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This paper introduces a new method for a formula for electron spin relaxation time of a system of electrons interacting
with phonons through phonon-modulated spin—orbit coupling using the projection-reduction method. The phonon absorp-
tion and emission processes as well as the photon absorption and emission processes in all electron transition processes can
be explained in an organized manner, and the result can be represented in a diagram that can provide intuition for the quan-
tum dynamics of electrons in a solid. The temperature (7') dependence of electron spin relaxation times (77) in silicon is
T} o< T~197 at low temperatures and T} o< T~3-3 at high temperatures for acoustic deformation constant P,q = 1.4 x 107 eV
and optical deformation constant P,q = 4.0 x 10'7 eV/m. This means that electrons are scattered by the acoustic deforma-
tion phonons at low temperatures and optical deformation phonons at high temperatures, respectively. The magnetic field
(B) dependence of the relaxation times is 77 o< B~27 at 100 K and Tj o< B~23 at 150 K, which nearly agree with the result

of Yafet, T} < B=30 ~. B—23,
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1. Introduction

In recent years, a study of electron spin has attracted con-
siderable attention in quantum computation and spintronics
application. The electron spin might find application in the
future to create new logic devices capable of lower power
consumption and higher performance.!'"8 Silicon is a very
suitable host material for fabricating spintronics devices be-
cause it has low atomic weight, lattice inversion symmetry,
and relatively long spin relaxation time due to the weak spin—
orbit interaction and poor electron—nuclear spin coupling. [*~13]
Electron spin resonance (ESR)!"4~18] is a promising technique
for measuring the spin relaxation time because the absorp-
tion lineshapes are sensitive to the type of scattering mech-
The main scattering
mechanisms that affect the spin relaxation are due to phonons,

anisms affecting the carrier behavior.

ionized impurities, other carriers, and interface roughness.
Among them, the electron—phonon interaction is the dominant
process in relatively pure semiconductors.

The main spin relaxation mechanism at high tempera-
tures is generally considered to be the Elliott—Yafet mecha-
nism mediated through spin—orbit coupling.!>?°! While spin
flips are due to phonon-modulated spin—orbit coupling in the
Yafet processes,’”! in the Elliott processes,[!”! they are due
to the admixture of the Pauli up and down spins caused by
spin—orbit coupling. Since Yafet reported that the inclusion
of the Yafet term in the electron—phonon coupling function
is essential for obtaining the correct temperature dependence
of the relaxation time, considerable research interest has been
focused on this area.?%->31 Although the temperature depen-
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dence of the relaxation time might be caused by the Planck
and Fermi distribution functions, the relaxation times[2!-2%1
obtained using the density functional perturbation theory or
pseudopotential model have limited applications, because the
two distribution functions are simply added (or subtracted)
or the Fermi distribution function is not contained, such as
Ny+1/2F1/2+ fo or Ny+1/2+1/2, where N, and fy are
the Planck distribution function for a phonon with wave vector
q and the Fermi distribution function for an electron with en-
ergy Eq, respectively. In spintronics, preserving the informa-
tion injected into a spin over a practical time scale is important
for the spintronics devices. Therefore, it is crucial to under-
stand how the distribution functions are included because the
temperature dependence of the spin relaxation time might be
caused by the Planck and Fermi distribution functions.
Recently the present authors derived an ESR absorp-
tion lineshape function considering spin—orbit interaction!2%!
using the reduction identity and state-dependent projection
technique, in which phonon-modulated spin—orbit coupling
was not taken into consideration. More recently, the authors
showed that the proper combination of state-dependent pro-
jectors and reduction identities could produce the lineshape
formula satisfying the population criterion as well as the en-
ergy conservation criterion.>”] We claim that a validated the-
ory should satisfy the population criterion, which requires that
the electron and phonon distributions should be included in
the expression in multiplicative form properly for each transi-
tion process. Furthermore, the formulae derived by using this
new method, later coined the “projection—reduction method
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(PR method)”, was shown to be represented by Feynman-like
diagrams.[?8 In this paper, a new formula for the electron
spin relaxation time for a system of electrons interacting with
phonons through phonon-modulated spin—orbit coupling will
be derived using the PR method. An explicit expression in-
cluding the electron and phonon distribution functions will be
given properly. Therefore, the absorption and emission pro-
cesses of phonons and photons in all electron transition pro-
cesses can be explained in an organized manner, and the re-
sult can be represented in a diagram that can provide intuition
for the quantum dynamics of electrons in a solid. The formula
will be applied to obtaining the temperature and magnetic field
dependence of relaxation times for silicon and the numerical

