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Nonlinear dynamic characteristics and optimal control of a giant
magnetostrictive film-shaped memory alloy composite plate
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The nonlinear dynamic characteristics and optimal control of a giant magnetostrictive film (GMF)-shaped memory
alloy (SMA) composite plate subjected to in-plane stochastic excitation are studied. GMF is prepared based on an SMA
plate, and combined into a GMF–SMA composite plate. The Van der Pol item is improved to explain the hysteretic
phenomena of GMF and SMA, and the nonlinear dynamics model of a GMF–SMA composite cantilever plate subjected
to in-plane stochastic excitation is developed. The stochastic stability of the system is analyzed, and the steady-state
probability density function of the dynamic response of the system is obtained. The condition of stochastic Hopf bifurcation
is discussed, the reliability function of the system is provided, and then the probability density of the first-passage time
is given. Finally, the stochastic optimal control strategy is proposed by the stochastic dynamic programming method.
Numerical simulation shows that the stability of the trivial solution varies with bifurcation parameters, and stochastic Hopf
bifurcation appears in the process; the system’s reliability is improved through stochastic optimal control, and the first-
passage time is delayed. A GMF–SMA composite plate combines the advantages of GMF and SMA, and can reduce
vibration through passive control and active control effectively. The results are helpful for the engineering applications of
GMF–SMA composite plates.
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1. Introduction

Shape memory alloy (SMA) is a kind of smart material.
It has been widely used in the engineering field. SMA has
many special properties, such as shape memory, large damp-
ing, and super-elasticity. However, its application is hampered
by its long response time. For improving the response, giant
magnetostrictive film (GMF) is combined with SMA into a
GMF–SMA composite material. GMF has many special prop-
erties, such as giant strain, rapid response, and excellent con-
trol precision, which can be used to control structure vibration
effectively. A GMF–SMA composite plate combines the ad-
vantages of GMF and SMA, as well as reduces the vibrations
in both passive control and active control effectively.

Numerous researchers have studied SMA plates and
GMFs. Balapgol et al. studied the natural frequencies of
a multilayer SMA laminated composite cantilever plate.[1]

Roland et al. proposed a new multilayered nanostructured
composite material produced by assembling SMA-treated thin
plates.[2] Daghia et al. analyzed the active shape change of an
SMA hybrid composite plate.[3] Ibuki et al. designed a kind

of plate-type actuator using SMA wire for assistant artificial
heart muscle.[4] In GMF field, Jia et al. developed a nonlinear
magnetomechanical coupling model of GMF in low magnetic
field.[5] Yang et al. proposed a kind of dynamic model of a
magnetic system constructed with GMF using an element-free
Galerkin method.[6] Masuda et al. created a highly respon-
sive composite mover device constructed with positive and
negative GMFs.[7] Tiercelin et al. used GMF to achieve the
nonlinear actuation of cantilevers, and studied the response
of the system in sub-harmonic excitation.[8] Although vari-
ous achievements have been reported, the theoretical results
of GMF–SMA composite plate are not adequate.

This paper aims to offer a kind of analysis method to solve
the nonlinear dynamical characteristics and optimal control of
a GMF–SMA composite cantilever plate subjected to in-plane
stochastic excitation. The Van der Pol item is improved to ex-
plain the hysteretic loops of SMA and GMF. The nonlinear
dynamic model of a GMF–SMA composite cantilever plate
subjected to in-plane stochastic excitation is developed, and
the stochastic bifurcation characteristics of the system are an-
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alyzed. Finally, the stochastic optimal control strategy is pro-
posed to improve the system’s reliability.

2. Hysteretic nonlinear model of a GMF–SMA
composite plate subjected to in-plane stochas-
tic excitation
The structure of a GMF–SMA composite cantilever plate

is shown in Fig. 1. The structure can be simplified into a single
SMA plate since the thickness of SMA is 150 µm and that of
GMF is only 10 nm–100 nm. The strain–stress curves of SMA
are shown in Fig. 2.

giant magnetostrictive film

SMA

Fig. 1. Structure of a GMF–SMA composite cantilever plate.
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Fig. 2. Strain–stress curves of SMA.

