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In this paper, we present a multi-symplectic Hamiltonian formulation of the coupled Schrödinger-KdV equations
(CSKE) with periodic boundary conditions. Then we develop a novel multi-symplectic Fourier pseudospectral (MSFP)
scheme for the CSKE. In numerical experiments, we compare the MSFP method with the Crank–Nicholson (CN) method.
Our results show high accuracy, effectiveness, and good ability of conserving the invariants of the MSFP method.
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1. Introduction
In this paper, we consider the coupled Schrödinger–KdV

equations (CSKE)

iεEt +
3
2

Exx−
1
2

NE = 0,

(x, t) ∈ R× (0,T ],

Nt +
Nxxx

2
+

1
2
(N2 + |E|2)x = 0,

(x, t) ∈ R× (0,T ],

(1)

with the initial value and periodic boundary conditions

E(x, t) = E(x+ l, t), N(x, t) = N(x+ l, t),

(x, t) ∈ R× (0,T ],

E(x,0) = E0(x), N(x,0) = N0(x), (2)

where E0(x) and N0(x) are known l-periodic functions, l > 0.
The proof for the existence of the solution of the CSKE is pre-
sented in Ref. [1]

The CSKE is the model describing nonlinear dynamics of
one-dimensional Langmuir and ion-acoustic waves in a sys-
tem of coordinates moving at the ion-acoustic speed. Here E
is a complex function describing an electric field of Langmuir
oscillations and N is a real function describing low-frequency
density perturbation, ε > 0 is a constant. In the CSKE (1),
the first equation is called the electric field equation and the
second is the density equation. The initial value and periodic
boundary condition problem for the CSKE (1) has the follow-
ing invariants:[2]

(i) the number of Langmuir plasmons

I1(t) =
∫ l

0
|E|2dx =

∫ l

0
|E0|2dx = I1(0), t ≥ 0; (3)

(ii) the number of particles

I2 =
∫ l

0
Ndx =

∫ l

0
N0dx = I2(0), t ≥ 0; (4)

(iii) the energy of the oscillations

I3 =
∫ l

0
3|Ex|2 + |E|2N +

N3

3
− 1

2
(Nx)

2dx

= I3(0), t ≥ 0. (5)

These invariants play important roles in physical theories, and
are useful tools for qualitative analysis.

The CSKE has been studied for many years and the ana-
lytical solution of the CSKE has been presented in Refs. [3]–
[7]. Results on existence, uniqueness of the solution, and
global attractor of this system have been presented in Refs. [1]
and [8]. Recently, various methods, for example, the varia-
tional iteration method,[9] the decomposition method,[10] and
the ansatz method[11] have been used to solve this problem.

In order to solve the CSKE numerically, Appert et al.[2]

used the explicit three-time-level Zabusky–Kruskal scheme
for the density equation and a standard Crank–Nicholson
scheme for the electric field equation, Bai et al.[12] proposed
the finite element method for the CSKE, Golbabai et al.[13]

used the radial basis function method, and Liu et al.[14] stud-
ied an element-free Galerkin method to solve the CSKE.

In this paper, we propose a multi-symplectic method
to find the solution of the CSKE. In recent decades, multi-
symplectic methods[15] have been widely used to solve Hamil-
tonian partial differential equations (PDEs), such as non-
linear Schrödinger equations,[16–19] Klein–Gordon–Zakharov
equations,[20,21] Ito-type coupled KdV equations,[22] and the
Zakharov–Kuznetsov equation.[23] Until now, to the best
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of our knowledge, the methods that preserve the multi-
symplectic structure of the CSKE have not been found. There-
fore, it is of great interests to develop a multi-symplectic
scheme for solving the CSKE.

