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Exchange interaction between vortex and antivortex∗
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The dynamic properties of interacting vortex–antivortex pairs in thin film are studied by analytical calculations. An-
alytical expressions for the magnetization vector distribution of vortex–antivortex pairs and the trivortex states are given.
The magnetic states of the vortices are treated as having rigid structures, i.e., the vortex maintains its spin distribution when
moving. The trajectories of the vortex cores are calculated by the Thiele’s equation. It is found that the vortex–antivortex
pair rotates around each other when they have opposite polarities, however, vortex and antivortex cores move along straight
lines when they have the same polarity. The frequency of the rotation decreases with increasing the distance between the
two cores of vortex–antivortex pair, and it has a lower value when a third vortex is introduced.
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1. Introduction
The competition between the exchange energy and mag-

netostatic energy in a nanodot favors an in-plane curling mag-
netization and forces magnetization to form an out-of-plane
core in the center, called vortex or antivortex, which is an
important phenomenon in many fields of condensed matter
physics.[1–5] The vortex offers various opportunities for po-
tential applications such as magnetic random access memory,
high-density patterned recording medias, and ultrasmall mag-
netic field sensors. The vortex state can be described in terms
of three quantities: (i) winding number (q) which determines
a vortex (q = 1) or an antivortex (q = −1), (ii) core polar-
ization (p) that determines the out-of-plane component of the
magnetization to point up (p = 1) or down (p =−1), (iii) chi-
rality (C) which determines the in-plane curling direction to
be counterclockwise (C = 1) or clockwise (C =−1). The vor-
tex structure can appear as a steady-state in circular disks or
other patterns,[6–9] and the antivortex is observed typically on
crosstie walls or asteroid-shaped nanodots.[10–13]

The interaction between vortices is a crucial issue that has
been studied in the past few years.[14–16] Analytical study of
the interaction between two vortices with opposite polarities
indicates that the pair moves roughly as two interacting elec-
trons, and the two vortices actually rotate around each other.
The dynamic motion of vortices is attributed to the interac-
tion energy between them, but the interaction energy includes
Skyrme-like energy, which does not correspond to any reason-
able realistic interaction.[17] As for the interaction of vortex–
antivortex pair, Komineas pointed out that it behaves as a ro-
tating vortex dipole because of its nonzero angular momen-

tum based on the topology.[18] Moreover, the interaction be-
tween vortices has been proposed as a two-dimensional (2D)
Coulomb force.[19] However, according to the dynamics the-
ory the motion of the vortex should be excited by an exter-
nal force which is induced by the magnetic energy of the
system.[20] Which specific energy contributes to the dynam-
ical motion of the interacting vortex–antivortex pair is still un-
clear. In this paper, we develop an analytical model to de-
scribe how exchange interaction between vortex and antivor-
tex influences the dynamic properties of the vortex–antivortex
pair. Indeed, Kuepper et al. have proposed that the interac-
tion between vortex and antivortex results from the indirect
coupling between vortex cores mediated by the exchange in-
teraction with the adjacent domain walls when they investi-
gated the dynamics and their mutual interaction of vortex and
antivortex in crosstie walls.[21] Besides the crosstie walls, the
vortex–antivortex pair can also be observed in the nanodots.
The polarization of vortex core can be switched by applying
an external field or current via nucleation, displacement, and
annihilation of vortex–antivortex pair, wherein the interaction
between vortex and antivortex plays an important role.[22–24]

Therefore, we use the exchange energy to explain the dynamic
properties of the vortex–antivortex pair and the trivortex state
appearing in the reversal process of the vortex core.