Most of the SMA models are founded on thermodynam-
ics theory and micromechanics theory, in which the percent-
age content of martensite is taken to be a main variable of
the stress–strain equation. As a result, those SMA models
are mostly shown to be equations with subsection functions
or double integral functions, which are hard to analyze in
theory.[9–11] Usually, research results can only be obtained by
numerical or experimental methods. In this study, an improved
Van der Pol hysteretic model is introduced to describe the hys-
teretic nonlinear characteristics of the strain–stress curves of
SMA as follows:

σ = f1(ε)+ f2(ε) = a1ε−a2ε
2 +a3ε

3 +(a4ε−a5ε
2)ε̇, (1)

where σ is the stress, ε is the strain, ai (i = 1∼ 5) are the coef-
ficients, f1(ε) = a1ε−a2ε2+a3ε3 is the skeleton curve of the
hysteretic loop, f2(ε) = (a4ε−a5ε2)ε̇ is the Van der Pol item,
which describes the difference between the skeleton curve and
the hysteretic loop.
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Fig. 3. Mechanical model of the GMF–SMA composite cantilever plate.

The mechanical model of the GMF–SMA composite
cantilever plate subjected to in-plane stochastic excitation is
shown in Fig. 3, where p(t) is the in-plane excitation, p(t) =
p0 + p′ξ (t), p0 is the initial excitation, p′ is the coefficient,
ξ (t) is the standard Gauss white noise whose mean is zero
and intensity is two-dimensional (2D). Thus, the dynamical
equation of a GMF–SMA cantilever plate subjected to in-plane
stochastic excitation is as follows:

D∇
4w+ρh

∂ 2w
∂ t2 + µ̄

∂w
∂ t

=
∂ 2φ

∂y2
∂ 2w
∂x2

−2
∂ 2φ

∂x∂y
∂ 2w
∂x∂y

+
∂ 2φ

∂x2
∂ 2w
∂y2 + p(t), (2)

where D is the bending rigidity, D = Eh3/12(1−ν2), E is the
Young’s modulus, E = dσ/dε ≈ a1,h is the plate thickness, ν

is the Possion ratio, w = w(x,y, t) is the vibration mode of the
GMF–SMA composite cantilever plate,

∇
4 =

∂ 4

∂x4 +2
∂ 4

∂x2∂y2 +
∂ 4

∂y4 ,

ρ is the plate density, µ̄ is the damping coefficient, φ is the
stress function and can be defined as follows:

∇
4
φ = Eh

[(
∂ 2w
∂x∂y

)2

− ∂ 2w
∂x2

∂ 2w
∂y2

]
. (3)

The boundary conditions of the SMA cantilever plate can
be written as follows:

x = 0 : w = v = u = φy = φx = 0,

x = ā : Nxx = Nxy = Mxx = Mxy− c̄1Pxy = Q̄x = 0,

y = 0 : Nxy = Myy = Mxy− c̄1Pxy = Q̄y = 0,

y = b̄ : Nxy = Myy = Mxy− c̄1Pxy = Q̄y = 0,∫ h/2

−h/2
Nyy
∣∣
y=0,b̄ dz =±

∫ h/2

−h/2
(F0 +F1 cosΩ1t)dz,

where

Q̄x = Qx +
∂Mxy

∂y
− c̄2Rx + c̄1

(
∂Pxx

∂x
+

∂Pxy

∂y

)
,
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Q̄y = Qy +
∂Mxy

∂x
− c̄2Ry + c̄1

(
∂Pyy

∂y
+

∂Pxy

∂x

)
.

Thus, the vibration mode w(x,y, t) can be assumed to be

w0 = u1X1(x)Y1(y)+u2X2(x)Y1(y), (4)

where

Xi(x) = sinλix− sinhλix+ ᾱi(coshλix− cosλix),

Yi(x) = sin µiy− sinh µiy+ β̄i(cosh µiy+ cos µiy),

cosλiācoshλiā+1 = 0, cos µib̄cosh µib̄+1 = 0,

ᾱi =
sinhλiā+ sinλiā
coshλiā+ cosλiā

, β̄i =
sinh µib̄− sin µib̄
cosh µib̄− cos µib̄

.

