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A sufficient and necessary criterion for separability of bipartite quantum states is presented. We construct a class of
mixed states in 2 ® k quantum systems and in 3 ® k quantum systems, respectively and show that these states are separable

if and only if they are positive partial transpositions.
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1. Introduction

Quantum entanglement is one of the most remarkable fea-
tures of quantum mechanics!'?! that has found wide applica-
tions in the rapidly expanding field of quantum information
processing. A fundamental problem in the theory of quantum
entanglement is to check whether a given state is entangled
or separable. For the case of pure states, determining an en-
tangled state is very easy, since it is based on properties of the
Schmidt decomposition. However, for the case of mixed bipar-
tite states, no single practical procedure guaranteed to detect
the entanglement of every entangled state has been found so
far. There exists a considerable effect to analyze the separabil-
ity and quantitative character of quantum entanglement!3-16]
In Ref. [17], Peres discovered a very strong necessary condi-
tion of separability, namely, that the separable states remain
positive if they are subjected to a partial transposition (PPT
criterion). This was soon shown by Horodecki et al. to be
sufficient for 2®2 and 2 ® 3 bipartite systems.!!® The reduc-
tion criterion for separability was proposed in Ref. [19]. This
criterion is equivalent to the PPT criterion for 2 ® n compos-
ite systems, but it is not sufficient for separability in general.
More criteria were presented in Refs. [20] and [21], which are
necessary conditions for a state to be separable and comple-
ment the PPT criterion in certain aspects. The majorization

2 (23] are also

criterion/?? and generalized realignment criterion
necessary conditions for separability. Some necessary and suf-
ficient operational criteria for low rank density matrices were
provided in Refs. [24]-[26]. In Ref. [27] the authors showed
that the PPT criterion is both necessary and sufficient for sep-
arability in 3 ® 3 quantum systems.

In this paper, we study quantum states in which the PPT
criterion is both sufficient and necessary for separability. First,
we present a sufficient and necessary condition for separabil-

ity of quantum states in 2 ® k quantum systems. Then we con-
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struct a class of mixed states in 3 ® k quantum systems and
show that these states are separable if and only if they are PPT.
We generalize the results of 3 ® 3 systems in Ref. [27] to the
case of 3 ® k systems.

2. Separability in 2 ® k quantum systems

In this section, we consider a class of quantum mixed
states in 2 ® k systems given by

k
p =Y MlX)(Xi, (D
i=1

where Z{-‘:l Ai=1,0< A; < 1, |X;) are orthonormal vectors,
i=1,2,...k

IX1) = (a1,0,...,0,0,0,0,...,0,a))T, ...,
IX:) = (0,0,...,0,4,0,0,...,a},0)T, )

where a;,d,i=1,2,...,k, are non-zero complex numbers and
T stands for transposition.

A permutation operator acting on the second system is
defined as

0 0 0 1
10 00
p_| 01 00 |
0 0 10

then we have

T
(I®P)(ar,az,... a1,k Q1,425 - - - Q2k—1,2k)

T
= (ak,ai,...,ax—2,8k—1,00k, Ak 41, - - -, A2k—2,a2%—1) , (3)

and P¥ = I, where I denotes identity matrix. The matrix p’8
has the form as follows:
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Maa 0 ... 0 0 lhad, ... 0 0
0 lhaam .. 0 0 0 0o ... 0 0
0 0 lkflakflakfl 0 0 0 0 lkakaz
0 0 0 haya  Mad, 0 0 0
pTB — _
0 0 0 Mdjar  Adhdl 0 0 0 ’
hdia; 0 0 0 0  Mad 0 0
0 0 0 Mdd, 0
0 aiax 0 0  M\dd|

where a@; and aiﬁ denote the conjugate of a; and a/.
The non-negativity of p’, i.e., p’ > 0, is equivalent to
the non-negativity of the following 2 x 2 matrices:

e (20T BT
i1 @1 Aigadl ), ) e

where the indices are k+1 =1 and k+2 = 2. The non-

negativity of A; is equivalent to the following inequalities

MidisalaiPlats|* > Adlaia Plab |7, i=1,2,. 0k (5)

We can show that the inequalities (5) are equalities, and the
proof is shown in Appendix A. Therefore, these equalities can
be written as

! / i6;
VAikippaial,, = Aipraip1a; €',

where all 6; € [—m, 7]
state decomposition p = Y'X_, |y;) (| such that all states |y;),

1 =1,2,...,k, are separable. |y;) can be generally expressed

as W) =YX V) = Y2, lezl afj|ij> , where u,, are the

entries of a k x k unitary matrix U and |Y,,) = v/A|Xp). Let
B = (afj)zxk, and suppose the matrix U has the following
form U = (uj)kxx = (cire'®%)gxx. According to the unitary

i=1,2,... .k (6

Next we show that p has a pure

condition of U, we have
k

Z CmiCni = Opn- @)
=1

Then B;, I =1,2,...,k, has the following form

B — \/Tlalull \/TZaZMZI \/T3a3u3l A’kakukl (8)
'\ Viadbuy sdsuz Nadyus .. N Adiuy |

It is straightforward to verify that the matrix B; has rank one if
i(6,+6 2 .i6 i(6;+6.
ey e O =3 e1% ey el 00 = ey (9)

As 0 < rank(BlBlT) < rank(Bl)rank(B;f), if the rank of
B, is one, matrix BlB;f has also rank one and |y;) is sep-
arable, then p has separable pure state decomposition p =
Y5, |wi){w| and p is separable if it is PPT.