£120

results will be compared with those obtained by Yafet>’! and

Huang et al.!*!

2. Preliminaries
2.1. Electron spin-lattice relaxation time

When electrons in a semiconductor are transferred from
lower energy states to higher energy states by absorbing elec-
tromagnetic radiation, the system, as is left out of equilibrium,
must undergo reverse transitions to get back to equilibrium.
This process, called “spin—lattice relaxation”, is mostly char-
acterized by electron—phonon interaction in the semiconduc-
tor.

Experimentally, this process is measured in terms of the
characteristic time called the spin—lattice relaxation time de-
noted by 7. Theoretically, 77 can be expressed as a function
of the lineshape function I' (@), @ being the angular frequency
of the electromagnetic wave, as!*!

h/Ty =2Im{l(®)}, (1

where Im means “the imaginary part of”. Note that I'(®) is
contained in the (Lorentziation-like form of) absorption power
P(w), which is proportional to the real part of the optical mag-
netic susceptibility tensor ) (@) in the susceptibility formal-
ism.

2.2. Magnetic susceptibility and lineshape function based
on the projection—reduction method

When an electromagnetic wave with angular frequency @

is applied to a system along the z direction, the magnetic sus-

ceptibility tensor can be defined as[?6-3!]

2,2
Kee(0) = 5 PIm {sz‘)(w)} - @
o

Here, g is the electron g-factor, tp the Bohr magneton, €2 the
volume of the system and

29(@) =Tr{ peg[(h0 — Leg) 01,0 aai ]}, 3)

where Tr denotes the many-body trace, peq the equilibrium
density operator, @ = @ — ia(a — 0"), o the Pauli spin ma-
trix, Leq is the Liouville operator corresponding to the equilib-
rium Hamiltonian Heq defined as LeqX = HegX — X Heq for an
arbitrary operator X, and a:;vya (aq.s,) 18 the creation (annihi-
lation) operator for an electron in the state |, s¢) With spin s
and energy Eg g, . Leq can be split as Leq = Lg + Ly for calcula-
tion convenience, where Ly and L, are the Liouville operators
corresponding to the unperturbed Hamiltonian Hy = H. + H,,
and the perturbed Hamiltonian V, H, and H,, being the electron
and phonon Hamiltonians, respectively.

To calculate Eq. (3), the state-dependent projection oper-
ators for an arbitrary operator X are introduced as follows:

. X)a o
PX—7<G+>OCG+7 O=1-P, @
where
(X)oo = Tr { peglX, @l _aa+]} 5)

Note that the projection operators given in Eq. (4) are state-
dependent because they depend on the at+ and o— states. Af-
ter a procedure similar to that for Eq. (3.11) in Ref. [26], we
obtain

(6

where the lineshape function, Iy (@), is given as follows:

Io(®)(04)a = (L0 ) + (LegQ(h®d — LeqQ) ' Ly0y ) g (7)

The approximation, peq(H) & peq(He), can be used, assum-
ing that the spin—orbit interaction is quite weak. The first term
in Eq. (7) can then be neglected because the averages of b,
and b; are zeros and the second term can be calculated using
the first-kind of Kang—Choi reduction identity given by!2%27]
Tr { Peq[LeqX Al } = —Tr{peq[X,LeqA]} for the arbitrary op-
erators X and A, which can be obtained using the fact that
Peq(H) commutes with H and Tr(ABC) = Tr(BCA). Apply-
ing it to the second term in Eq. (7) and using Tr{peq[Q(%® —
Lqu)_lLVG+,a27aa+]} =0, we have

Ia(0)(0+)a = Tr { peq | (10— Lo) ' Ly0+ Lal_aas |} (®)

in the second order approximation in Ly. Equation (8) is an
easily calculable form because it contains neither L, nor the
projection operator in the operator denominator.