2. Model
First, we consider the magnetization distribution of vor-

tices in a thin film with a thickness of the order of exchange
length Lex =

√
2A/M2

s , where A is the exchange constant, and
Ms is the saturation magnetization. The nanodot is simplified
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into a 2D model, due to the magnetization 𝑚(𝑟) with unit
amplitude only as a function of position in the disk plane (x–y
plane). It is convenient to use a complex function ω(ζ , ζ̄ ) to
define the magnetization component at point (x,y) as[6,17]

mx =
ω + ω̄

1+ωω̄
, my =

1
i

ω− ω̄

1+ωω̄
, mz =

1−ωω̄

1+ωω̄
, (1)

where mx, my, and mz are the three components of the mag-
netization, ω̄ is the conjugate of ω , and 𝜁 = X−X0, ζ̄ is the
conjugate of ζ , in which 𝑋 = x+ iy and 𝑋0 = x0 + iy0, with
x0 and y0 denoting the coordinates of the vortex core or the
antivortex core. It has been mentioned in Ref. [6] that for a
single vortex, the complex function ω has the form

ω =

{
f (ζ ), | f (ζ )| ≤ 1,
f (ζ )/| f (ζ )|, | f (ζ )|> 1, (2)

where f (ζ ) is an appropriate analytical function.[6] Here, we
assume that for a vortex configuration, we have fV ↑(ζ ) =
iCζ/a and f̄V ↓(ζ ) = a/iCζ , and for an antivortex configu-

ration, we have f̄V̄ ↑(ζ ) = fV ↑(ζ ) and fV̄ ↓(ζ ) = f̄V ↓(ζ ), with
a being the radius of the vortex core. The subscripts V ↑ and
V ↓ denote a vortex with polarization p = 1 and a vortex with
polarization p = −1 respectively. The bar over the V denotes
an antivortex. The complex functions for a V ↑−V̄ ↓ pair and a
V ↓−V̄ ↓ pair are written as ω =−iωV ↑ωV̄ ↓ and ω = iωV ↓ωV̄ ↓

respectively. For the case of a V ↑− V̄ ↓−V ↓ trivortex state,
which usually appears when a vortex reverses its polarization
or crosstie walls, ω = ωV ↑ωV̄ ↓ωV ↓ .

The total magnetic energy of the system consists of ex-
change, magnetostatic, and anisotropy energies. The interac-
tion between the vortex and antivortex becomes obvious only
when their distance is small, so the magnetostatic energy is
much smaller than the exchange energy. On the other hand,
we do not restrict the vortex–antivortex pair in a confined dot,
so there is no magnetostatic energy originating from the side
charge. In addition, we assume that the system is of a soft
magnetism, the anisotropy can be neglected. Thus, only the
exchange energy of the interacting V ↑− V̄ ↓ pair is taken into
account. The exchange energy is given by

Wex =
∫∫

wex dxdy, (3)

where wex is the energy density, and

wex = ∑
i=x,y,z

(∇mi)
2. (4)

Here, the energy is normalized by AL, where L is the thickness
of the nanodot.

Under the force of the effective interaction energy the
vortices will be excited, the dynamics of such rigid vortices
can be well described by using Thiele approach. Therefore,

Thiele’s equation is used to calculate the trajectories of the
vortex cores. The Thiele’s equation is:[20]

−𝐺×𝑋̇i−D𝑋̇i +
∂W (𝑋i,𝑋 j,𝑋k)

∂𝑋i
= 0, (5)

where 𝑋i = (xi,yi) is the coordinate of vortex core, the i, j, k
denote V ↑, V ↓, and V̄ ↓ respectively. The first term on the left-
hand side in Eq. (5) is the gyroscopic force, where 𝐺=−G𝑧̂

with G = 2πqpLMs/γ . The force acts on a moving vortex in
the same way as a magnetic field influencing a charged par-
ticle by the Lorentz force. The second term is the drag force
with damping constant D = −απMsL(2+ ln(R/a))/γ , where
γ is the gyromagnetic ratio, α is the Gilbert damping constant,
and a is the core radius.[21] The third term of Eq. (5) is the ef-
fective force, where W (𝑋i,𝑋 j,𝑋k) =Weff(𝑋i,𝑋 j,𝑋k). For
a V ↑− V̄ ↓ pair with a distance of d, the effective interaction
energy between the vortex and antivortex core is defined as
Weff =Wex(d)−Wex(2a), where W (d) and W (2a) are the vor-
tex exchange energies between vortex and antivortex at a dis-
tance d and 2a respectively.

