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New operator-ordering identities and associative integration
formulas of two-variable Hermite polynomials for
constructing non-Gaussian states”
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For directly normalizing the photon non-Gaussian states (e.g., photon added and subtracted squeezed states), we use
the method of integration within an ordered product (IWOP) of operators to derive some new bosonic operator-ordering
identities. We also derive some new integration transformation formulas about one- and two-variable Hermite polynomials
in complex function space. These operator identities and associative integration formulas provide much convenience for

constructing non-Gaussian states in quantum engineering.
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1. Introduction

In recent years some theoretical and experimental ef-
forts have been made towards engineering and controlling
highly nonclassical, non-Gaussian squeezed states of opti-
cal fields.['-®1 Performing photon subtraction or addition on
a given Gaussian state, especially on a coherent state and
squeezed state, is a possible approach to generating non-
Gaussian states. For instance, the n-photon added squeezed
state |y) is expressed as!”!

ly1) = Cil|A),,
IA), = a™S()|0)

1
= sechl/zlamexp <2aT2tanhl) |0}, (1

where S(A) = exp[(A/2) (a™*—a?)] is the single-mode
squeezing operator, C; is the normalization constant, a' is
the photon creation operator and a is the annihilation opera-
tor, obeying [a,a’] = 1, and |0) is the vacuum. The n-photon
subtracted squeezed state is expressed as!®!

ly2) = C2a"S(1)]0)
= CysechAd" exp (;aT2 tanhk) |0}, )

where C, is the normalization constant. Generally speaking,
for constructing optical non-Gaussian states we need two new
operator identities for respectively converting es@ gnginefa”
and e%” aa" /4" into their normal ordering form. Itis com-
monly acknowledged that this is a tough task. Luckily, Fan et
al. invented the method of integration within an ordered prod-
uct (IWOP) of operators,>!% which enlightened us to derive
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new bosonic operator ordering identities for normalizing non-
Gaussian states. Correspondingly, we shall deduce some new
associative integration transformation formulas about one- and
two-variable Hermite polynomials in complex function space.
In Sections 2 and 3 we shall use the coherent state representa-
tion |z), defined as

|Z> — ef‘Z‘z/erZaT |O> , (3)

and the IWOP method to achieve our goal. For instance, since

. L t
the vacuum projector normal ordering is [0)(0| =: e~ “: ,

where : : denotes the normal ordering, the overcompleteness
relation of |z) can be recast into normally ordered Gaussian
form by virtue of the IWOP method!!!-1?]

2 2
/B|Z><Z| :/B: e @D, —
T T ’
d%;= dxdy, z=x+1y, @)

and density operator *J3-representation can be put into

d2 d2 w_
p=[TR@RE= [ TH@: )

Once ‘B (z) of p is known, we can derive p normal ordering
form by performing the integration within normal ordering in
Eq. (9).

2. Concise operator identity for normally order-
. +
ing e$a™a'nefa
In this section we shall derive a concise operator identity
for normally ordering e%“a”a"™ e/ . From the integration

dZZ Zmz*n e
/776 ll :811,ma (6)

T n!m!
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it follows that 7 is the orthonormal basis of a function

space, then by considering the independent displacement

(z=n/8) =z (T —-§/8) =7

I = /d?zzzmz*”eXp (—CIZI2+§Z+TIZ*)
= /dizsz*”eXP{—C[(z—n/C)(Z*—é/C)Hén/C}
= e [ £ @ +8/8)

and making the dilation z — ' /+/¢, z* — 7*/+/C in Eq. (7)

(z+n/)" e ¢ )

we obtain
o [ 42 ( ) (\Z//%+§/C>n
- én/C\/W/ﬂZ(z+n/\/Z)m<z*+5/\/z)n
><e7|Z‘2

= == 2L () () v
(5/[) /d EokleP
RV fwﬂz( >(’l’> (n/v2)""
< (e/v2)"

gy (w21 B oy ”715> g
()" ¢ e/ (\/Z\/E (®)

where in the last step we have introduced the definition of the

two-variable Hermite polynomials!!3:14]

min(m,n] mn!(—1)!
l;) IN(m—1)(n—1)!