The denominator in Eq. (6) represents the transition from
an initial state with down spin (¢x— state) to a final state with
up spin (a+ state) with a photon absorption of frequency @
and lineshape function I'y (@), which contains the effect of the
spin—orbit interaction. If there is no spin—orbit interaction, the
shape of the susceptibility would be like a delta function. On
the other hand, the shape is broadened as electrons are scat-
tered by the interaction, so Iy (@) is included. Implicit states

087102-2



Chin. Phys. B Vol. 23, No. 8 (2014) 087102

exist between the initial and final states because Iy (@) con-
tains implicit transitions between the initial (or final) and im-
plicit states by the spin—orbit interaction. An implicit state
should be coupled with the initial (or final) state by a proper
interaction coupling factor in the case of an implicit transition
between the final (or initial) and implicit states. I'y(®) must
also contain energy denominator factors enforcing the energy
conservation in each implicit transition and population factors
regulating the implicit transition.

3. System specified
3.1. Hamiltonian of the general system

For a system of electrons interacting with phonons
through phonon-modulated spin—orbit coupling under a static
magnetic field B applied along the z axis, the following equi-
librium Hamiltonian is considered:

Hoq= Y Eq oy, Aoy + Y h0bibg +V. )

®,5a q

Here, the first term is the electron Hamiltonian H. including
the Zeeman term, the second is the phonon Hamiltonian Hj,, V
is the electron—phonon interaction Hamiltonian, which is de-
fined later, and b; (bg) is the creation (annihilation) operator
for a phonon in the state |g) with energy hiay, |q) = |q,1), q is
the phonon wave vector and / is the polarization index. Egq g,
is the eigenvalue of the single electron Hamiltonian given as
follows:

he = — (p+eA)* +gupBo,/2, (10)

2me
where p is the momentum operator of an electron with the ef-
fective mass me and A is the vector potential.
If the Landau gauge, A = (0, Bx,0), is adopted, the eigen-
value is given as follows:

Eq.sq = Eq +Es, = (ng +1/2)ha + 1k, /2m + gupBsq /2,

an
where ng =0,1,2,..., ®. = eB/m; is the cyclotron frequency,
k;o 1s the z component of the electron wave vector and sq =
+1 (—1) for a spin up (down), and m; (m) is the transverse
(longitudinal) effective mass. The conduction band of sili-
con has many equivalent ellipsoidal energy surfaces in the first
Brillouin zone. Therefore, there are two effective masses and
the transverse (cyclotron) effective mass varies as the magnetic
field direction changes. In this paper, however, we consider an
intravalley process at the valley center and choose the spheri-
cally averaged effective mass me = (mym; )1/ 3. The eigenfunc-

tion is glven as

Yo (1) Koy = el ik, () Xse- (12)

1
v/ LyL;
Here, Ly and L, are the normalization lengths, ¥, is the spinor

for a spin sq and ¢, (x) is the harmonic oscillator wave func-
tion given as

(P"(x) = (mewc/hﬂ')]/4 (Znn!)_l/2

H, [(x —xc) /0]

(h/eB)'/? and H,(x) is the Hermite

x exp [—(x —xc)?/2rg]

where x. = —hky/eB, ro =
polynomial.

3.2. Perturbation

In this paper, the phonon-modulated spin—orbital interac-
tion Hamiltonian given by the following equation is consid-

ered as the perturbed Hamiltonian:29-2?]