In the following calculations, we choose and study the
Permalloy film and the parameters of saturation magnetiza-
tion Ms = 8.6× 105 A/m and exchange constant A = 13×
10−12 J/m. The core radius is assumed to be a = 1.2Lex.
The calculations are performed by numerically solving Eq. (5)
through using the fourth order Runge–Kutta method.

3. Results and discussion
Figure 1(a) shows the effective interaction energy of the

V ↑− V̄ ↓ pair as a function of d/2a. If the two cores are not
overlapped, i.e., d > 2a, Weff initially increases logarithmi-
cally, and then almost reaches a stable value when d/2a ≥ 4,
while Weff decreases with d/2a for the case of d ≤ 2a. Note
that Weff is almost stable when the distance between the two
cores reaches about 9.6Lex. It means that the interaction be-
tween the two cores can almost be neglected when the dis-
tance is larger than the critical value. The motion trajectories
of the vortex and antivortex cores are obtained by solving
Eq. (5). Figure 1(b) shows the trajectories of V ↑ and V̄ ↓, re-
spectively, with the initial core coordinates 𝑋V ↑ = −12.5 nm
and 𝑋V̄ ↓ = 12.5 nm for a weak damping constant α = 0.05.
Both V ↑ and V̄ ↓ move from their initial core positions coun-
terclockwise with orbits like helix under the influence of the
exchange part of the force. Meanwhile, the distance between
them decreases because of the dissipative field. The dissipa-
tion damps the possible circular motion of the vortex. Figure 2
shows the variations of distance between V ↑ and V̄ ↓ with t for
different damping constants. It is found that the distance d
decreases with time, and it decreases much faster with in-
creasing the damping constant. Here, we use ∆t to denote
the duration from the initial moment to the moment when the
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Fig. 1. (a) Energy of the V ↑− V̄ ↓ pair as a function of the d/2a, (b) the
trajectories of the V ↑ and V̄ ↓ of the V ↑−V̄ ↓ pair with d = 25 nm, where
the square dots and the circle dots denote the trajectories of the V ↑ and
V̄ ↓, respectively, and the arrows show the rotation direction.
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Fig. 2. Time-dependent distances between the V ↑ and V̄ ↓ during the
rotation with different damping constants, where the inset shows the
duration ∆t as a function of α .

distance between the two cores decreases to 2a. It is found
that ∆t initially decreases fast with increasing α and reaches
its minimum at α = 0.5 before increasing slowly as shown in
the inset in Fig. 2. The sense of the rotation of the vortex–
antivortex pair with opposite polarities is determined by the
topological charge G. The rotation sense is counterclockwise

for V ↑− V̄ ↓ pair, however, clockwise for V ↓− V̄ ↑ pair. When
the two cores are overlapped, simulation results show that vor-
tex and antivortex with opposite polarities will annihilate ac-
companied by a violent burst of spin waves when they meet
each other.[11,22] However, the distance between the two cores
is almost stable according to our calculations. Therefore, the
behavior of the vortex–antivortex pair with overlapped cores
cannot be fully described by our model, wherein only ex-
change energy is taken into account. In addition, G of the
overlapped cores is complex, and it cannot be described by
G = 2πqpLMs/γ .