Equation (8) is a new integration transformation formula about

Hyp (x,y) = Xyl 9)

the two-variable Hermite polynomials. According to Egs. (8)
and (4), we can directly use the IWOP method to obtain the
new operator identity as follows:

e8gmgm e fa
d?z
- eg”am/—z\zﬂz\amefﬂ
T
= d72z: e—(z*—d*)(z—a)+gz+fz*: 7
T
= (—i)y™n: efstsatfa'y aliat+f),i(a"+g)]:
_ (7i)m+ﬂ : ef8+ga+fa'H [1 (a +g) (a+f):| . (10)

This operator identity is useful for normalizing the photon-
added coherent states Coa™ |z), and here we assume

|C0| <Z‘anaT"|z> — ol |C()| O] e Zagn,tn gzat 10)

=1, (1)
where according to Eq. (10)

¥
e? aanaTn za

= (—1)"2 € n,n [1 (aT+Z*)7

Substituting Eq. (12) into Eq. (11) yields

|Z‘2+Z CH“ZaTH l(a‘i‘z)} - (12)

ICol* (z]a"a™ |z) = |Col* (=1)"H,, (iz",iz) = 1. (13)

By comparing the definition of Laguerre polynomials

L,(x)=Y (7) (_l!l)[xl

=0

with Eq. (9) we see

L, (Xy) = (_nil')n

s0 Co = 1/+/n'L, (—|z]?).

In Eq. (8), when { =1 and £ = n*, we have the fol-

Hn,’l (X,y), (14)

lowing integration transformation for converting z”z*" into
Hy (i, in"):
d%z
/71'"2*” exp (— l2* +n*z+ nz*>
= (=)™ ey, (in,in"). (15)

In Eq. (10), when f = 0 and g = 0, we see the concise operator
indentity as follows:

a"a™" = (—=i)""": Hyp (ia',ia) 1, (16)

it follows

nem
Z Tt anaTm

Im!
nmeo i

= (—iT) (—it)" L
= Z %: Hy (1a1,1a) . (17)
n,m=0 s

On the other hand,

ta tat

= e™e =: exp(ta+ta’ +1t):

= exp [~ (—i7) (—it) + (=it) (ia") + (—i7) (ia)] : , (18)

comparing Eq. (17) with Eq. (18), we see that the generat-
ing function of two-variable Hermite polynomials H,, ,(x,y)
should be

oo

"
Z mHm,n (x,y)zexp(—tr+tx+’cy), (19)
nm=0"""""

which is the generating function of H,, , (x,y), or

aern

Hon3) = S

exp(—tT+tx+7y)|rr=0.  (20)
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It then follows that

— e ITeld em+
texp (—tT+ta+7ta’):

)
n,m=

where i i denotes antinormal ordering, so the concise antinor-

nem
l‘Hm.,n (a’aT) i

21
On!m!

mal ordering form of a™a™ is

fn_m

a a = ;Hm,n (a’aT) = ‘Hn,m (aT’a) i (22)

3. Concise operator identity for normally order-
. 12
ing ef o g g tnega
For constructing non-Gaussian states (say, photon-added

squeezed states) with the aid of the IWOP method we will need
to derive an associative integration formula

2
,25/2
4

= A1/ (i\/§> (i

(C 2|* + Ez 42t + £ +gz*2)
n'm!

f ™ min[n,m] C k
A) L (%)
X =k (m—k)!

an*m exp

) eV, (@3
|

where

—CEn+gE2+ fn?
A b

A= —4fg, W= (24)

and H,,_ is the usual single-variable Hermite polynomial.
Proof By introducing auxiliary parameters ¢ and 7 as the
following expression

L gntm /LZZ
> 9ot | xm
x oxp (1o +(E+0)z+ (+7)7 + 2+ 7% |uamo

(25
and using the known integration formulal!>!
d2
[ Sew (Gl gz n + 2+ g27)
1 o 2 2
_ exp[ Cénjfn +86 } 26)
V2 —4fg C>—4fg

where {, f, and g are assumed to be the values such that the
above integration is convergent whose convergent condition is
Re({+ f+g) <0and

$2—4fg
R(Cifig> <0

we perform the integration in Eq. (25)