V= VVep X (p+eA)]-o (13)

dmic 2[
Here, c is the speed of light and V¢, is the deformation po-
tential, which is assumed to be proportional to the gradient of
displacement for acoustic mode, u, given by

(bg+b",)ei 172 14
= Z 2pm!20a)q Fhog)ee, 14

where pp, is the mass density and ¢, is the polarization vec-
tor, i.e., we consider the following deformation potential for
acoustic mode: 32

Vep =PyV-u, s)

where P,q is the acoustic deformation constant, which will be
used as a parameter. In contrast to the case of acoustic vibra-
tions where the electron—phonon interaction potential is pro-
portional to the derivative of the atomic displacement, the de-
formation potential for the optical mode is assumed to be pro-

portional to the atomic displacement, 3% i.e.

Vep = Poatt (16)

is chosen, where P,q is an optical deformation constant. It
should be noted that the temperature dependence of the spin
relaxation time (or linewidth) is affected by neither P,q nor Pog
because they are not contained in the distribution functions for
electrons and phonons.
magnitude of the relaxation time. In this paper, we used the
two constants as fitting parameters.

These two constants only affect the

Equation (13) can be written in the following second
quantized form:

=X Y Y Xl

aﬁa/js Aasq (bg +o" )(Xs(xcjxs/;)'
J=xy.z0,BSaxSp 4

(17
Here, (X)qp = / AW ()XW () and
D,
l(q)*4mzcz[Ve‘” (p+eA), (18)

where D, = iPaag+/1/2pm€200, for the acoustic mode and
Dy = Poar/1/2pm0 0, for the optical mode.
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Using the Pauli spin matrices, equation (17) can be ex-
pressed as follows:

V=22 )i

aﬁsaﬁ b +b ) (19)
of g9 j

where the Sﬁcﬁ can be expressed as: s’&ﬁ = a(THaﬁ, + agfalﬂ,

sfxﬁ = fiazpraﬁ, + ia27a3+, and sp,5 = aZura[H faztfaﬁ,.

4. Derivation of formulae
4.1. Lineshape function

To calculate Eq. (8), we make use of the following equa-
tions:

(1o~ Lo) 'Lvo, =2} Y {IL(g

afB g

oGy (+0)byst,g

(@) ap Gl (~@0)bT 4555
—[11(9))ap Gy (+©)bysiyg
1 (@)ap Gy (—@ )b 55}, 20)

Lualy_aas = ¥ Y (b + b5 ) {17 (@) yatf s
Y 4

- [l_(Q)]ayaTafa}'* - [lz(LI)]ayaTafaw
- [lz(‘])]yaa;_aa+} : Q1)

where [* = I, % 1ily, [.(q)] 4p and [I*(g)] 4p are called the inter-
action coupling factors, and the two energy denominator fac-
tors are defined as follows:

Gy

Ba )(iwq> =

(hd+Eg_ —Eqr+0)~",  (22)
which corresponds to a spin flip process, and

G(C) (o) =

Bo (hd+Ep —Eq )", (23)

which corresponds to a spin conserving process.
In Egs. (6)—(8), (0 )¢ can be calculated as follows:

<O-+>OC ETI'{p[G+,a.(;7aa+]} :Z(fopr*faf), (24)

where fo+ (fo—) is the Fermi distribution function for an elec-
tron in the state |¢¢) with an up (down) spin. Therefore, in-
serting Egs. (20), (21), and (24) into Eq. (8), and considering
= P(1/x) +imd(x) where P denotes the
Cauchy principal value, we have

lim,_,o+ (x — ia) !

g l'LB (foe—far)Im{I5 (@)}
X Z [io—E

~—Re{lg(w)}?
(25)

Here, the linewidth, Im{I(®)}, is given as

Im{Iy (@)} (foc—
- ”Z;

fot)
(=)

Dy Al (+0,) Py

+m {I5(@)}*

Jya?Agy ™)
]ay\sza
2
05Y| A (
yal?A5)(
AL (—

[l (@)l AG (- %)Péﬁ}
=A+B+C+D+E+F+G+H, (26)

where [[1(g)lapl® = [H(@)lap x 1(—a)]par Afy" (£@,) =
8(hw + Eg_ — Eqy £ 1), and AL (+0,) = 8(ho + Eg —
E, + ha)q) are Dirac delta functions, through which the en-
ergy conservation is maintained, and the population factor is

defined as

aﬁ = qu( fﬁs’)*(lJFNq)fﬁs’(l*fas)’ 27)

where N, is the Planck distribution function for a phonon with
energy /i@w,. Equation (27) means a transition from an (a,s)
state to a (f3,s) state with phonon absorption (N,) minus a
transition from a (f,s') state to an («,s) state with phonon
emission (1 + Ny).

