large injection-ratio solutions usually

are under the assumption of the perfectly matched circulators,

which means all ports are matched and there is no reflected

wave in the injection-locked system.[9,16] However, mismatch-

ing is inevitable for a practical circulator. In this paper we

are to theoretically investigate an injection-locked magnetron

with a mismatched circulator and to analyze the effects of the

mismatched circulator on the phase differential equation and

locked bandwidth.

The rest of this paper is organized as follows. In Sec-

tion 2, both the differential equation and locking range of the

injection-locked magnetron with mismatched circulator are

derived. Numerical analysis is performed to analyze the ef-

fects of reflection coefficient on the injection-locked system

in Section 3. Finally, some conclusions are drawn from the

present investigation in Section 4.
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2. Theoretical analysis
2.1. Phase differential equation

An injection-locked magnetron system model is shown in
Fig. 1. The injected signal source, magnetron, load, and an
absorbing load are connected to ports 1, 2, 3, and 4 of the cir-
culator, respectively. The absorbing load is adopted to avoid
the effect of the external load on the injected signal source.
The arrows show the directions of signal transmission.
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Fig. 1. Configuration of an injection-locked magnetron system with a
four-port circulator.

If the circulator is a perfect four-port device, which means
it is lossless and mismatching, its scattering matrix can be
written as

𝑆 =


0 0 0 1
1 0 0 0
0 1 0 0
0 0 1 0

 . (1)

In the injection-locked system with this ideal circulator,
power can only flow from port 1 to port 2, from port 2 to port
3, from port 3 to port 4, and from port 4 to port 1. With the
connection shown in Fig. 1, the magnetron and load have no
effects on the injected signal source. Meanwhile, the injected
signal is isolated from the output signal.

If four ports of the circulator are circularly symmetric,
lossless, and mismatched slightly, the corresponding scatter-
ing matrix can be written as[25]

𝑆 =


Γ Γ 0 1−Γ 2

1−Γ 2 Γ Γ 0
0 1−Γ 2 Γ Γ

Γ 0 1−Γ 2 Γ

 , (2)

where Γ is the reflection coefficient on the circulator port and
|Γ | � 1. In order to simplify the analysis and underline the
frequency difference between the injected signal and output
signal, the reflection coefficient is set to be real.

In the small injection-ratio situation, a lumped circuit
model of the magnetron shown in Fig. 2 is adopted.
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Fig. 2. An equivalent circuit of the magnetron with electronic admit-
tance Ya and passive RLC components.

If the circulator is matched and lossless, the injection ra-
tio is defined as ρ =V1 ejω1t/(V ejωt) = |ρ| ejϕ , where V1 is the
voltage of the injected signal, ω1 is its angular frequency, V is
the voltage of the output signal of the magnetron, and ω is its
angular frequency when an external signal is injected. ϕ is the
total phase difference between the injected signal and the out-
put signal. The angular frequency difference is ∆ω = ω1−ω ,
so the total phase difference is ϕ = ∆ωt +ψ . ψ is the initial
phase difference between the injected signal and the output
signal.

The phase differential equation in the small injection-
ratio situation is shown as follows:[7,8,11–14,18]

dϕ

dt
+

ω0 |ρ|sinϕ

Qe
= ω1−ω

′, (3)

where ω0 is the cold cavity resonant frequency of the mag-
netron, ω ′ is the angular frequency of the output signal when
the magnetron works freely without an injected signal, |ρ| is
the amplitude of the injection ratio, and Qe is the external qual-
ity factor of the cavity.

The injection ratio should be modified, if the circula-
tor is mismatched. VR is the voltage of the load. So there
holds VR ≈V S32, approximately. Since the signal reflected by
the load can affect the magnetron, the actual injected signal
is the vector synthesis of two components. One part is in-
jected from port 1, whose value is V1S21 ejω1t , while the other
part is reflected from port 3, whose value is V S32S33S23 ejωt .
So the voltage of the total injected signal can be written as
Vi =V1S21 ejω1t +V S32S33S23 ejωt .