_ Lo —Grt+(2fn—C8) 1+ (286 —Cm)r + f7° + g1 w
b= g | A I} 7
Expanding the term exp[—({/A)¢7] into a power series we have
P SR - B A CANN [eT) R IR e S NET A W
2= VAo Ak \ A P A =0
n+m o N k 2k N B 2 2
L S 2 oxp |1 RO S|
~ k! 2gE— 26— _
=0 p) ( géA §17) p) ( fT]A Ci) 1,7=0
\
Then we use the generating function formula of single- 22g§—§ ni/gt i/gt 2
variable Hermite polynomials H,, (x) x exp 2iveA VA \ VA o
Hy (x) = o exp (2xt —1%) |i=o (29) VA) "\ 2iVeA
and
to obtain
9" [(2g¢3€n)t+gt2} om (2fn—CE) T+ f72
5., €Xp li=0 exp [ :|
ot A ar A =0
1\/§>” " f m 2f .
= (W8 — _ (. n—¢é¢
(\/Z 2 (iva/Va) - (1 A) H’"( 2iV/7A ) Gl
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Substituting Eqgs. (30) and (31) into Eq. (28) we obtain

)
)

X

><Hm<

wke(a

k

(Zgé: én

<i

mite polynomials

dl

we have

ak

)

(i

2fn—-¢¢

5

"a<2fn Cé>

2iy/7A

) o <28§ _gf\n

2ln!
&)= gy et 9

2fn—¢¢

2i/gA

a(anéé

A

-

ak

2i\/fA

)

2fn ¢

(ﬂ

(VZ

2i\/f

and

k
21\/7>

ak

e=3

¢ 2km)
> ot

2g& —{n

ot

21— Cé)
2174

a(Zgién

A

o

8]‘

2i4/gA

)

2iV/7A

2¢€ —Cn

<\/71

k
21\/g>

:<V7‘

21\f>

2g& —Cn
Je

2k

(n—

it

ol

2i4/gA

2g¢ —Cn)
2i\gA )

Substituting Eqgs. (34) and (35) into Eq. (32) leads to

(o) )

VA

qu

£ (

azk

)

VA
2i/T

)

>k

YA
2i8

2g§ —¢n

— A71/2 (l

8

A

F

J(

f

A

2g& —{n
2i\/gA

e
)

2174

min[n,m|

k=0

) o

2fn—-¢¢

(

2fn—¢¢

2iV/fA

)

¢

Vfg

.

7

) . (32)

Further, using the recurrence relation of single-variable Her-

(33)

(34)

(35)

nlm! 2¢E —¢n
% k!(n—k)!(m—k)!H”k( 2i/zA )

2fn—C0S8\ w
X Hpy—k (W) e, (36)

thus equation (23) is proved.

Using Eq. (30) and the IWOP method, we have the new
operator identity

2 . 2

efa a"almese

faz m dzz n gaTZ
e/Cd" [ —= |2)(z|a™e

dZZ s AV - 2 *2
/ - 7 e (z*—a")(z—a)+fz"+gz .

n ™ min[n,m] k
_anf gy ()L (—1)
(i) (lVA/> L\

n'm!

K= k) (m—k)!

T T
Xt Hp—k za §+a Hy—k zfa+a
2i+/gA’ 2iy/fA’
Afoal 2 2
X CXp( fga a+ga +fa ) Ty

> @37

where A’ = 1 —4fg. This is useful for normalizing the follow-
ing photon-added squeezed states defined in Eq. (1):

1 = (v |y1)
= [C1]* W (A [A),

2
= |C1|*sech A (0]exp <a2 tanhl) d'a™"

X exp <;a"‘2 tanhl) |0). (38)

In Eq. (37), when we take f = g = tanh A /2, A’ = sech® A,
m = n, it follows that

2
1 = |C1|*sechA (0] exp (aztanhl> a'a’™"

a2
X exp (Ztanhl) |0)

B 5 _l ) n n B 2 k
= |C] ( 4smh27L) k;)( tanhl)

n'm!