Although I'y (®) is called the lineshape function, the line-
shape must be calculated from Eq. (25) and not directly from
Eq. (26). Equation (26) can explain the spin flip and conserved
processes properly (Fig. 1) because it contains the distribution
functions for electrons and phonons in multiplicative forms
[see Eq. (27)].
appear properly in the result of Kawabata [Ref. [31]]. The re-

Note that the population differences do not

laxation time can be calculated directly from Eq. (26) if the
Lorentzian approximation is assumed for the weak phonon
scattering. Equation (26) can be represented by the diagram
in Fig. 1. The first four terms (vertical red solid arrows) corre-
spond to spin flip processes, and the other four terms (vertical
green dotted arrows) correspond to the spin conserving pro-
cesses. The red and green arrows pointing upward (downward)
correspond to the photon absorption (emission) processes and
the horizontal blue dotted arrows pointing to (outward from)
the vertical red and green arrows correspond to phonon ab-
sorption (emission) processes.

The physical meaning of Eq. (26) is as follows. The first
term, which is a spin flip process (A in Fig. 1), corresponds
to an implicit transition between the initial state with a down
spin (o — state) and an implicit state with an up spin (y+ state).
The states given by 7y are called implicit states because they are
included only in the lineshape function [Eq. (26)], not in sus-
ceptibility [Eq. (25)]. Pé;,ﬂ means that a reverse implicit tran-
sition from the implicit up-spin state to the initial down-spin
state with photon and phonon emission should be subtracted
from the forward implicit transition from the initial state to
the implicit state with photon and phonon absorption. This
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means that when an electron—phonon interaction is involved
in an electron transition, the electron undergoes an implicit
transition from the initial state to the implicit state (and vice
versa) with photon absorption (emission) and phonon absorp-
tion (emission). |[.(¢)]y«|*> means that the implicit state is
coupled with the final up-spin state by a phonon with a wave
vector g. Aé}“(—kwq) means that the energy of the implicit
state with up spin (Ey) is determined by the energy of the
initial state with down spin (Ey_), photon energy (fiw), and
phonon energy (h®,). Hence, energy conservation can be sat-
isfied, i.e., Eq— +ho+hw, = Eyy .

The fifth term (£ in Fig. 1) in Eq. (26), which is a spin
conserving process, corresponds to an implicit transition be-
tween the implicit state with an up spin (y+ state) and the final
state with an up spin (a+ state). The other terms in Eq. (26)
can be interpreted in a similar manner. Therefore, the net tran-
sition from the initial state with the down spin to the final state
with the up spin occurs through implicit transitions including
the spin flip and conserving processes, and the implicit state
is coupled with the initial or final states. The result could be
represented in a diagram because the lineshape function con-
tained the energy denominator, population and interaction fac-
tors properly.

final state

E (energy)

NI D implicit
\G\—/D state
v /
1 F >
""" >N [
Wq \/? I
o w| A F W :<_;I_“
c | | > >
Wq Wy | +/ initial state
( ______

kZ

Fig. 1. (color online) All possible transition processes in Eq. (26)
are depicted schematically. The vertical red solid and green dotted
lines correspond to the spin flip and conserving processes, respec-
tively.

