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Control of fractional chaotic and hyperchaotic systems
based on a fractional order controller∗
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We present a new fractional-order controller based on the Lyapunov stability theory and propose a control method
which can control fractional chaotic and hyperchaotic systems whether systems are commensurate or incommensurate.
The proposed control method is universal, simple, and theoretically rigorous. Numerical simulations are given for several
fractional chaotic and hyperchaotic systems to verify the effectiveness and the universality of the proposed control method.
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1. Introduction
As a generalization of integer-order dynamic systems,

fractional dynamic systems provide better mathematical mod-
els for some actual physical and engineering systems.[1,2] The
fractional nonlinear dynamic systems have many dynamic be-
haviors which are similar to the integer-order systems, such
as chaos, bifurcation, and attractor.[3–6] Chaotic systems are
wildly studied due to their potential applications in physics,
biology, information, chemistry, and other fields.[7–9] Mean-
while, hyperchaotic systems are also considered with rapidly
increasing interest. A hyperchaotic system is usually defined
as a chaotic system with more than one positive Lyapunov ex-
ponent, which implies that its dynamics are expended in sev-
eral different directions simultaneously. So it has more com-
plex dynamical behaviors than the chaotic system. Typical ex-
amples are Chen’s four-dimensional hyperchaotic system,[10]

the hyperchaotic Lorenz system,[11,12] and the hyperchaotic
Rössler system.[13,14]

As we know, chaos control is not only very important
but also very difficult in both chaotic systems and hyper-
chaotic systems. For chaotic systems, there are only a few
control methods, such as the linear feedback method,[5] the
backstepping method,[15] the sliding mode method,[16] and the
Lyapunov equation-based method.[17] Like the chaotic sys-
tem, there are a few control methods of hyperchaotic systems
such as the feedback controller,[18,19] nonlinear controller,[20]

and switching control.[21] However, most of the above con-
trol methods of systems (whether a chaotic or a hyperchaotic
system) concentrate on certain fractional systems. There are
few general methods that can be applied to control arbitrary

fractional chaotic or hyperchaotic systems. So a general con-
trol method of fractional systems is important for both control
theory and application of the fractional chaotic system.

On the other hand, the fractional-order control, as
a generalization of the traditional integer-order control, is
becoming a matter of concern because of its flexibility
and integrity.[2,22–24] The TID controller,[22] the PIλ Dµ

controller,[23] and the CRONE controller[24] are among the
well-known fractional-order controllers. In some of those pa-
pers, it is verified that the fractional-order controllers are eas-
ier to implement and cost less compared with traditional con-
trollers.

However, to the best of our knowledge, little attention has
been paid to studying the problem of controlling fractional
chaotic systems with the use of fractional-order controllers.
Therefore, in this paper, we present a new fractional-order
controller based on the Lyapunov stability theory. It can con-
trol arbitrary fractional chaotic and hyperchaotic systems to
any one of their stable equilibrium points whether systems are
commensurate or incommensurate. The proposed controller
has the following advantages. 1) It is general and can be ap-
plied to almost all chaotic and hyperchaotic systems. 2) It can
stabilize any equilibrium point with little control cost and no
affect on the parameters of the original systems. 3) It could
be easily realized experimentally, and is more suitable for en-
gineering applications. Numerical simulation results of the
control of the fractional unified system (incommensurate), the
fractional Liu system (commensurate), the hyperchaotic Chen
system (commensurate), and the hyperchaotic Lorenz system
(incommensurate) demonstrate the effectiveness and the uni-
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versality of the proposed control method.

2. Preliminaries and definitions
2.1. Fractional derivative and numerical solution of differ-

ential equation

The fractional calculus plays an important role in mod-
ern science. In this paper, we mainly use the Caputo frac-
tional operators.[1,2] The Caputo definition of the fractional
derivative, which is called a smooth fractional derivative, is
described as

0Dq
t =


1

Γ(m−q)

∫ t

0

f (m)(t)
(t− τ)q+1−m dτ, m−1 < q < m,

dm

dtm f (t), q = m,

(1)

where m is the first integer that is not less than q, and Γ is the
Gamma function,

Γ(z) =
∫

∞

0
tz−1 e−t dt.

When numerically solving the fractional differential equa-
tions, we also adopt the improved version of the Adams–
Bashforth–Moulton algorithm[2,25] which is proposed based
on the predictor–correctors scheme. To explain the method,
we consider the following differential equation:

Dq
t y(t) = r(t,y(t)), 0≤ t ≤ T,

y(k)(0) = y(k)0 , k = 0,1, . . . ,m−1. (2)

The differential equation (2) is equivalent to the Volterra inte-
gral equation in the following form

y(t) =
dqe−1

∑
k=0

y(k)0
tk

k!
+

1
Γ(q)

∫ t

0
(t− s)q−1r(s,y(s))ds.