The rest of the paper is organized as follows. In Section 2,
we construct the multi-symplectic Hamiltonian formulation of
the CSKE, and give some corresponding local conservation
laws. Section 3 is devoted to presenting a multi-symplectic
Fourier pseudospectral (MSFP) method by using the Fourier
pseudospectral method in space discretization and an implicit
midpoint rule in time discretization. In Section 4, numerical
experiments of the CSKE are presented to show the effective-
ness of the proposed multi-symplectic method. The last sec-
tion is our conclusion.

2. Multi-symplectic formulation of the CSKE
By writing E = p+ iq, the CSKE (1) can be written as a

system of real-value equations
ε pt =−

3
2

qxx +
1
2

Nq,

Nt =−
1
2

Nxxx−
1
2
(p2 +q2 +N2)x,

εqt =
3
2

pxx−
1
2

N p.

(6)

By introducing new variables f , g, h, v, and w, which satisfy
N = fx, g = Nx, hx =− 1

2 Nt , v = px, and w = qx, we obtain the
first-order system as follows:

−2εqt +3vx = N p,
2ε pt +3wx = Nq,
1
2

Nt +hx = 0,

−1
2

ft −
1
2

gx =−h+
1
2
(N2 + p2 +q2),

1
2

Nx =
1
2

g,

− fx =−N,

−3px =−3v,
−3qx =−3w.

(7)

System (7) can be written as the multi-symplectic form

Mzt +Kzx = ∇zS(z), (8)

with state variable

z = [p, q, f , N, g, h, v, w]T,

M =

[
J1 0
0 0

]
,

K =

[
0 J2
−JT

2 0

]
,

and the Hamiltonian function is

S(z) =
1
2
(p2 +q2)N +

1
6

N3−hN

+
1
4

g2− 3
2
(v2 +w2),

where

J1 =


0 −2ε 0 0

2ε 0 0 0

0 0 0 −1
2

0 0
1
2

0

 ,

J2 =


0 0 3 0
0 0 0 3
0 1 0 0

−1
2

0 0 0

 .
The multi-symplectic Hamiltonian system (8) has a multi-

symplectic conservation law[15,24]

∂

∂ t
ω +

∂

∂x
κ = 0, (9)

where ω and κ are the pre-symplectic form

ω =
1
2

dz∧Mdz, κ =
1
2

dz∧K dz.

The system (8) has an energy conservation law (ECL)

∂

∂ t
E +

∂

∂x
F = 0, (10)

with energy density

E = S(z)− 1
2

zTKzx,

and energy flux

F =
1
2

zTKzt .

The system (8) also has a momentum conservation law (MCL)

∂

∂ t
I +

∂

∂x
G = 0, (11)

with momentum density

I =
1
2

zTMzx,

and momentum flux

G = S(z)− 1
2

zTMzt .

For the CSKE (1), the corresponding multi-symplectic
conservation law is

∂

∂ t

(
2ε dq∧ d p+

1
2

d f ∧ dN
)
+

∂

∂x

(
3d p∧ dN

+3dq∧ dw+ d f ∧ dh+
1
2

dg∧ dN
)
= 0. (12)

The corresponding energy conservation law is

∂

∂ t

(
1
2
(p2 +q2)N +

1
6

N3− 1
4

g2 +
3
2
(v2 +w2)

)
+

∂

∂x

(
3
2

pvt −
3
2

vpt +
3
2

qwt −
3
2

wqt +
1
2

f ht
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− 1
2

h ft +
1
4

gNt −
1
4

Ngt

)
= 0. (13)

The corresponding momentum conservation law is

∂

∂ t

(
εqv− ε pw+

1
2

f g
)
+

∂

∂x

(
1
2
(p2 +q2)N

+
1
6

N3−hN +
1
4

g2− 3
2
(v2 +w2)+ ε pqt − εqpt

− 1
4

f Nt +
1
4

N ft

)
= 0. (14)

Under periodic boundary conditions, the above local con-
servation laws (12)–(14) can be integrated in the x direction to
obtain the global conservation laws[15,24,25] as follows:

i) conservation of global symplecticity:

d
dt

∫ l

0
ω(z)dx = 0; (15)

ii) conservation of global energy:

d
dt

∫ 1

0
E(z)dx = 0; (16)

iii) conservation of global momentum:

d
dt

∫ 1

0
I(z)dx = 0. (17)

We note that the global conservation of energy (16) or momen-
tum (17) is necessary but not sufficient for the local conserva-
tion of energy or momentum.