The differential equation of the vibration amplitude can
be solved by Galerkin’s method as follows:

ü1 +µ u̇1 + k1u1−α1u2
1 + γu1u2

2 +α2u3
1

+(α3u1−α4u2
1)u̇1 = f1u1ς(t),

ü2 +µ u̇2 + k2u2−β1u2
2 + γu2

1u2 +β2u3
2

+(β3u2−β4u2
2)u̇2 = f2u2ς(t),

(5)

where

mu =
µ̄

ρh
, k1 =

Dπ2(1/L2 +9/b2)2−π2/b2 p0

ρh
,

k2 =
Dπ2(9/L2 +1/b2)2−9π2/b2 p0

ρh
,

α1 =
a2π4

4ρhLb

(
27L
b3 +

b
L3

)
,

β1 =
a2π4

4ρhLb

(
L
b3 +

27b
L3

)
, f1 =

π2 p′

ρhb2 , f2 =
9π2 p′

ρhb2 ,

γ =
Eπ4

16ρhL2b2

[
272

(L2 +b2)2 +
625

(4L2 +b2)2 +
625

(L2 +4b2)

]
,

α2 =
a3π4

16ρhLb

(
81L
b5 +

b
L5

)
, β2 =

a3π4

16ρhLb

(
L
b5 +

81b
L5

)
,

α3 =
a4π2

4ρhLb

(
27L
b2 +

b
L2

)
, β3 =

a4π2

4ρhLb

(
L
b2 +

27b
L2

)
,

α4 =
a5π4

16ρhLb

(
81L
b3 +

b
L3

)
, β4 =

a5π4

16ρhLb

(
L
b3 +

81b
L3

)
.

3. Stochastic stability of the system
If we let ui = qi and u̇i = pi, then we can rewrite Eq. (5)

as follows:

q̇1 = p1,
ṗ1 =−k1q1 +α1q2

1− γq1q2
2−α2q3

1
− (µ +α3q1−α4q2

1)p1 + f1q1ς(t),
q̇2 = p2,
ṗ2 =−k2q2 +β1q2

2− γq2
1q2−β2q3

2
− (µ +β3q2−β4q2

2)p2 + f2q2ς(t).

(6)

The Hamiltonian function of Eq. (6) can be shown as fol-
lows:

H =
1
2
(p2

1 + p2
2)+

1
2
(k1q2

1 + k2q2
2)

+
1
4
(α2q4

1 +β2q4
2)+

1
2

γq2
1q2

2. (7)

According to the quasi-nonintegrable Hamiltonian sys-
tem theory, the Hamiltonian function H(t) converges weakly
in probability to a one-dimensional (1D) Ito diffusion process
shown as follows:

dH = m(H)dt +σ(H)dB(t), (8)

where B(t) is the standard Wiener process, m(H) and σ(H) are
the drift and diffusion coefficients of the Ito stochastic process,
which can be obtained through a stochastic averaging method:

m(H) =
Φ1

32πk1k2
H− Φ2

384πk2
1k2

2
H2 +

1
8

(
5µk3

2α2 +5µk3
1β2

768k3
1k3

2

+
5πk2

2α1α4 +πk2
1β1α4− k2

1γβ4

512πk3
1k2

2
− γα4

256k2
1k2

+
5µα2k3

2 +5µβ2k3
1

1536πk3
1k3

2
+

α1β4k3
2

1024πk2
1k3

2

)
H3, (9)

σ
2(H) =

(k2 f 2
1 + k1 f 2

2 )DH2

8k1k2
, (10)

where

Φ1 = (−16πµ−6µ +1)k1k2 +2πD(k2 f 2
1 + k1 f 2

2 ),

Φ2 = −80πk1k2
2α4−40k2

1k2β4 +6πk2
2µα1−4πk1k2µγ

+3k2
2µα1−2k1k2µγ−32πk1k2dγ f1 f .