Now, set h= T/N, tn = nh (n= 0,1, . . . ,N). The integral equa-
tion can be discretized as follows:

yh(tn+1) =
dqe−1

∑
k=0

y(k)0
tk

k!
+

hq

Γ(q+2)
r(tn+1,y

p
h(tn+1))

+
hq

Γ(q+2)

n

∑
j=0

a j,n+1r(t j,yh(t j)),

where

yp
h(tn+1) =

dqe−1

∑
k=0

y(k)0
tk

k!
+

1
Γ(q)

n

∑
j=0

b j,n+1r(t j,yh(t j)),

and

a j,n+1 =


nq+1− (n−q)(n+1)q, j = 0,
(n− j+2)q+1 +(n− j)q+1

−2(n− j+1)q+1, 1≤ j ≤ n,
1, j = n+1,

b j,n+1 =
hq

q
((n+1− j)q− (n− j)q),0≤ j ≤ n.

The error of this approximation is described as follows:

max
j=0,1,··· ,N

|y(t j)− yh(t j)|= O(hp),

where p = min(2,1+q).

2.2. Some properties of the fractional derivative

In this paper, we consider the fractional order 0 < q <

1. There are some general properties of the fractional-order
derivative, which are described as follows:[1,2]

Property 1 Caputo fractional derivative is a linear opera-
tion, i.e.,

Dα
t (λ f (t)+µg(t)) = λDα

t f (t)+µDα
t g(t), (3)

where λ and µ are real constants.
Property 2 The Caputo fractional derivative satisfies the

additive index law (semigroup property), i.e.,

Dα
t Dβ

t f (t) = Dβ

t Dα
t f (t) = Dα+β

t f (t), (4)

holds under some reasonable constraints on the function f (t).
Property 3 For the fractional-order nonlinear system

Dα
t 𝑥(t) = 𝐹 (𝑥(t)), 𝐹 (𝑥(t)) satisfies the Lipschiz condition

with respect to 𝑥, i.e.,

||𝐹 (𝑥1(t))−𝐹 (𝑥2(t))|| ≤ l||𝑥1(t)−𝑥2(t)||, (5)

where || · || is 1-norm and l is a positive constant; especially if
𝐹 (𝑥) = 0 at 𝑥= 0. We have

||𝐹 (𝑥(t))|| ≤ l||𝑥(t)||. (6)

In the following, we consider the stability of the
fractional-order nonlinear system, which is given as

D𝛼
t 𝑥= 𝐹 (𝑥), 𝑥(0) = 𝑐, (7)

where 𝐹 = ( f1, f2, . . . , fn)
T is a vector function and fi (i =

1,2, . . . ,n) are continuous differential nonlinear functions;
𝛼 = (α1,α2, . . . ,αn)

T (αi ∈ (0,1], i = 1,2, . . . ,n) is the frac-
tional order of derivative; 𝑥 = (x1(t),x2(t), . . . ,xn(t))T is the
system state variable; 𝑥(0) = (c1,c2, . . . ,cn)

T is the initial
value; and Dα

t denotes the Caputo fractional-order derivative
operator. The equilibrium points of this system are calculated
by solving 𝐹 (𝑥) = 0. Then we have the following conclusions
for the stability of these equilibrium points.

Theorem 1[2] When we consider the commensurate
fractional-order system, i.e., α1 =α2 = · · ·=αn =α , the equi-
librium points 𝑥∗ of system (7) are globally asymptotically
stable if all the eigenvalues λi (i = 1,2, . . . ,n) of the Jacobian
matrix 𝐽 = ∂𝐹 /∂𝑥, evaluated at 𝑥∗, satisfy the condition

|arg(λi)|> απ/2, i = 1,2, . . . ,n. (8)

080501-2



Chin. Phys. B Vol. 23, No. 8 (2014) 080501

Theorem 2[2] When we consider the incommensurate
fractional-order system, i.e., α1 6= α2 6= · · · 6= αn. Suppose
that M is the LCM of the denominators ui’s of αi’s, where
αi = vi/ui,vi,ui ∈ Z+ for i = 1,2, . . . ,n. The system (7) is
asymptotically stable if

|arg(λ )|> π/(2M), (9)

for all roots λ of the following equation

det(diag(λ Mα1 ,λ Mα2 , . . . ,λ Mαn)−𝐽) = 0. (10)

For the arbitrary dimensional fractional-order nonlinear
system (7), we consider this form in the following:

D𝛼
t 𝑥= 𝑓(𝑥,𝑦),

D𝛽
t 𝑦 = 𝑔(𝑥,𝑦), (11)

where 𝑥 ∈ Rn and 𝑦 ∈ Rm are the state vectors; 𝛼 =

(α1, . . . ,αn)
T and 𝛽 = (β1, . . . ,βm)

T are the fractional order
of derivatives; 𝑓 = ( f1, f2, . . . , fn)

T and 𝑔 = (g1,g2, . . . ,gm)
T

are continuous differential nonlinear vector functions. To de-
scribe the new design and analysis, we give the following as-
sumption.