3. Multi-symplectic Fourier pseudospectral
method for the CSKE
It has been verified that appropriate Fourier pseudospec-

tral discretization in space for the multi-symplectic form of the
Schrödinger equation and KdV equation with periodic bound-
ary conditions can preserve the multi-symplectic conservation
laws unchanged. Therefore, we think a Fourier pseduospec-
tral method can still preserve the multi-symplectic conserva-
tion law of the CSKE.

It is noticed that the first-order partial differential opera-
tor ∂/∂x yields the Fourier spectral differentiation matrix D1,
here D1 is an N×N (N is even) skew-symmetric matrix with
elements

(D1) j+1,l+1 =


1
2
(−1) j+l µ cot

(
µ

x j− xl

2

)
, j 6= l,

0, j = l,
for j, l = 0,1, . . . ,N−1,

where µ = 2π/L. For more details, see Ref. [16] and the ref-
erences therein.

We apply the Fourier pseudospectral method to discretize
the multi-symplectic system (19) in space and using the nota-
tions

p̄n = [pn
0, pn

1, . . . , pn
N−1]

T, (18)

q̄, f̄ , N̄, ḡ, h̄, v̄, and w̄ are similar to p̄.

Then we can discretize the system (19) with respect to

time by any multi-symplectic integrators, for example, the

multi-symplectic Preissman scheme or the implicit midpoint

rule. Due to the simplicity and effectivity, we choose the im-

plicit midpoint rule and obtain the discrete system



−2εDt q̄n +3D1At v̄n = (At N̄n)(At p̄n),

2εDt p̄n +3D1At w̄n = (At N̄n)(At q̄n),
1
2

Dt N̄n +D1At h̄n = 0,

−1
2

Dt f̄ n− 1
2

D1At ḡn

=−At h̄n +
1
2
(At N̄n)2 +

1
2
((At p̄n)2 +(At q̄n)2),

1
2

D1At N̄n =
1
2

At ḡn,

−D1At f̄ n =−At N̄n,

−3D1At p̄n =−3At v̄n,

−3D1At q̄n =−3At w̄n,

(19)

here ∆t is the time step, Dt p̄n = (p̄n+1− p̄n)/∆t is the differ-

ence operator, At p̄n = (p̄n+1+ p̄n)/2 is the average operator in

time, D1 is the first order Fourier spectral differentiation ma-

trix, (p̄n)2 = [pn
0 pn

0, pn
1 pn

1, . . . , pn
N−1 pn

N−1]
T, and others that

are similar respectively.

Eliminating the variables f ,g,h,v,andw, we can obtain

the following multi-symplectic Fourier pseudospectral method

for the CSKE (1)



εDt p̄n =−3
2

AtD2
1q̄n +

1
2
(At q̄n)(At N̄n),

DtAt N̄n =−1
2

AtD3
1At N̄n− 1

2
AtD1((At p̄n)2

+(At q̄n)2 +(At N̄n)2),

εDt q̄n =
3
2

AtD2
1 p̄n− 1

2
(At p̄n)(At N̄n).

(20)

The three-level scheme (20) is equivalent to the following two-

level scheme



εDt p̄n =−3
2

AtD2
1q̄n +

1
2
(At q̄n)(At N̄n),

Dt N̄n =−1
2

D3
1At N̄n− 1

2
D1((At p̄n)2

+(At q̄n)2 +(At N̄n)2),

εDt q̄n =
3
2

AtD2
1 p̄n− 1

2
(At p̄n)(At N̄n).