If p is separable, then it is necessary for PPT, which was
shown in Ref. [17]; therefore, we have the following theorem.

Theorem 1 If the state p satisfies cjjc3e!(@163) =
c%le“92,c11c4;1ei(91+‘94> = ¢yic3, 0; € [—m, 7], then it is sepa-
rable if and only if it is PPT.

3. Separability in 3 ® k quantum systems

In this section, we consider a class of quantum mixed
states in 3 ® k systems given by

k
p =Y MlXi)(Xi, (10)
i=1

where Y¥ | 2; =1, 0 < 4 < 1, |X;) are orthonormal vectors,
i=1,2,... k.

1X1) = (a1,0,...,0,0,0,0,...,d},0,0,0,...,0,d])",

1X2) = (0,as,...,0,0,0,0,...,0,d5,d5,0,...,0,0)T,

IX;_1) = (0,0,...,a;_1,0,0,...,a;_;,0,0,0,0,...,a;_;,0,0)T,
1X;) = (0,0,...,0,a,0,...,4a},00,0,0,...,a;,0)T, (1)
where a;, a., a!,i=1,2,... k are non-zero complex numbers,

T stands for transposition. We define a permutation operator
P acting on the second system

(I®P)(al7a2a~ ey Qp— 1, Ay A1, k425 - -5
T
A2k—1, A2k A2k4-1, A2%+25 - - - 7a3k717a3k)
= (akaalv' ey A2, Af—1, 2%y Af+415- -+ 5

12)

T
A2k—2,0k—1, A3, A2k 415 - - -, A3k—2,A3k—1)

then we have PK = I.
The non-negativity of p’® is equivalent to the non-
negativity of the following 3 x 3 matrices

Aiai@;  Aip2ai0d;,, Aiviaivial
Ai = | A2 @52 Airady4aiyy Aiv3disal,s |
Ai1af @it Aig3afy 0y Aivadoai,,
i=1,2,.. .k (13)
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Where the indicesare k+1=1,k+2=2,and k+3 = 3. The
non-negativity of A; is equivalent to the following inequalities

Aidivalaillai 4 > A5 laisol?la), o], (14)
Aidivalail*|afyo* > A2 |ai1 Plaf (15)
AiadivalalalPlal o> > A5 lal s Plals), (16)

Aidiz2divalail|af |l )

+2Ai 1 Aiv2Ai3Re(aig Kaéﬂmaﬁ’%a)

- /lfﬂ|ai+2|2|a§+2|2|a§'+2|2 - lifli%rs |ai|2|a:'+3 |2|af'/+3 |2
— i divalaivi [Plaly Plai® > 0. (7

In a similar way, as shown in Section 2, inequalities (14)—(16)
can be written as

! / 0!
A:'lt'—~-4511'51,'_~_4 = 7L,'+2a,~+2ai+2 e! i+2

" " i0!"
)Lili+20iai+2 = li+1ai+1ai+l e!Vi+1 ,

sl
\/ma;+4a;/+2 = ﬁ,,’+3a;+3a;/+3 elez'4r37 (18)
where all 6; € [-m,7],i=1,2,....k. In fact, 8/, = 6", the

i+2 — Yig2r
proof is given in Appendix B. Let 6, denote 6", and 6/,

V2 =6/l =642, i=12,.. k. (19)

Next we show that p has a pure state decomposition p =
Y5 lwi)(w| such that all states |y;), [ = 1,2,....k, are
separable.  |y;) can be generally expressed as |y;) =
an:] Ui | Ym) = Z?:l Zl}zlafj\iﬁ, where u,,; are the entries
of a k x k unitary matrix U and |Y,;,) = /A |Xm). Let B =
(afj)3xk, and suppose the matrix U has the following form
U = (tip)ixk = (ciie'%)gxx. According to the unitary condi-
tion of U, we have

k
Z CmiCnl = Omn- (20)
=1
Then
Vhaiuy Vaaouy VAzazuz .../ Aaguy
/ / / /
Bl = v }{,3613113[ vV ?L4a4u41 lsasuy NV )1.261/21/!2[ .(21)
\/Aza/z/uy vV 7L3a’3'u31 A 2,4612(1,{4] \/;L]a/{ul[
If
clcy ei(91+93) — C%ZeiGZ,
. , .
c1/Cs) 61(91+95+93) _ C%l 61293,
i(6;+6.
crica e’ O = cycy, (22)

the matrix B; has rank one. Therefore, p has separable pure
state decomposition, and p is separable if it is PPT.