Assumption 1 Function 𝑓(𝑥,𝑦) is smooth in a neighbor-
hood of 𝑦 = 𝑦∗ and the subsystem Dα

t 𝑥= 𝑓(𝑥,𝑦∗) is asymp-
totically stable about the equilibrium 𝑥= 𝑥∗ for all 𝑥.

Remark 1 For Assumption 1, system (11) is very gen-
eral, which contains almost all fractional-order chaotic sys-
tems. According to this assumption, the subsystem Dα

t 𝑥 =

𝑓(𝑥,𝑦∗) is asymptotically stable about the equilibrium 𝑥=𝑥∗

for all 𝑥, which implies that there is a Lyapunov function
V0(𝑥−𝑥∗) and a positive numbers λ1, such that V̇0(𝑥−𝑥∗) =

(∂V0/∂ (𝑥−𝑥∗))𝑥̇ ≤ −λ1||𝑥−𝑥∗||2. Since every gi(𝑥,𝑦)

(i = 1,2, . . . ,m) is smooth function and system (11) is chaotic
(or hyperchaotic), there are two positive numbers λi1 and λi2,
such that ||gi(𝑥,𝑦)|| ≤ λi1||𝑥||+ λi2||𝑦||, i = 1, . . . ,m. Here
|| · || is also 1-norm.

3. Chaos control based on a fractional-order
controller
In this section, we propose a new fractional-order con-

troller to achieve chaos control of the fractional-order chaotic
and hyperchaotic system. For the Assumption 1, the sys-
tem (11) is composed of two subsystem: one is an asymptot-
ically stable system and the other is an augment system. We
add a fractional-order controller in the augment system. Then
the controller can control the augment system response to the
asymptotically stable equilibrium point, and at the same time,
the asymptotically stable system response to the asymptoti-
cally stable equilibrium point too. Hence, in order to control

system (11) to its equilibrium point 𝑥∗ and 𝑦∗, we add the fol-
lowing fractional-order controller 𝜙(𝑢) to system (11), then
the controlled system would be given as

D𝛼
t 𝑥= 𝑓(𝑥,𝑦),

D𝛽
t 𝑦 = 𝑔(𝑥,𝑦)+𝜙(𝑢). (12)

The control function 𝜙(𝑢) is given as

𝜙(𝑢) =−𝑘𝑢, (13)

where 𝑘 is a control parameter matrix, which is always diago-
nal and 𝑢 is defined as

D1−𝛽
t 𝑢= 𝜔(𝑦−𝑦∗), (14)

with 𝜔 = diag(ω1, . . . ,ωm) being a positive diagonal matrix.
According to the Properties 1 and 2 of the Caputo frac-

tional derivative operator, we can get 𝑢̇=D1
t 𝑢=D𝛽

t D1−𝛽
t 𝑢=

𝜔D𝛽
t 𝑦. In the same way, according to Eq. (14) and Property 3

of the Caputo fractional derivative, there is a positive number
λ2, such that ||𝜔(𝑦−𝑦∗)|| ≤ λ2||𝑢||. Let ω∗ = min{|ωi|, i =
1, . . . ,m}, then ||𝑦 − 𝑦∗|| ≤ λ2/ω∗||𝑢|| and if 𝑢 = 0, then
𝑦 = 𝑦∗.

Theorem 3 The fractional-order controller can control
the system (11) response to the asymptotically stable equi-
librium points 𝑥∗ and 𝑦∗, if the control parameter ma-
trix 𝑘 = diag(k1, . . . ,km) (ki > 0, i = 1, . . . ,m) and 𝜔 =

diag(ω1, . . . ,ωm) (ωi > 0, i = 1, . . . ,m) satisfy the following
conditions:

i) ki ≥ λi2λ2/ω
∗+m2

ωiλ
2
i1/(4λ1), (15)

ii) (ki−λi2λ2/ω
∗)(k j−λ j2λ2/ω

∗)≥
m2

λ
2
2 (ωiλi2 +ω jλ j2)

2/(4ωiω jω
∗2), (16)

where i = 1, . . . ,m and 1≤ i < j ≤ m.
Proof Without loss of generality, let (𝑥∗,𝑦∗) = 0 be an

equilibrium point of the fractional chaotic(or hyperchaotic)
system (11). If (𝑥∗,𝑦∗) 6= 0 is the equilibrium point of the
system, the method of proof can be easily used by carrying
out an additional coordinate transformation 𝑥̄ = 𝑥−𝑥∗ and
𝑦̄ = 𝑦−𝑦∗.