(21)

We can use the fixed point iteration method to solve the non-

linear system.
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4. Numerical experiments
In this section, we present some numerical results ob-

tained by the MSFP method presented in the previous section.
The main issues are the accuracy, the discrete invariants, and
the long simulation time. The accuracy of our MSFP method
is tested by looking at the error using the L2 norm

L2 = ‖u− ū‖2 =

(
∆x

N−1

∑
j=0

(u j− ū j)
2
)1/2

, (22)

where ∆x is the spatial step size, N is the number of points,
and ū is the discrete solution.

Example 1 The authors in Ref. [8] derived a station-
ary traveling localized solution to the CSKE (1), the C-soliton
given by

E(x, t) = −6
5

√
3αsech(ξ )tanh(ξ )

× exp
(

iα
(

3
20ε
− εα

6

)
t− εx

3

)
, (23)

N(x, t) = −9
5

αsech2(ξ ), (24)

where ξ = (α/10)1/2(x+αt), α is a free positive parameter.
We take the value of the exact solutions (23) and (24) at t = 0
as our initial conditions:

E0 = −6
5

√
3αsech(ξ )tanh(ξ )exp

[
iα
(
− εx

3

)]
, (25)

N0 = −9
5

αsech2(ξ ), (26)

where ξ = (α/10)1/2x.
We choose the parameters ε = 1, α = 0.45, then solve this

problem with the time step ∆t = 1×10−4, the spatial interval
[−30,30], and the spatial step size ∆x = 0.25. We compare the
MSFP method with the Crank–Nicolson (CN) method,[2] and
show the results in Tables 1–4. From these tables, we can see
that the MSFP method is much better than the CN method.

Table 1. Comparison of MSFP with CN and the exact solution for p, at
t = 1×10−3, ∆t = 1×10−4, ∆x = 0.25.

x MSFP CN Exact solution
–20 −2.6597×10−2 −2.6616×10−2 −2.6597×10−2

–10 1.5188×10−2 1.5950×10−2 1.5188×10−2

0 −8.9430×10−5 5.2367×10−5 −8.9284×10−5

10 −1.5200×10−2 −1.5952×10−2 −1.5200×10−2

20 2.6592×10−2 2.6626×10−2 2.6592×10−2

Table 2. Comparison of MSFP with CN and the exact solution for q, at
t = 1×10−3, ∆t = 1×10−4, ∆x = 0.25.

x MSFP CN Exact solution
–20 3.7898×10−3 3.8986×10−3 3.7904×10−3

–10 2.1428×10−1 2.1445×10−1 2.1428×10−1

0 −6.5360×10−7 3.5376×10−3 3.0133×10−9

10 2.1424×10−1 2.1425×10−1 2.1424×10−1

20 3.7909×10−3 3.8986×10−3 3.7915×10−3

Table 3. Comparison of MSFP with CN and the exact solution for N, at
t = 1×10−3, ∆t = 1×10−4, ∆x = 0.25.

x MSFP CN Exact solution

–20 −6.6886×10−4 −6.7188×10−4 −6.6886×10−4

–10 −4.5256×10−2 −4.5448×10−2 −4.5256×10−2

0 −8.1000×10−1 −8.1000×10−1 −8.1000×10−1

10 −4.5239×10−2 −4.5048×10−2 −4.5239×10−2

20 −6.6861×10−4 −6.6560×10−4 −6.6861×10−4

Table 4. Comparison of L2 errors for the numerical solution at t =
1×10−3, ∆t = 1×10−4, ∆x = 0.25.