4.2. Electron spin resonance

In this section, the lineshift term is neglected, as
Re {Iy(w)} is negligible in comparison with E — E_ because
a very weak scattering effect is considered and the approxima-
tion that Im {Iy (@)} =~ Im{I(E;+_)} is adopted because it is
a very slowly varying function of @ near the resonance point,
how = E. — E_. With these approximations, Al(;ﬂ(:ta)q) =

8(Ep — Eq + hayy) and AY)(£0,) = 8(Ep, — Eq- % hey,),

and the matrix elements in Egs. (26) are given as follows:

1 /n
[lZ(q)]OCB = _lathakyzaakyzﬁ+‘Zyer) 7ﬁ

x ‘Ina,nﬁ—l(xcaaCImxcﬁ)(Qy —igy)

1 [ng+1
+ la th] 6k\'zoc 7kyzﬁ +ayz % \/T

X]na,nBJrl(Xcocy%»xcﬁ)(CIy+i%c)a (28)
[ (D)ap = 1ahiDgk.p Sk, 5+ay.

X J"m”ﬁ (xcqu,xc/s)(CIy —iqyx)

ih
_glaDqQZ 2(”[3 + 1)6k)~za,kyzﬁ+qyz
X]na,nﬁ+1(xca7qx>xcﬁ)' (29)
Here, I, = hi/4m2c?, Sty ko tare = Otyakyp+ay O kopg. and
It (X, £Gx, Xp) = / dx¢,; (x) exp(£igyx)@, (x) can be cal-

culated as follows:

/

Jn,nl (xC7 iq/hxc)
. n-—n
~[n! (x<x>:|:1qxr(2)) zhe

n! \@ro
(n>—n<) (xc _xé)2+q,%r€4)
X L T 52
2ry

¢ \2 2 /
% eXp o Xc 'xC _ (’"0%c> :l: qu('xC +XC) , (30)
2r0 2 2

where n-. (n-) = max(min) {n,n'}, t = h(q> + qg)/ZeB, and

L,(,m) (¢) is the associated Laguerre polynomial. The absolute
square of Eq. (30) given by

! 2
[ (s X2 = 25 e (L 0] 3

n<
n-:

is needed to calculate Eq. (25) numerically.

5. Numerical results

The ESR peaks in silicon are calculated numerically for
ng = 0 at the subband edge (k;o = 0) in the quantum limit.
Then, only the cases for n, = 0 and ny = 1 need to be con-
sidered for the implicit transition terms appearing in Eq. (26).
Note that the magnetic field B is changed instead of frequency
o because the experiment is performed in this way.

The energies of the acoustic and optical
mation phonons, %@, and hw;, and the Fermi distri-
bution function, f(Eqys,), for electrons in silicon are
given by hw, = hvyq, hay = 0.063 eV, and f(Eqys,) =
[14exp{(Eq.s, —Er)/ksT}] "', respectively. Here, vy is the
speed of sound, Eq , is the same as that given in Eq. (11)
and the Fermi energy E is given by*®! Ep = Eq(T)/2 —
(3/4)kg T In(my, /me ), where my, is the effective mass of a hole
and Ey(T) = Eo(0) — aT?/(T + fB), with E4(0) being the en-

ergy gap at zero temperature. The physical constants for sil-
.[34,35]
s:

defor-

icon are as follow me = 0.33myg, mp = 0.53mp where
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my is the free electron mass, vs = 9030 m/s, E; = 1.17 eV,
pm = 2340 kg/m?, o = 4.73 x 10~ eV/K, and B = 636 K.

5.1. ESR profile

Figure 2 shows the magnetic field dependence of the
magnetic susceptibility in silicon for f = 30 GHz and Py =
1 x 108 eV, which was drawn from Eq. (25) using Eqgs. (26) and
Egs. (28)—(31). Both the height and width of the susceptibil-
ity increase with temperature. The increases in the height and
width are attributed to increases in the electron population and
the number of phonons with temperature, respectively. The in-
creases in the width with temperature agree with the results re-
ported by Yafet.[?" For the relaxation time 7}, which is related
to the linewidth by Eq. (1), Yafet presented 7; o< 7~ when
the band edge is at k = 0 or at K, as in germanium, where K,
is the reciprocal lattice vector and T} o< T~2> when the band
edge is not at k = 0 or K, as in silicon. Figure 3 shows that the
width increases with increasing magnetic field. The graph for
f =45 GHz was moved to the left by 1770 Gs (1 Gs = 1074 T)
to be compared with the result for f = 30 GHz. This also
agrees with the result reported by Yafet, 7T; o< B=2°, in the
high field limit.