We introduce a Lyapunov function

V =
1
2
𝑢T𝑢+V0(𝑥), (17)

according to Remark 1 and Property 2, then

V̇ =
1
2
𝑢̇T𝑢+

1
2
𝑢T𝑢̇+V̇0(𝑥)

= 𝑢T𝑢̇+V̇0(𝑥)

= (u1, . . . ,um)diag(ω1, . . . ,ωm)D
β

t 𝑦+V̇0(𝑥)

= (ω1u1, . . . ,ωmum)(𝑔(𝑥,𝑦)−𝑘𝑢)+V̇0(𝑥)

=
m

∑
i=1

ωiui(gi(𝑥,𝑦)− kiui)+V̇0(𝑥)

=
m

∑
i=1

ωiuigi(𝑥,𝑦)−
m

∑
i=1

ωikiu2
i +V̇0(𝑥)
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≤
m

∑
i=1

ωi|ui|||gi(𝑥,𝑦)||−
m

∑
i=1

ωikiu2
i −λ1||𝑥||2

≤
m

∑
i=1

ωi|ui|(λi1||𝑥||+λi2||𝑦)||)−
m

∑
i=1

ωikiu2
i

−λ1||𝑥||2

≤
m

∑
i=1

ωi|ui|(λi1||𝑥||+λi2λ2/ω
∗||𝑢||)

−
m

∑
i=1

ωikiu2
i −λ1||𝑥||2

=
m

∑
i=1

ωiλi1|ui|||𝑥||+
m

∑
i=1

ωiλi2λ2/ω
∗|ui|||𝑢||

−
m

∑
i=1

ωikiu2
i −λ1||𝑥||2

=
m

∑
i=1

ωiλi1|ui|||𝑥||+
m

∑
i=1

m

∑
j=1

ωiλi2λ2/ω
∗|ui||u j|

−
m

∑
i=1

ωikiu2
i −λ1||𝑥||2

=
m

∑
i=1

ωiλi1|ui|||𝑥||+∑
i6= j

ωiλi2λ2/ω
∗|ui||u j|

+
m

∑
i=1

ωiλi2λ2/ω
∗u2

i −
m

∑
i=1

ωikiu2
i −λ1||𝑥||2

=
m

∑
i=1

ωiλi1|ui|||𝑥||+∑
i6= j

ωiλi2λ2/ω
∗|ui||u j|

−
m

∑
i=1

(ωiki−ωiλi2λ2/ω
∗)u2

i −λ1||𝑥||2

=
m

∑
i=1

ωiλi1|ui|||𝑥||+∑
i< j

(ωiλi2 +ω jλ j2)λ2/ω
∗

·|ui||u j|−
m

∑
i=1

(ωiki−ωiλi2λ2/ω
∗)u2

i −λ1||𝑥||2

≤
m

∑
i=1

ωiλi1|ui|||𝑥||+∑
i< j

(ωiλi2 +ω jλ j2)λ2/ω
∗

·|ui||u j|−∑
i< j

2/m
√

ωiki−ωiλi2λ2/ω∗

·
√

ω jk j−ω jλ j2λ2/ω∗|ui||u j|

−
m

∑
i=1

2/m
√

ωiki−ωiλi2λ2/ω∗
√

λ1|ui|||𝑥||

= −∑
i< j

[2/m
√

ωiki−ωiλi2λ2/ω∗

·
√

ω jk j−ω jλ j2λ2/ω∗− (ωiλi2 +ω jλ j2)λ2/ω
∗]

·|ui||u j|−
m

∑
i=1

(2/m
√

ωiki−ωiλi2λ2/ω∗
√

λ1

−ωiλi1)|ui|||𝑥||.

The conclusion V̇ ≤ 0 would be obtained, if the control param-
eters 𝑘 and 𝜔 satisfy the following conditions:

(i) ωiki−ωiλi2λ2/ω
∗ ≥ 0,

(ii) 2/m
√

ωiki−ωiλi2λ2/ω∗
√

ω jk j−ω jλ j2λ2/ω∗

−(ωiλi2 +ω jλ j2)λ2/ω
∗ ≥ 0,

(iii) 2/m
√

ωiki−ωiλi2λ2/ω∗
√

λ1−ωiλi1 ≥ 0,

for all 1 ≤ i ≤ m and 1 ≤ i < j ≤ m. After calculation, the
above conditions are equivalent to

a) ki ≥ λi2λ2/ω
∗+m2

ωiλ
2
i1/(4λ ), (18)

b) (ki−λi2λ2/ω
∗)(k j−λ j2λ2/ω

∗)≥
m2

λ
2
2 (ωiλi2 +ω jλ j2)

2/(4ωiω jω
∗2), (19)

for all 1 ≤ i ≤ m and 1 ≤ i < j ≤ m. Hence we have V̇ ≤ 0.
Obviously, V̇ = 0 if and only if 𝑢 = 0 (or 𝑦 = 0) and 𝑥 = 0.
Then set E = {(𝑥,𝑦,𝑢)|V̇ = 0} = {0} is the largest invariant
set for the augment system. According to the LaSalle invari-
ance principle, Theorem 3 is proved.