Figure 3(a) shows the effective interaction energy of the
V ↓−V̄ ↓ pair as a function of d/2a. Weff of the pair is a contin-
uous function, and it increases with increasing d/2a. There-
fore, the dynamic motion of the V ↓− V̄ ↓ pair in the case of
overlapped cores is consistent with that in the case of their
separation from each other. Different from the rotating motion
of the vortex–antivortex pair with the opposite polarities, the
vortex and antivortex with the same polarity are no longer act
as a rotating pair. Figure 3(b) shows the trajectories of the V ↓

and V̄ ↓ of the V ↓− V̄ ↓ pair with the initial cores coordinates
𝑋V ↑ = −12.5 nm and 𝑋V̄ ↓ = 12.5 nm. The initial condition
of this pair is quite different from the condition of the V ↑−V̄ ↓

pair, the trajectories of them are lines, and the distance be-
tween them decreases until they dissipate quietly.
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Fig. 3. Energy of the V ↓ − V̄ ↓ pair as a function of the d/2a, (b) the
trajectories of the V ↓ and V̄ ↓ of the V ↓−V̄ ↓ pair with d = 25 nm, where
the square dots and the circle dots denote the trajectories of the V ↓ and
V̄ ↓, respectively, and the arrows show the moving direction.
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The presence of a third vortex influences the dynamic be-
havior of the V ↑−V̄ ↓ pair. Figure 4 shows the motion trajecto-
ries of the V ↑, V̄ ↓, and V ↓ of V ↑−V̄ ↓−V ↓ state with the initial
coordinate 𝑋V ↓ =−25 nm, 𝑋V̄ ↓ = 0 nm, and 𝑋V ↑ =−25 nm.
By the interaction between the three vortex, the V ↑ and V̄ ↓ ro-
tate around and approach to each other gradually, but the V ↓

moves along a curve and more slowly than V ↑ and V̄ ↓.
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Fig. 4. Trajectories of V ↑, V̄ ↓, and V ↓ in the interacting V ↑− V̄ ↓−V ↓

state, where the square dots, circle dots, and the triangular dots denote
the trajectories of the V ↑, V̄ ↓, and V ↓ respectively, and the arrows show
the moving direction.

The rotation frequency of the vortex–antivortex pair is de-
pendent on the distance between the two cores. The variations
of frequency of the V ↑ − V̄ ↓ pair with the distance between
them for the cases of Fig. 1(b) and Fig. 4 are shown in Fig. 5.
It is found that the frequency decreases with increasing the
distance between V ↑ and V̄ ↓. Compared with the frequency of
the V ↑−V̄ ↓ pair, the frequency of the V ↑−V̄ ↓ in V ↑−V̄ ↓−V ↓

state shows a lower value when the distance between V ↑ and
V̄ ↓ is larger than 19 nm. But the frequencies shows no dif-
ference for the two cases as the distance between V ↑ and V̄ ↓

is much smaller than the distance between of the V̄ ↓ and V ↓.
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Fig. 5. (color online) Variations of rotation frequency of the V ↑− V̄ ↓

pair as a function of the distance d, where the square dots and the circle
dots indicate the cases of the V ↑− V̄ ↓ pair and the V ↑− V̄ ↓−V ↓ state,
respectively.

It means that the presence of the third vortex will slow down
the rotating behavior of V ↑− V̄ ↓ pair when the distance be-
tween them is comparable to that between V̄ ↓ and V ↓.

4. Conclusions
The exchange energy is used to explain the interaction

between vortices. It is found that the exchange energy plays
an important role in the dynamic motion of the pair when the
vortex core and the antivortex core are not overlapped. The
vortex–antivortex pair with opposite polarities rotates around
each other. The rotation frequency increases with the decreas-
ing of the distance between them. Under the influence of the
third vortex, the frequency of the pair becomes lower. For the
vortex and antivortex pair with identical polarity, the two vor-
tex cores will move along straight lines. The vortex–antivortex
pair can exist in thin film as a part of the cross-tie wall, and it
is also important in the magnetization dynamics in nanodots
and domain wall motions in nanostripes. Our results can be
used to explain these dynamic behaviors.
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