3.1. Local stability

Based on the quasi-nonintegrable Hamiltonian system
theory, the largest Lyapunov exponent of a linearized system
is defined as follows:

λ = lim
t→∞

1
t

ln‖Z(t,z0)‖ . (11)

The linearized Ito differential equation can be shown af-
ter the system has been linearized in the trivial solution H = 0
as follows:

dH = m′(0)H dt +σ
′(0)H dB(t). (12)

Then the associated largest Lyapunov exponent is

λ = lim
t→∞

1
t

lnH1/2 =
−16πµ−6µ +1

64π
. (13)

The local stochastic stability of the system can be dis-
cussed as follows.

(i) The trivial solution H = 0 is locally asymptotically sta-
ble if and only if λ < 0, which means that −16πµ−6µ +1 <

64π;
(ii) The trivial solution H = 0 is locally asymptotically

unstable if and only if λ > 0, which means that −16πµ −
6µ +1 > 64π;

(iii) Bifurcation should appear near the trivial solution
H = 0 if and only if λ = 0, which means that −16πµ−6µ +

1 = 64π .
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3.2. Global stability

The largest Lyapunov exponent can only estimate the lo-
cal stability. In this paper, the boundary classification method
is used to analyze the global stability of the trivial solution.
In general, the boundaries of the diffusion process are singu-
lar, and the boundary classification is often determined by the
diffusion exponent, drift exponent, and characteristic value.

When H→ 0,

m(H)→ O(H), σ
2(H)→ O(H2),

then

αl = 2, βl = 1, cl =
k1k2(−16πµ−6µ +1)

2πd(k2 f 2
1 + k1 f 2

2 )
+1,

where αl is the diffusion exponent, βl is the drift exponent, cl

is the characteristic value, l is the left boundary.
Thus, the left boundary H = 0 belongs to the first kind of

singular boundary. According to the classification for singular
boundary, we obtain the following points.

i) The left boundary H = 0 is repulsively natural if cl > 1;
ii) The left boundary H = 0 is strictly natural if cl = 1;
iii) The left boundary H = 0 is attractively natural if

cl < 1.
Similarly, the right boundary H = ∞ belongs to the sec-

ond kind of singular boundary, when H→ ∞,

m(H)→ O(H3), σ
2(H)→ O(H2).

Then

αr = 2, βr = 3, m(+∞)> 0,

where r is the right boundary. Thus, the right boundary H = ∞

is an entrance boundary.
The necessary and sufficient conditions for globally

asymptotic stability of the trivial solution require that the left
boundary be attractively natural and the right boundary be an
entrance boundary. Thus, the trivial solution H = 0 is globally
asymptotically stable if and only if cl < 1, which means that
−16πµ − 6µ + 1 < 64π . The influence of the characteristic
value on the stability is shown in Fig. 4.

golbally asymptotically stable

attractively natural cl<

cl>

repulsively natural entrance boundary

H/∞H/

Fig. 4. Influence of the character value on stability.

4. Stochastic bifurcation and simulation
The averaged FPK equation of Eq. (8) is as follows:

∂ f
∂ t

=− ∂

∂H
[m(H) f ]+

1
2

∂ 2[σ2(H) f ]
∂H2 , (14)

where f is the probability density of the system response.
Thus,

f (H) = Āexp
(
−
∫ H

0

{[
dσ2

dt
−2m(t)

]
/σ

2
}

dt
)

= ĀHη exp[A1H +A2H2], (15)

where Ā is a normalization constant,

η =
k1k2(−16πµ−6µ +1)

2πd(k2 f 2
1 + k1 f 2

2 )
−1,

A1 =
Φ1

24πk1k2
(k2 f 2

1 + k1 f 2
2 )D,

A2 =
k1k2

(k2 f 2
1 + k1 f 2

2 )D

(
5µk3

2α2 +5µk3
1β2

768k3
1k3

2

+
5πk2

2α1α4 +πk2
1β1α4− k2

1γβ4

512πk3
1k2

2
− γα4

256k2
1k2

+
5µα2k3

2 +5µβ2k3
1

1536πk3
1k3

2
−

α1β4k3
2

1024πk2
1k3

2

)
.