At this time, the injection ratio of the injection-locked
magnetron with the mismatched circulator is

ρs =
V1S21 ejω1t +V S32S33S23 ejωt

V ejωt . (4)

If ρs is written as ρs = |ρs| ejϕs , the amplitude of the in-
jection ratio becomes

|ρs|=
√

(|ρ|S21 cosφ +S32S33S23)
2 +(|ρ|S21 sinϕ)2, (5a)

and the phase of the injection ratio turns into

ϕs = arctan
|ρ|S21 sinϕ

|ρ|S21 cosϕ +S32S33S23
. (5b)

Substituting for the scattering matrix of the mismatched
circulator, equations (5a) and (5b) can be written as

|ρs|= (1−Γ
2)

√
|ρ|2 +Γ 4 +2 |ρ|Γ 2 cosϕ, (6a)

088402-2



Chin. Phys. B Vol. 23, No. 8 (2014) 088402

ϕs = arctan
|ρ|sinϕ

|ρ|cosϕ +Γ 2 . (6b)

In practical applications, usually |ρ| > 0.1 and |Γ | � 1,
so it is reasonable that Γ 2� |ρ|. Equation (6b) can be simpli-
fied into

ϕs ≈ ϕ. (7)

The |ρ| and ϕ in Eq. (3) should be replaced by |ρs| and
ϕs respectively, when the circulator is mismatched. Then the
phase differential equation of the injection-locked magnetron
with the mismatched circulator can be written as

dϕs

dt
+

ω0 |ρs|sinϕs

Qe
= ω1−ω

′. (8)

Utilizing Eqs. (6a) and (7), equation (8) can be trans-
formed into

dϕ

dt
+

ω0(1−Γ 2)

√
|ρ|2 +Γ 4 +2 |ρ|Γ 2 cosϕ sinϕ

Qe

= ω1−ω
′. (9)

Equation (9) is the phase differential equation of the
injection-locked magnetron with the mismatched circulator.
Equation (9) is the same as Eq. (3) when Γ = 0.

2.2. Locking range

The locking range of the injection-locked magnetron with
a mismatched circulator will be deduced as follows.

As soon as the locking is successful, dϕ/dt = 0, so there
exists√

|ρ|2 +Γ 4 +2 |ρ|Γ 2 cosϕ sinϕ =
Qe∆ωs

ω0(1−Γ 2)
, (10)

where ∆ωs = ω1 −ω ′ is defined as the locked angular fre-
quency difference.

Because cosϕ is finite, it can be used to deduce the rela-
tion between the locked angular frequency difference and the
other parameters. Equation (10) can be written as

cos3
ϕ +
|ρ|2 +Γ 4

2 |ρ|Γ 2 cos2
ϕ− cosϕ− |ρ|

2 +Γ 4

2 |ρ|Γ 2

+
∆ω2

s Q2
e

2 |ρ|Γ 2(1−Γ 2)2ω2
0
= 0. (11)

The magnetron can be injection-locked, if this algebraic
equation has a real root.

Replacing x with cosϕ , equation (11) turns into x3 +

ax2− x−a+b = 0, where

a =
|ρ|2 +Γ 4

2 |ρ|Γ 2 , b =
∆ω2

s Q2
e

2 |ρ|Γ 2(1−Γ 2)2ω2
0
,

and x ∈ [−1,1]. A function f (x) = x3 +ax2−x−a+b is con-
structed to solve the equation for a,b > 0. There are some
zero points of this function in the interval [−1,1], when the
magnetron can be injection-locked.

f
↼x
↽

xx x

Fig. 3. (color online) Curve of univariate cubic function.

Function f (x) = x3 + ax2− x− a+ b is a univariate cu-
bic function and the shape of its curve can usually be drawn
as shown in Fig. 3. According to its differential function,
f (x) has the extreme point at x = (−a±

√
a2 +3)/3, but only

x2 = (−a+
√

a2 +3)/3 may be in the interval [−1,1]. There
is f (x)> 0 at the end of the range, because f (±1) = b > 0. So
the function f (x) must have zero points in the interval [−1,1],
if f (x2)≤ 0, there is required that

− 2
27

(a2 +3)3/2 +
2
27

a3 +b− 2
3

a≤ 0.