X o Hek O (39)

where
Hy, (0) = (—1)"2"(2n—1)!!, Hpuy1 (0) =0. 40)

On the other hand, in Ref. [16] we have shown that |A), is
normalized as

2 (A|A), =n!(coshd)"P,(coshA) = |Ci| 2,  (41)
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where P, (coshAd) is a Legendre polynomial. Comparing 4. Concise operator identity for normally order-

Eqgs. (38) and (41) with Eq. (39) we obtain ing 8@ gtngmefa®?
n k 2 .
Z (_ 2 ) (n!) H,_; (0)] For normalizing photon subtracted-squeezed states,
e
=\ tanhd ) kl[(n—k)!] we need another operator identity for transforming
_ n!(—2)" P, (cosh.) @2) 8% g efa" o its normal ordering. For the possibility
sinh” A

of using the IWOP method to solve this problem, we need to

which is a new relation. derive the following new integration formula

I

d2
/TZH,,M (z,7") exp (C 2>+ Ez+nz* +fzz+gz*2)
an+m d2
= W/?ZGXP {C|Z|2+(€ +t)z+(17+T)z*+fzz+gz*2—tr} [P
1 gmm 1 )
= g P g [EEFN D10 g (G ot oo

1 g (+A | 2gE—Cn g 2fn-GE  f7
—matnafmexp<‘ a T +A“A+A)

where the generating function formula Eq. (20) of H,,,, has been used, A = {? —4fg and W = (—{&n + g% + fn?)/A. Then
we use the generating function formula Eq. (29) of H,

v (43)

1 &1 92 A l gntm o) i
]3:727' 1 Z<C+ ) 8 mexp( gé CTI +7: n C§+T2f) w
VA= 1! 5 26 —¢n 5 2fn —CE A "9t A A A AJ | 2=0
A A
_ 1 il 0 < C+A)l<. g>"H (2g§C17) \/7 <2fn C<§>
- = , (- i /8) m, (2221 (42 w,
Az:o”(9 2¢8 —¢&n P 2fn—¢&¢& A A 2ivgA A 21V fA
A A
(44)
Again using Eq. (33), we obtain the new associative integra- | y nlm! “H, <2ga* +a>
tion formula Nn—0)'m-0r" " 2i+/gA’
2fa+a’ dfga’a+ga'* + fa?
d?*z sjara :
/7Hnm 7,7 eXp<Clz| FEz+ N+ [P+ gl ) XHm_I(Zi\/fA’>eXp( A +, (46)
1 min{n,m| +A / f m—l
— ( ( \/7> (i ) which, in the case of f = g =tanhA/2, A’ = sech’A, m=n,
VA A A can be used for normalizing the photon subtracted-squeezed
» nlm! H, 2¢§ —¢n state |y») in Eq. (2),
Nin=D'm—=0!"""\ 2i/gA
2/fn—¢68\ w iy
X Hy—y <W e . (45) 1 = (v |ys) = |C2|*sech A exp (a tanhl) "a"
Now we use Egs. (5), (22), and (45) to derive the following X exp <laT2 tanh 7L> |0)
operator identity: 2 .
sinh? 4\
efaza'l‘man egzﬁ2 ‘C2| Z ( )
_ gaz.H ¥ . d2Z gat? n'm! 2
= 8ty (a',a): [ —=[2) (e x [H,_ (0))%. (47)

K (n—k)! (m—k)!

2
- /BHnm(Z ) e~ (@ —aNea)Hf g,
T ', On the other hand, in Ref. [17], we have shown

1 min{n,m| 1 l g n—l f m=1
— 1 i.]2 ES
JA 1;) [A/ }(‘ A’) "W G| 2 = n! (—isinhA)" P, (isinhA), 48)
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thus we see another new relation

3 sinh” o nlm!
kgf) <_ n4 ) K (n—k)! (m—k)! [Hy—« (0)}2

= n!(—isinhA)"P, (isinhA). (49)

5. Summary

In summary, for constructing optical non-Gaussian
states!!* in optical engineering, we need to use the IWOP
method to derive some new operator identities. We ob-
tained some new associative integration transformation for-
mulas about one- and two-variable Hermite polynomials in
complex function space. These operator identities can also
be used to calculate a non-Gaussian state Wigner function, P-
representation, etc.
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