The fractional system is general in Theorem 3. If the
fractional-order system is a three-dimensional (3D) chaotic
system or a four-dimensional (4D) hyperchaotic system, the
same conclusion would be obtained. We consider a 3D chaotic
system, which usually has this form

Dα
t 𝑥= 𝑓(𝑥,y),

Dα
t y = g(𝑥,y), (20)

where 𝑥∈ R2 and y∈ R are the state vectors, and 𝑓 = ( f1, f2)
T

and g are continuous differential nonlinear functions. In the
same way, we add the following fractional-order controller
ϕ(u) in system (22), then the controlled system would be ob-
tained

D𝛼
t 𝑥= 𝑓(𝑥,y),

Dβ

t y = g(𝑥,y)+ϕ(u). (21)

The control function ϕ(u) is given as ϕ(u) =−ku, where k is a
control parameter and u is defined as D1−β

t u = ω(y−y∗), with
ω being a positive real constant. Then the following corollary
would be obtained.

Corollary 1 The fractional-order controller, which only
has a single variable, can control the system (20) response to
the asymptotically stable equilibrium point 𝑥∗ and 𝑦∗, if the
control parameters k (k > 0) and ω (ω > 0) satisfy the follow-
ing condition:

k ≥ λ12λ2/ω +ωλ
2
11/(4λ1). (22)

If the system is a 4D hyperchaotic system, which has this
form:

Dα
t 𝑥= 𝑓(𝑥,𝑦),

Dα
t 𝑦 = 𝑔(𝑥,𝑦), (23)

where 𝑥 ∈ R2 and 𝑦 ∈ R2 are the state vectors, and 𝑓 =

( f1, f2)
T and 𝑔 = (g1,g2)

T are continuous differential nonlin-
ear vector functions. In the same way, we add the following
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fractional-order controller 𝜙(𝑢) in system (23), then the con-
trolled system would be obtained

D𝛼
t 𝑥= 𝑓(𝑥,𝑦),

D𝛽
t 𝑦 = 𝑔(𝑥,𝑦)+𝜙(𝑢). (24)

The control function 𝜙(𝑢) is given as 𝜙(𝑢) = −𝑘𝑢 where
𝑘= diag(k1,k2) is a control parameter matrix and 𝑢 is defined
as D1−𝛽

t 𝑢 = 𝜔(𝑦−𝑦∗), with 𝜔 = diag(ω1,ω2) being a pos-
itive diagonal matrix. Then the following corollary would be
obtained.

Corollary 2 The fractional-order controller can control
the system (23) response to the asymptotically stable equi-
librium point 𝑥∗ and 𝑦∗, if the control parameters matrix
𝑘 = diag(k1,k2) (ki > 0, i = 1,2) and 𝜔 = diag(ω1,ω2) (ωi >

0, i = 1,2) satisfy the following conditions:

(I) ki ≥ λi2λ2/ω
∗+ωiλ

2
i1/λ1, i = 1,2, (25)

(II) (k1−λ12λ2/ω
∗)(k2−λ22λ2/ω

∗)≥
λ

2
2 (ω1λ12 +ω2λ22)

2/(ω1ω2ω
∗2). (26)

4. Simulation and analysis
In this section, two 3D fractional-order chaotic systems

and two 4D fractional-order hyperchaotic systems (two are
commensurate and the others are incommensurate) are used as
examples to show the effectiveness of the fractional-order con-
troller. Firstly, we consider the nonlinear system as form (11),

and we get the subsystem, which is asymptotically stable about
the equilibrium point, by Theorems 1 and 2. Then, by adding
a fractional controller in the system and letting the control pa-
rameters satisfy the conditions of Theorem 3, this system can
be stabilized to the equilibrium point by a fractional-order con-
troller.

4.1. Stabilization of the fractional-order unified system

The unified system,[26] which is introduced by Lü et al.
in 2002, can unify the Lorenz, the Chen, and the Lü systems.
The expression for the fractional unified system is given by[27]

Dα1
t x1 = (25a+10)(x2− x1),

Dα2
t x2 = (28−35a)x1 +(29a−1)x2− x1x3,

Dα3
t x3 = x1x2− (a+8)/3x3, (27)

where a ∈ R and 𝛼 = (α1,α2,α3)
T is the fractional order

of derivatives. When a ∈ [0,0.8), system (27) is the frac-
tional generalized Lorenz system; when a = 0.8, it becomes
the fractional Lü system; when a ∈ (0.8,1], it is the frac-
tional generalized Chen system. If selecting a = 1, there
are three equilibrium points (0,0,0), (3

√
7,3
√

7,21), and
(−3
√

7,−3
√

7,21) in the system. With the fractional order
(α1,α2,α3) = (0.86,0.9,0.94), the incommensurate unified
system can generate chaos which is shown in Fig. 1.
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Fig. 1. (color online) Chaotic attractors in the fractional unified system with (α1,α2,α3) = (0.86,0.9,0.94). The panels (a), (b), (c), and (d) show the x2–x1,
x3–x1, x3–x2, and 3D views, respectively.