The inequality can also be written as

b≤ 2
3

a− 2
27

a3 +
2
27

(a2 +3)3/2. (12)

Utilizing

a =
|ρ|2 +Γ 4

2 |ρ|Γ 2

and

b =
∆ω2

s Q2
e

2 |ρ|Γ 2(1−Γ 2)2ω2
0
,

the inequality (12) can be shown as

|∆ωs| ≤
ω0(1−Γ 2)

Qe

2
(
|ρ|2 +Γ 4

)
3

−

(
|ρ|2 +Γ 4

)3

54 |ρ|2 Γ 4

+
4 |ρ|Γ 2

27


(
|ρ|2 +Γ 4

)2

4 |ρ|2 Γ 4
+3


3/2


1/2

. (13)

The inequality (13) shows the locking range of the
injection-locked magnetron with a mismatched circulator.
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3. Numerical analysis

3.1. Effects of reflection coefficient on locking range

In Section 2, both the differential equation and locking
range of the injection-locked magnetron with mismatched cir-
culator have been derived. The reflection coefficient may af-
fect the injection-locked phase. In this section, a numerical
analysis based on Eq. (9) and inequality (13) will be performed
to analyze how the reflection coefficient affects the injection-
locked system.

In the small injection ratio case with a perfect circula-
tor, the locking range of the injection-locked magnetron is
|∆ωs| ≤ ω0 |ρ|/Qe, so the locked bandwidth of the injection-
locked magnetron with a matched circulator in the small injec-
tion ratio case is[16]

B =
ω0 |ρ|
πQe

. (14)

According to Eq. (13), the locked bandwidth of the
injection-locked magnetron with a mismatched circulator is

Bs =
ω0(1−Γ 2)

πQe
·

2
(
|ρ|2 +Γ 4

)
3

−

(
|ρ|2 +Γ 4

)3

54 |ρ|2 Γ 4

+
4 |ρ|Γ 2

27


(
|ρ|2 +Γ 4

)2

4 |ρ|2 Γ 4
+3


3/2


1/2

. (15)

Comparing Eq. (15) with Eq. (14), the bandwidth ratio
between these two cases can be shown as

Bs

B
= (1−Γ

2)

2
(
|ρ|2 +Γ 4

)
3

−

(
|ρ|2 +Γ 4

)3

54 |ρ|2 Γ 4

+
4 |ρ|Γ 2

27


(
|ρ|2 +Γ 4

)2

4 |ρ|2 Γ 4
+3


3/2


1/2 /
|ρ| . (16)

Equation (16) is used for performing numerical calcula-
tions to analyze the influences of the reflection coefficient on
the locked bandwidth and stable phase difference in a small
injection ratio range between 0.1 and 0.4. In practical appli-
cation, the reflectance is less than −20 dB, so the reflection
coefficient should be less than 0.1. Figure 4 shows the re-
lations between bandwidth ratio and injection ratio for Γ =

0.01,0.05,0.1. The relations between bandwidth ratio and re-
flection coefficient are shown in Fig. 5 for |ρ|= 0.2,0.3,0.4.
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Fig. 4. (color online) Relations between bandwidth ratio and injection
ratio for Γ = 0.01,0.05,0.1.
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Fig. 5. (color online) Relations between bandwidth ratio and reflection
coefficient for |ρ|= 0.2,0.3,0.4.

As depicted in Fig. 4, the locked bandwidth decreases
slightly with the increase of injection ratio. The decrement
of the locked bandwidth is less than 1%, when Γ ≤ 0.1 and
0.1 ≤ ρ ≤ 0.4. Figure 5 illustrates that the locked bandwidth
decreases slightly with the increase of the reflection coeffi-
cient. The decrement of the locked bandwidth is less than
1%, when Γ ≤ 0.1 and 0.2 ≤ ρ ≤ 0.4. The influence of the
reflection coefficient on locked bandwidth may be considered,
especially when the injection ratio is a little bigger, if the fre-
quency of the injected signal is at the end of the locked range.

3.2. Effects of reflection coefficient on phase difference

Some parameters of a magnetron are adopted to discuss
the effect of the reflection coefficient on the phase difference
of the injection-locked magnetron with mismatched circulator.

The cold cavity frequency of the magnetron is 946 MHz.
The output frequency of the magnetron is 938 MHz and its
external quality factor is 100. It is injected by a 940-MHz
signal and the injection ratio is 0.35. The corresponding pa-
rameters in Eq. (9) are ω0 = 2π × 946× 106 rad/s, ∆ωs =

2π× (940−938)×106 rad/s, |ρ|= 0.35, and Qe = 100.
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The initial value of the phase difference is set to be 0,
and these parameters satisfy the locking condition shown in
Eq. (13).