171 therefore,

If p is separable then it is necessary for PPT,
we have the following theorem:

Theorem 2 If the state p satisfies Eqs. (22), then it is
separable if and only if it is PPT.

Remark 1 If k = 3, the results are the same as those in
Ref. [27]. We thus generalized the results of 3 ® 3 systems in

Ref. [27] to the case of 3 ® k systems.

4. Conclusion and remarks

We have studied the quantum states for which the PPT
criterion is both sufficient and necessary for separability. First,
we presented a sufficient and necessary condition for separa-
bility of quantum states in 2 ® k systems, which is not con-
sidered in Ref. [27]. It has been shown that all 2 x k NPT
(negative under partial transposition) states are distillable.[*%]
Therefore, if the state p does not satisfy cycy el @t0s) —
C%lei927C11C4161(91+94) =cyc3y, 0; € [—71,', 77.7], p is not only en-
tangled but also distillable.

Then we constructed a class of mixed states in 3 ® k quan-
tum systems and showed that these states are separable if and
only if they are PPT. The results of 3 ® 3 systems in Ref. [27]
are generalized to the case of 3 ® k systems. Separable states
contain no entanglement, so it is impossible to convert them
into entangled states by LOCC (local operations and classi-
cal communication) operations. Therefore, the states we con-
structed cannot be distilled. Moreover, in a similar way, the
sufficient and necessary condition for separability of quantum
mixed states in higher dimensions can be obtained. We hope
that our results will help further investigations of multipartite
quantum systems.

Appendix A

In fact, for the case of i = 1 suppose that
Ml lay | < M dglar a3 ?, (AD)

by multiplying A3|a3|> on both sides of inequality (A1), and
using inequality (5) for i = 2 we have
Rodslasla]? < AaAalar a3 ?, (A2)

then by multiplying A4|a4|?> on both sides of inequality (A2),
and using inequality (5) for i = 3 we have

lgl4|a4\2\a/2’|2 < MAs|ay \2|a/5'\2. (A3)

By repeating the above procedure k — 3 times, at last, we have

Johi_1|ds P lag—1|* < M Alar|?|d})?, (A4)

by multiplying Ax|ax|*> on both sides of inequality (A4), and
using inequality (5) for i = k — 1, k successively we have

/Izﬂvk—llk|a’2|2\ak—1|2|€lk|2 < }LI;LI<2|a1 |2\a§<|2|ak\2

< Dol el ds ) ar—1 [P lax?, (A5)

which contradicts itself. So

A las* |y = M Aslan a3 .
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Appendix B
Using Egs. (18), inequality (17) becomes

e P /A I
Re()l'ﬂrl)“i+3ai+1a;{i-lai+zai+2ai+3a;+3)
20 .00 121 2
> Aidivalail™|ai | |aj 4] (BI)
According to Egs. (18), we can also obtain
- —_—n 7
|Ais1Ai3aiv1a], 1 dip0liad;, 3a; 5
" 12 _
= VA1 Ainslaidl 5|V A1 Aiss lal, a;, l|a; a7 2]

= )Lili+4\ai\2|a§/+2\2\‘1§+4\2~ (B2)

Therefore,

Re(Aiv1Ais3air1a]y @i o Tiady3a;, 5)
= Aidivalail|af o] |al o] (B3)

By using Eq. (B3) we have

I / —_— I !
Ait1Ai3ai1a], (A} 0207 300,

1 / —_ I /
Ai2Aipaai0ay, o 30i3a] 44,
20,0 |12,/ 2
Aidivalail”|ai | |ai, 4]
27
sl

s Aigslai Plal 5]?|dl,

then
. / 1 " _ " . / 71 2 k
Ait14i12di13di14 = ip19i12Gi+3114, L= 145005 K.

By using Eqgs. (18), we get

A, 2 /’L 3 N/ "
Vi1 Aiss /A2 ita
i3 Aia A
" / " 0! 0!
ai13af 30l 0] e O TOR) (B4

VA&izaAiva /i1 Aits
then we have

" m o " " .
02— 60 =063 63, i=12,.. k

On the other hand, we have

1 / —_ /
i1 Ait3ai1a], | Ar @2y 300

— 1 /= /
= Re(li+1)~i+3ai+lai+1ai+2ai+2ai+3ai+3)

= Aidisalail®|als P [alya ), (BS)

i
and

7 / —_ ! /
Ai1Ais30ir1a}, 0y 00i20;, 307, 5

/! 1 / / —_—
=V li+lzfi+3ai+1ai+3 A% li+11i+3a,-+1Cl,-+361,-4.2611'+2

9" __p
:/L')vi+4\ai|2|“§/+2|2|“;+4\2e‘(eiﬂ b)) (B6)

Therefore, 6/, = 6/"/,.
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