080501-5



Chin. Phys. B Vol. 23, No. 8 (2014) 080501

We can easily get the two-dimensional subsystem of sys-
tem (27) if x2 = x∗2,

Dα1
t x1 = (25a+10)(x∗2− x1),

Dα3
t x3 = x1x∗2− (a+8)/3x3. (28)

According to the Theorem 2, we can solve all roots of Eq. (10),
and the root λ0 = 1.0214+0.0684

√
−1, which has the small-

est compound angle, satisfies the condition of Theorem 2, i.e,
|argλ0| = 0.0668 > π/(2M), where M = 50. Then the sub-
system is asymptotically stable about the equilibrium point
x1 = x∗1 and x3 = x∗3. Therefore, let 𝑥 = [x1,x3]

T and y = x2,
system (27) satisfies Assumption 1. Thus, we add a fractional
controller in system (27) as follows:

Dα1
t x1 = (25a+10)(x2− x1),

Dα2
t x2 = (28−35a)x1 +(29a−1)x2− x1x3−ϕ(u),

Dα3
t x3 = x1x2− (a+8)/3x3, (29)

where control function ϕ(u) =−ku and D1−α2
t u = ω(x2−x∗2).

When the control parameters k and ω satisfy the condition of
Corollary 1, system (29) can be stabilized to the equilibrium
point 𝑥∗ by a single state fractional-order controller.

When selecting x∗2 = −3
√

7 and the parameters k = 300,
ω = 3, and u(0) = 0, the numerical results, illustrated in
Fig. 2, show that the fractional-order unified system is driven
to its equilibrium point (−3

√
7,−3

√
7,21) asymptotically as

t → ∞. When x∗2 changes, the controller can drive the system
to other equilibrium points.
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Fig. 2. (color online) Time waveforms of state variables x1 (a), x2 (b), and x3 (c) of the controlled fractional unified system.

4.2. Stabilization of the fractional-order Liu’s system

In 2009, Liu et al. introduced a 3D chaotic dynamical
system, which is called Liu’s system.[28] Its fractional-order
version was described by Gejji and Bhalekar,[29] and it has the
form:

Dα1
t x1(t) =−ax1− ex2

2,

Dα2
t x2(t) = bx2− kx1x3,

Dα3
t x3(t) =−cx3 +mx1x2, (30)

where a,b,c,e,k,m ∈ R. When a = e = 1, b = 2.5,
k = m = 4, and c = 5, the system has five equilibrium
points. Two of them are complex and three are real equi-
libriums (0,0,0), (−0.883883,0.940151,−0.664787), and
(−0.883883,−0.940151,−0.664787). If we consider the
commensurate system, the smallest order of this system to
generate chaos is 0.916.[2] With the order α1 = α2 = α3 =

0.94, the system (30) can generate chaos, which is shown in
Fig. 3.

We can easily get the two-dimensional subsystem of sys-
tem (30) if x2 = x∗2,

Dα1
t x1(t) =−ax1− ex∗2

2,

Dα3
t x3(t) =−cx3 +mx1x∗2. (31)

It is asymptotically stable about the equilibrium point x1 = x∗1
and x3 = x∗3, because the eigenvalues of the Jacobian matrix of
system (31), evaluated at (x∗1,x

∗
3) are λ1 = −a < 0 and λ2 =

−c < 0, which satisfy Eq. (8), i.e., |arg(λ )| > π/2 > απ/2.
Therefore, let 𝑥 = [x1,x3]

T and y = x2, system (30) satisfies
Assumption 1. Thus, we add a controller in system (30) as
follows:

Dα1
t x1(t) =−ax1− ex2

2,

Dα2
t x2(t) = bx2− kx1x3−ϕ(u),

Dα3
t x3(t) =−cx3 +mx1x2, (32)

where control function ϕ(u) =−ku and D1−α2
t u = ω(x2−x∗2).

When the control parameters k and ω satisfy the condition of
Corollary 1, system (32) can be stabilized to the equilibrium
point 𝑥∗ by a single state fractional-order controller.

When selecting x∗2 = 0.940151 and the parameters k = 50,
ω = 1, and u(0)= 0, the numerical results, illustrated in Fig. 4,
show that the fractional-order Liu system is driven to its equi-
librium point (−0.883883,0.940151,−0.664787) asymptoti-
cally as t→ ∞. When x∗2 changes, the controller can drive the
system to other equilibrium points.
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Fig. 4. (color online) Time waveforms of state variables x1 (a), x2 (b), and x3 (c) of the controlled fractional Liu’s system.