From Eq. (15), we find the following points.
(I) Hη decreases as H increases since η < 0;
(II) η = 0 when

−16πµ−6µ +1 =
2π(k2 f 2

1 + k1 f 2
2 )

k1k2
,

then Hη = 1, and the stationary probability density of the
system response f (H) is determined by the item exp[A1H +

A2H2].
2π(k2 f 2

1 + k1 f 2
2 )

k1k2
> 0

since ki > 0. Thus,

−16πµ−6µ +1 =
2π(k2 f 2

1 + k1 f 2
2 )

k1k2

means that µ , f1, f2 are all small enough. In this case espe-
cially, if A1 > 0 and A2 < 0, the stationary probability density
will first increase, then decrease when H increases. It means
that a limit loop will appear in the stationary probability den-
sity;

(III) For a linear damping system especially, the nonlin-
ear damping coefficients A1 and A2 are both zero. It means
that f (H) is determined only by the item Hη , and will de-
crease when H increases. Thus, the origin (0, 0), which means
the trivial solution H = 0, should have the highest probability
density;

(IV) For a general system, f (H) is determined by η , A1,
and A2. When H is extremely small, the item Hη will be re-
markable; when H increases, the item exp[A1H] will be re-
markable; when H is large enough, the item exp[A2H2] will
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be remarkable. In this process, f (H) first decreases, then in-
creases, and finally decreases when H increases;

(V) Stochastic Hopf bifurcation appears when the bifur-
cation parameters η , A1, and A2 are varied.

.

.

.

.


    

H

p

.

.



↩



 ↩





h

p

f

Fig. 5. (color online) Stationary probability density and joint probabil-
ity density of the system when µ = 0.
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Fig. 6. (color online) Stationary probability density and joint probabil-
ity density of the system when µ = 0.1.
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Fig. 7. (color online) Stationary probability density and joint probabil-
ity density of the system when µ = 0.4.

The results of the numerical simulation are shown in
Figs. 5–7, where µ = 0.02, k1 = 4, k2 = 1, γ = 0.01, α1 = 0.5,
α2 = 20, α3 = 1, α4 = 1, β1 = 0.1, β2 = 4, β3 = 0.25,
β4 = 0.25, f1 = 0.2, and f2 = 1.8.

From Figs. 5–7, we find the following results.
I) pi = 0 and qi = 0 when H = 0, so the trivial solution

H = 0 corresponds to the origin (0, 0) in the probability den-
sity;

II) For a system with no damping, the set of those points
of which the maximal probability density points form a loop,
which is shown in Fig. 5; however, for a system with large
damping, the origin point (0, 0) has the maximal probability
density, which is shown in Fig. 7;

III) The steady-state probability density varies with pa-
rameter µ , and stochastic Hopf bifurcation appears in the pro-
cess. The results of the simulation are in accordance with those
of the theoretical analysis.

5. Stochastic optimal control of system reliabil-
ity
From Section 4 it follows that the stochastic Hopf bifurca-

tion appears when the bifurcation parameter µ varies. Stochas-
tic Hopf bifurcation changes the system’s motion, and reduces
the system’s reliability. In this section, the stochastic optimal
control is introduced to improve the system’s reliability.

The dynamic model of the controlled system can be
shown as follows:
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ü1 +µ u̇1 + k1u1−α1u2

1 + γu1u2
2 +α2u3

1
+(α3u1−α4u2

1)u̇1 = f1u1ς(t)+F1(t),
ü2 +µ u̇2 + k2u2−β1u2

2 + γu2
1u2 +β2u3

2
+(β3u2−β4u2

2)u̇2 = f2u2ς(t)+F2(t),

(16)

where F1(t) and F2(t) are the active control forces. To a GMF–
SMA composite cantilever plate, the active control force is
supplied by a magnetic field.
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Fig. 8. Strain–MFI curves of GMF.