Si
® f=30 GHz
2
g P, =1x10% eV
=]
5
—
o]
~
4
[
]
o7
& =150 K
=
T=100 K
T=50 K
1 1 1 1 1
3534 3536 3538 3540 3542 3544 3546

Magnetic field/Gs

Fig. 2. The peaks of electron spin resonance at 50, 100, and 150 K
in silicon for a frequency of 30 GHz and for P,y = 1 x 108 eV.

5302 5306 5310 5314 5318
T T T T T T
Si
. T=100 K
= Pq=1x10% eV
=
3
-
o
~~
el
g /
o8 v \
. / \f =45 GHz
9] / \
&3] // AN
4 =30 GH N
/’/ Jf “ \\s
1 1 1 1
3532 3536 3540 3544 3548

Magnetic field/Gs

Fig. 3. The electron spin resonance peaks for frequencies of
30 GHz and 45 GHz in silicon at 100 K and for P,g = 1 x 108 eV.

5.2. Temperature dependence of Tj

Figure 4 shows the temperature dependence of the elec-
tron spin relaxation times by the acoustic and optical de-
formation potential scatterings in silicon for f = 30 GHz,
P = 1.4x107 eV, and Poy = 4.0 x 10'7 eV/m. The relax-
ation time by acoustic deformation potential scattering, Tlad, is
proportional to 7103 and that by optical deformation poten-
tial scattering, Tl"d, is proportional to 7739, i.e, the relaxation
times for both cases decrease with temperature T in a different
manner. The decrease can be interpreted as due to an increase
of the number of phonons with temperature. Note that the
relaxation time is proportional to the inverse of the relaxation
rate, which increases with increasing electron—phonon interac-
tion and the interaction increases with increasing the number
of phonons. The electron spin is scattered mainly by acoustic
deformation potential at low temperature and optical deforma-
tion potential at high temperature. The decrease of the relax-
ation time with temperature agrees with the result of Yafet.[?"]
Yafet presented 7j o< T3> ~ T2 in semiconductors. The

results of others!2-2 showed similar tendencies.
800 " ,
! Si
‘t f=30 GHz
6001 \ P,y =1.4x107 eV
2 \'  P,y=4.0x10"7 eV/m
T \
g \
£ 00t
o . )
2 3.33X1075x 103
§ 200 ! acoustic
[} : ~
) Al Seo
o ! Tem———e
or ! optical
i 28.2XT39
1 1 1 1 : 1 1 1 1
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Temperature/K

Fig. 4. (color online) The temperature dependence of the electron
spin relaxation time by the acoustic (blue solid line) and optical
(red short-dash line) deformation potential scatterings in silicon for
f=230GHz, P,g = 1.4x 107 eV, and Pyg = 4.0 x 10'7 eV/m. The
black triangles are the result of Huang ez al.*°,

Figure 5 shows that the temperature dependence of the
total relaxation time in silicon for f = 30 GHz, Py = 1.4 x
107 eV, and P,y = 4.0 x 107 eV/m where Matthiessen’s
rule®"! is adopted to add the acoustic and optical deforma-
tion contributions to the total spin relaxation time (77°") as fol-
lows: 1/T =1/ +1/T. The numerical result (red cir-
cles) nearly agrees with the result (black triangles) by Huang et
al.?) but it cannot be fitted by a curve. It can be fitted by two
curves, one decreases with temperature as Tj o< T~ 197 at low
temperatures and is mainly affected by acoustic deformation
potential scattering, and the other decreases with temperature
as Tj o« T3 at high temperatures and is mainly affected by
optical deformation potential scattering (Table 1). This means
that electrons are scattered by the acoustic deformation poten-
tial at temperatures below about 7 = 130 K and the optical
deformation potential at temperatures above about 7 = 130 K
(see Fig. 4).
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Table 1. The temperature and magnetic field dependence of the relax-
ation times in Si [77: relaxation time, 7: temperature, B: magnetic
field].