4.3. Stabilization of the fractional-order hyperchaotic
Chen system

In 2005, Li et al.[10] proposed a new hyperchaotic Chen
system from the Chen system, which is described by

ẋ1 = a(x2− x1)+ x4,

ẋ2 = dx1− x1x3 + cx2,

ẋ3 = x1x2−bx3,

ẋ4 = x2x3 + rx4, (33)

where a,b,c,d,k ∈ R. When a = 35, b = 3, c = 12, d = 7, and
0.085 < r ≤ 0.798, system (33) is hyperchaotic.[30] Then we
consider the fractional version of this system, which is given

by

Dα1
t x1 = a(x2− x1)+ x4,

Dα2
t x2 = dx1− x1x3 + cx2,

Dα3
t x3 = x1x2−bx3,

Dα4
t x4 = x2x3 + rx4, (34)

where αi (0 < αi ≤ 1, i = 1,2,3,4) is the fractional order.
When a = 35, b = 3, c = 12, d = 7, and k = 0.5, this sys-
tem has only one equilibrium point at (0,0,0,0). If we con-
sider the commensurate system, according to the numerical
simulations, the lowest order of this system to generate hy-
perchaos is 0.946. If selecting the order α = 0.96 and initial
value (2,2,1,−1), the system exhibits hyperchaotic behavior,
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as shown in Fig. 5.
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Fig. 5. (color online) Chaotic attractors in the fractional-order hyper-
chaotic Chen system with α = 0.96. The panels (a) and (b) show the
3D views of x3–x2–x1 and x4–x3–x2, respectively.

We can easily get the two-dimensional subsystem of sys-
tem (34) if x2 = x4 = 0

Dα
t x1 =−ax1,

Dα
t x3 =−bx3. (35)

It is asymptotically stable about the equilibrium point x1 =

x3 = 0, because the eigenvalues of the Jacobian matrix of sys-
tem (35), evaluated at (0,0), are λ1 =−a< 0 and λ2 =−b< 0,
which satisfy Eq. (8), i.e., |arg(λ )| > π/2 > απ/2. There-
fore, let 𝑥 = [x1,x3]

T and 𝑦 = [x2,x4]
T, system (34) satisfies

Assumption 1. Thus, we add controllers in system (34) as fol-
lows:

Dα
t x1 = a(x2− x1)+ x4,

Dα
t x2 = dx1− x1x3 + cx2 +ϕ1(u1),

Dα
t x3 = x1x2−bx3,

Dα
t x4 = x2x3 + rx4 +ϕ2(u2), (36)

where ϕi(ui) = −kiui (i = 1,2), D1−α
t u1 = ω1x2, D1−α

t u2 =

ω2x4 . When the control parameters k1,k2 and ω1,ω2 satisfy
the conditions of Corollary 2, system (36) can be stabilized by
a fractional-order controller.

When selecting parameters k1 = k2 = 100, ω1 = ω2 = 1,
𝑢(0) = 0, the numerical results, illustrated in Fig. 6, show that
the fractional-order system is driven to its equilibrium point
(0,0,0,0) asymptotically as t→ ∞.
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Fig. 6. (color online) Time waveforms of state variables x1 (a), x2 (b), x3 (c), and x4 (d) of the controlled fractional hyperchaotic Chen system.
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4.4. Stabilization of the fractional-order hyperchaotic
Lorenz system

Wang et al.[30] added a nonlinear controller x4 to the first
equation of the Lorenz system,[2] and let ẋ4 = −x2x3 + rx4,
then a new system is obtained

ẋ1 = a(x2− x1)+ x4,

ẋ2 = cx1− x1x3− x2,

ẋ3 = x1x2−bx3,

ẋ4 =−x2x3 + rx4. (37)

When a= 10, b= 8/3, c= 28, and r =−1, the system ex-
hibits a hyperchaotic behavior. Wang et al.[31] considered the
4D fractional-order Lorenz system, which can be described as

Dα1
t x1 = a(x2− x1)+ x4,

Dα2
t x2 = cx1− x1x3− x2,

Dα3
t x3 = x1x2−bx3,

Dα4
t x4 = x2x3 + rx4. (38)

When selecting the parameters as a = 10, b = 8/3,
c = 28, r = −1, and αi = 0.98 (i = 1,2,3,4), system (37)
is hyperchaotic.[31] Then we consider the fractional ver-
sion of this system, which is incommensurate. By cal-
culation, this system has five equilibrium points. Two
of them are complex and three are real equilibriums
(0,0,0), (−1.166531,−21.626769,9.460608,204.602380),
and (1.166531,21.626769,9.460608,−204.602380). If se-
lecting the order α1 = 0.94, α2 = 0.96, α3 = 0.97, α4 = 0.99,
and initial value (2,−2,1,−1), the system exhibits hyper-
chaotic behavior, as shown in Fig. 7.