The strain-magnetic field intensity (MFI) curves of GMF
are shown in Fig. 8. Like SMA, the strain–MFI curves of GMF
can be expressed as follows:

HM = c1ε− c2ε
2 + c3ε

3 +(c4ε− c5ε
2)ε̇, (17)

where ci (i = 1∼ 5) are the coefficients.
According to the quasi-Hamiltonian theory, the 1D Ito

diffusion process of Eq. (16) can be shown as follows:

dH =

[
m(H)+

〈
F(t)

∂H
∂ p

〉]
dt +σ(H)dB(t), (18)

where 〈
F(t)

∂H
∂ p

〉
=

1
T (H)

∫
Γ

F(t)dq,

and

T (H) =
∫

Γ

1
p

dq, Γ =

{
q| 1

2
kq2 ≤ H

}
.

The reliability function R(H, t) of the system is deter-
mined in the dynamic programming principle shown as fol-
lows:

∂R
∂ t

= − inf
F

{
xTAT ∂R

∂x
+FTD̄T ∂R

∂x

+
1
2
(σσ

T)i j
∂ 2R

∂xi∂x j
+ xTQx+FTRF

}
. (19)

Considering the average fist-passage time as the perfor-
mance index:

J(F) = E[T (X ,F)], (20)

where T is the fist-passage time, and F∗ is the optimal control
when J(F∗) = inf

F∈U
J(F).

The optimal control force F∗ should make the reliability
function maximal, so it can be determined as follows:

F∗ =−1
2

R−1D̄T ∂R
∂x

. (21)

ε = σ/E = F∗(t)/EĀ can be obtained when the control force
F(t) is determined, where σ is the stress, E is the modulus of
elasticity, Ā is the area of the cross section of GMF. Thus, the
intensity of control magnetic field HM can be given according
to Eq. (17).

The probability density p(H0, t) of the first-passage time
(FPT) of the controlled system is determined as follows:

p(H0,T ) = −
∂R
∂ t

∣∣∣∣
t=T

. (22)

The results of the numerical simulation are shown in
Figs. 9 and 10, where H = 20, b = |D̄|=0/(1/3).
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Fig. 9. Reliability of the system.
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Fig. 10. Probability density of the first-passage time.
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From Figs. 9 and 10, we find that
a) The reliability function R(H, t) decreases as time in-

creases;
b) The system’s reliability is improved significantly as the

control force increases, which indicates that the control strat-
egy is effective;

c) The probability density of the first-passage time in-
creases with time. The first-passage means that the system
leaves the safe area, which causes the system to be unstable.

d) The first-passage time can be delayed through optimal
control, which also means that the optimal control can enhance
the system’s reliability.

6. Conclusions
The nonlinear dynamic characteristics and optimal con-

trol of a giant magnetostrictive film (GMF)-shape memory al-
loy (SMA) composite cantilever plate subjected to in-plane
stochastic excitation are studied. GMF is prepared based on an
SMA plate, and combined into a GMF–SMA composite plate.
The Van der Pol item is improved to explain the hysteretic phe-
nomena of GMF and SMA, and the nonlinear dynamic model
of a GMF–SMA composite cantilever plate subjected to in-
plane stochastic excitation is developed. The stochastic sta-
bility of the system is analyzed, and the steady-state probabil-
ity density function of the system’s response is obtained. The
condition of stochastic Hopf bifurcation is discussed, the relia-

bility function of the system is solved, and then the probability
density of the first-passage time is given. Finally, a stochastic
optimal control strategy is proposed by a stochastic dynamic
programming method. The results of the numerical simulation
indicate that the stability of the trivial solution varies with bi-
furcation parameters, and stochastic Hopf bifurcation appears
in the process; the system’s reliability is improved through
stochastic optimal control, and the first-passage time is de-
layed. A GMF–SMA composite plate combines the advan-
tages of GMF and SMA, and can reduce the vibration through
passive control and active control effectively. The results are
helpful for the engineering applications of GMF–SMA com-
posite plates.
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