Temperature Present Yafet[2]
Ty o< 77107 (at0.354 T)
Low -27 —25  7-35
Ty o B-27 (at 100 K) Ty T-25 T3
) T o< T733 (at 0.354 T) T) < B~25 ~ B30
High 53
T < B~ (at 150 K)
800 T
\ Si
\ f=30 GHz
i P,y =1.4X107 eV
g 6001 \ P,y =4.0x10'7 eV/m
B \
£ -\ 3.9%1075xT 107
< 400k ‘\ (low temperatures)
5
= (high temperatures)
=
3 L
e 200
A%
'.._‘__.._.-
O 1 1 1 1 1 1 -.I--.--,
40 80 120 160 200
Temperature/K

Fig. 5. (color online) The temperature dependence of the total elec-
tron spin relaxation time (red circles) in silicon for f = 30 GHz,
Py = 1.4% 107 eV, and Pyg = 4.0 x 10'7 eV/m. The black trian-
gles are the result of Huang et al.*]

5.3. Magnetic field dependence of T}

Figures 6 and 7 show the magnetic field dependence of
the electron spin relaxation time at 100 K and 150 K, re-
spectively, in silicon for Py = 1.4 x 107 eV and Pyy = 4.0 x
10'7 eV/m. Figure 6 shows that the relaxation time decreases
with magnetic field B (T} o< B~>7) and the acoustic defor-
mation potential is the main scattering mechanism. Figure 7
shows that the optical deformation potential is the main scat-
tering mechanism and the relaxation time decreases with mag-
netic field B (T o< B’2'3) (Table 1). These agree with the result
of Yafet, 7j o< B2 ~ B—30,

1400} \ Si
\ T=100 K
1200+ AN P,y =1.4%x10"7 eV
” N\, P,=4.0x10' eV/m
£ 1000F \
z \ N
\ \ H
2 800F \ o optical e
o y ~_ 148x1079%xB
\ S
2 w0k \X |
§ \, acoustic Ssae
S 400F M 16.1X10"9X B~29 :
E N
200 total \\'\-\.
15.4x10~9%xB~27
Ok I I I I
0.2 0.3 0.4 0.5 0.6

Magnetic field/T

Fig. 6. (color online) The magnetic field dependence of the elec-
tron spin relaxation times at 100 K in silicon for P,y = 1.4 x 107 eV
and Pog = 4.0 x 10'7 eV/m.

500
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Fig. 7. (color online) The magnetic field dependence of the elec-
tron spin relaxation time at 150 K in silicon for P,y = 1.4 x 107 eV
and Pog = 4.0 x 107 eV/m.

6. Conclusions

This paper reported a new method for deriving the mag-
netic susceptibility for a system of electrons interacting with
phonons through phonon-modulated spin—orbit coupling using
the PR method. The lineshape function in the magnetic sus-
ceptibility included the population factors properly as well as
the energy denominator factors enforcing energy conservation
and the interaction factors coupling the implicit state with the
initial or final states. Therefore, the phonon emissions and ab-
sorptions as well as the photon absorptions and emissions in
all electron transition processes could be explained in an or-
ganized manner and the result could be represented diagram-
matically, through which a physical model of the quantum dy-
namics of electrons in a solid could be obtained.

The electron spin relaxation time in silicon decreased
with temperature as 7; o< T-'97 at low temperatures and
T; o< T3 at high temperatures. It means that the acous-
tic and optical deformation phonons are the main scatterers
at low and high temperatures, respectively. It also turned out
that the magnetic field dependence of the relaxation time was
Ty o< B~27 at 100 K and T o< B~%3 at 150 K, which nearly
agreed with the result of Yafet.!?°! In conclusion, it must be
emphasized that a physically acceptable and generally applica-
ble theory can be obtained using the PR method. It is expected
that this method can be applied to electron systems interacting
with piezoelectric and polar optical phonons as well as impu-
rities in the materials such as graphite, diamond, and GaAs.
This will be studied in the future.
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