We can easily get the two-dimensional subsystem of sys-
tem (39) if x2 = x∗2 and x4 = x∗4

Dα1
t x1 = a(x∗2− x1)+ x∗4,

Dα3
t x3 = x1x∗2−bx3. (39)

According to Theorem 2, we can solve all roots of Eq. (10),
and the root λ0 = 1.0096−0.0327

√
−1, which has the small-

est compound angle, satisfies the condition of Theorem 2,
i.e., |argλ0| = 0.0324 > π/(2M), where M = 100. Then
the subsystem is asymptotically stable about the equilibrium
point x1 = x∗1 and x3 = x∗3. Therefore, let 𝑥 = [x1,x3]

T and
𝑦 = [x2,x4]

T, system (39) satisfies Assumption 1. Thus, we
add controllers in system (38) as follows:

Dα1
t x1 = a(x2− x1)+ x4,

Dα2
t x2 = dx1− x1x3 + cx2 +ϕ1(u1),

Dα3
t x3 = x1x2−bx3,

Dα4
t x4 = x2x3 + rx4 +ϕ2(u2), (40)

where ϕi(ui) = −kiui (i = 1,2), D1−α2
t u1 = ω1x2, D1−α4

t u2 =

ω2x4. When the control parameters k1,k2 and ω1,ω2 satisfy
the conditions of Corollary 2, the system can be stabilized by
the fractional-order controller.
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Fig. 7. (color online) Chaotic attractors in the fractional hyperchaotic
Lorenz system with (α1,α2,α3,α4) = (0.94,0.96,0.97,0.99). Panels
(a) and (b) show the 3D views of x3–x2–x1 and x4–x3–x2, respectively.

When selecting the equilibrium point x∗2 = 21.626769,
x∗4 =−204.602390, the parameters k1 = k2 = 100, ω1 = ω2 =

1, and initial value 𝑢(0) = 0, the numerical results are il-
lustrated in Fig. 8, which shows that the fractional-order hy-
perchaotic Lorenz system is driven to its equilibrium point
(−1.166531,21.626769,9.460608,−204.602390) asymptoti-
cally as t → ∞. When x∗2 and x∗4 change, the controller can
drive the system to other equilibrium points.

4.5. Comparing fractional-order controller with tradi-
tional controllers

Finally, in order to compare the fractional-order con-
troller with traditional controllers, we also apply the lin-
ear feedback control method in Ref. [15] to control Chen’s
system to its equilibrium point (−3

√
7,−3

√
7,21) and ap-

ply the nonlinear feedback control in Ref. [31] to control
the hyperchaotic Lorenz system to its equilibrium point
(1.167,21.627,9.461,−204.602). The numerical results, il-
lustrated in Fig. 9 and Fig. 10, show that the fractional-order
Chen system and hyperchaotic Lorenz system are driven to
their equilibrium points asymptotically as t→∞, respectively.
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By comparing Fig. 2 and Fig. 9, we can see that the fractional-
order controller controls the state variables x1(t), x2(t), x3(t)
to the equilibrium point at about 0.5 s, 0.5 s, and 1.2 s respec-
tively, but the linear feedback control is at about 2.5 s in the
same precision. By comparing Fig. 8 and Fig. 10, we can see
that the fractional-order controller controls the state variables
x1(t), x2(t), x3(t), x4(t) to the equilibrium point at about 1.5 s,
0.2 s, 1.5 s, and 0.2 s respectively, but the nonlinear feedback
control is at about 6 s in the same precision. These also show
that the fractional-order controller can control the fractional-
order chaotic and hyperchaotic systems more effectively and
quickly than traditional controllers.

5. Conclusion
In this letter, we proposed a fractional-order controller

and presented a control law for the arbitrary dimensional com-
mensurate (or incommensurate) fractional-order systems. Ac-
cording to the Lyapunov stability theorem of the fractional-
order systems, the control law achieved the stabilization of
the fractional-order chaotic and hyperchaotic systems. The
proposed method provides a theoretical basis for the ap-
plications of the fractional-order control in fractional dy-
namic systems. Our proposed controller is very simple, uni-
versal and could be easily realized experimentally. Fur-
thermore, this method can control fractional-order chaotic
and hyperchaotic systems more effectively and quickly than
traditional controllers. We have implemented and verified
our method for other fractional-order chaotic and hyper-
chaotic systems,[2,13,24] namely: the fractional-order Newton–
Leipnik’s system, Lü’s chaotic system, financial system, hy-
perchaotic Rössler system, etc. The numerical simulation re-
sults indicate that the proposed controller can effectively con-
trol the fractional-order chaotic and hyperchaotic systems, and
the proposed method provides a theoretical basis for applica-
tions of the fractional-order control in fractional dynamic sys-
tems.

In future works on this topic, we will consider whether the
proposed method can be extended to the control of other com-
plex chaotic systems, such as fractional multi-scroll chaotic
systems,[32] and networked fractional chaotic systems.[33–36]

Multi-scroll chaotic systems have non-smooth functions and

complex multi-scroll chaotic attractors, which make systems
much more complex than the similar fractional chaotic sys-
tems. The networked fractional chaotic systems are composed
of many nodes, and each node receives information from its
adjacent nodes. Extending the proposed method to these sys-
tems is important for both control theory and applications of
fractional chaotic systems.
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