The curves of the phase difference versus time are shown
in Fig. 6 with Eq. (9), with the values of Γ being 0, 0.05, 0.1.
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Fig. 6. (color online) Curves of phase difference versus time for three
different values of Γ .

The circulator is perfect when Γ = 0. As can be seen in
Fig. 6, the phase difference can eventually reach a steady state
when Γ ≤ 0.1. Its stable value decreases slightly with the in-
crease of Γ and the decrement is less than 1.2%. Therefore,
the small mismatched degree is allowed in an actual situation.
This small reflection coefficient has only a slight influence on
phase difference.

In the analysis and calculations mentioned above, the
small reflection coefficient has small influences on the
injection-locked bandwidth and phase difference of the
injection-locked magnetron with a mismatched circulator. Its
injection-locked bandwidth and phase difference are very
close to those in the perfectly matched case. Therefore, the
small reflection coefficient of the mismatched circulator can
be neglected and the theory of the injection-locked magnetron
with a perfect circulator can be adopted in the actual appli-
cation. However, in some special cases, for example, if the
frequency of the injected signal is at the end of the locked
range or the stable phase difference needs to be highly accu-
rate, the effects of the reflection coefficient on the injection-
locked bandwidth and phase difference should be considered.

3.3. Effects of port 3 reflection on locking range and phase
difference

According to the analysis in Section 2, the total injected
signal can be divided into two parts: one part is transmitted
from the injection source and the other part is reflected by
port 3. The effects of the two parts on the injection-locked sys-
tem with a mismatched circulator are analyzed. It is obvious
that the first part is dominant in the injected signal. Whether

the second part reflected by port 3 can be neglected will be
analyzed below.

If the reflected signal from port 3 is neglected, then the
injected ratio can be written as

ρ1 =
V1

V
S21 ej∆ωt = |ρ|S21 ejφ = |ρ|(1−Γ

2)ejφ . (17)

According to Eq. (3), the phase differential equation can
be written as

dϕ

dt
+

ω0(1−Γ 2) |ρ|sinφ

Qe
= ω1−ω

′. (18)

When the reflected signal from port 3 is neglected, the
locked bandwidth of the injection-locked magnetron with mis-
matched circulator can be written as

B1 =
ω0(1−Γ 2) |ρ|

πQe
. (19)

A comparison between Eq. (19) and Eq. (14) shows that
there exists

B1

B
= 1−Γ

2. (20)

Equation (16) represents the case with the reflected signal
from port 3, while equation (20) depicts the case without the
reflected signal. The relation between the bandwidth ratio and
the reflection coefficient is shown in Fig. 7 for |ρ|= 0.2.
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Fig. 7. (color online) Relations between the bandwidth ratio and reflec-
tion coefficient with or without the port 3 reflection.

The bandwidth ratio in Eq. (20) is unrelated to |ρ| and it
is slightly smaller than that in Eq. (16) with the reflected signal
from port 3. So the influence of reflected signal from port 3 on
bandwidth ratio can be neglected.

With the same condition, the phase differences depicted
by Eq. (18) are shown in Fig. 8 for three different values of Γ .

The stable phase difference increases slightly as Γ in-
creases in Fig. 8, which is opposite to that in Fig. 6. So the
reflected signal from port 3 can reduce the stable phase dif-
ference. The effects of both the reflection coefficient and port
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3 reflection on the stable phase difference may be considered
when phase shifter needs to be adjusted accurately in actual
application.
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Fig. 8. (color online) Curves of phase difference versus time without
the port 3 reflection.

4. Conclusion

The locking range and phase differential equation are nu-
merically calculated and the effect of the mismatched circula-
tor on the injection-locked magnetron system is also analyzed.
The results show that the decrement of the locked bandwidth
is less than 1% and the decrement of the stable phase differ-
ence is less than 1.2% when the mismatch degree is less than
0.1. So the small reflection coefficient of the mismatched cir-
culator can be neglected and the theory of the injection-locked
magnetron with a perfect circulator can be adopted in most
actual applications. The reflected signal from port 3 can re-
duce the stable phase difference. However, the influence of
the mismatched circulator on locked bandwidth may be con-
sidered, if the frequency of injected signal is at the end of the
locked range. Besides, the effects of the reflection coefficient
on stable phase difference may also be considered when the

phase shifter needs to be adjusted accurately in some critical
applications.
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