L2 (MSFP) L2 (CN)

p 7.5939×10−6 3.4776×10−3

q 3.8278×10−5 2.0203×10−3

N 1.0328×10−7 3.3631×10−4

In Fig. 1 we plot the evolution of the numerical solution
of p, q, |E|, N from t = 0 to t = 10 with ∆t = 0.1, ∆x = 0.5.
The absolute errors of the invariants I1, I2, and I3 are plotted
in Fig. 2. From Fig. 1, we can see that the motion of the soli-
tary waves is well simulated after the long calculation time,
and the oscillatory phenomenon has not appeared. Figure 2
shows that the multi-symplectic scheme conserves the number
of Langmuir plasmons, the number of particles, and the energy
of the oscillations.

From the tables and figures, we can conclude that the
MSFP method can solve the CSKE (1) accurately, and it is
much better than the CN method.

Example 2 The model equations for the CSKE can also
be solved in the following form[14]{

iEt = Exx +NE,
Nt +6NNx +Nxxx = (|E|2)x,

(27)

the initial and boundary conditions are the same as those in
Eq. (2). The exact solution is given[26] by

E(x, t) = eiθ (−
√

2(2c2±δ )+6
√

2c2sech2(
√

c2ξ )), (28)

N(x, t) = −1
3
(γ +6c2±δ )+6c2sech2(

√
c2ξ ), (29)

where ξ = x+2γt, θ = γx+(γ +3γ2±δ )t/3, and

δ =

√√
2c1c3 +4c2

2.

c1,c3, and c2 > 0 are arbitrary constants. The CSKE (27)
has also been solved in Ref. [14] by using an element-free
Galerkin (EFG) method. As the same with Ref. [14], we
choose c1 = c3 = 0. For the CSKE (27), the first two invariants
are the same as I1 and I2, but the third invariant is

I′3 =
∫ 1

2

(
−|Ex|2 + |E|2N +

1
4

N2
x −

N3

2

)
dx. (30)
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Fig. 1. (color online) Evolution of the MSFP solution from t = 0 to t = 10, ∆t = 0.1, ∆x = 0.5.
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Fig. 2. Global errors of the three invariants obtained by the MSFP
method, from t = 0 to t = 10, ∆t = 0.1, ∆x = 0.5.

The CSKE (27) can also be written in the multi-
symplectic form with state variable

z = [p, q, f , N, g, h, v, w]T,

M =

[
J′1 0
0 0

]
, K =

[
0 J′2
−J

′T
2 0

]
,

and the Hamiltonian function is

S(z) =
1
2
(p2 +q2)N +N3−hN +

1
2

g2− 1
2
(v2 +w2),

where

J′1 =


0 −1 0 0
1 0 0 0

0 0 0
1
2

0 0 −1
2

0

 , J′2 =


0 0 −1 0
0 0 0 −1
0 1 0 0
−1 0 0 0

 .
By using the Fourier pseudospectral method in space dis-
cretizaiton and the midpoint rule with respect to time, we can
get the three-level MSFP scheme for the CSKE (27)

p̄n = AtD2
1q̄n +(At q̄n)(At N̄n),

DtAt N̄n =−AtD3
1At N̄n +AtD1((At p̄n)2

+(At q̄n)2−3(At N̄n)2),

Dt q̄n =−AtD2
1 p̄n− (At p̄n)(At N̄n).

(31)

The scheme (31) is equivalent to the following two-level
scheme 

Dt p̄n = AtD2
1q̄n +(At q̄n)(At N̄n),

Dt N̄n =−D3
1At N̄n +D1((At p̄n)2

+(At q̄n)2−3(At N̄n)2),

Dt q̄n =−AtD2
1 p̄n− (At p̄n)(At N̄n).

(32)

In this example, computations were done with the time
step ∆t = 0.01, the spatial interval [−30,30], and the spatial
step size ∆x = 0.25. In Fig. 3, we plot the numerical results
obtained by the MSFP method and the exact solution at t = 1
with c2 = 0.01 and γ = 0.1; in Fig. 4, we plot the correspond-
ing absolute errors of the invariants I1, I2, and I′3. In Fig. 5, we
show the numerical solution obtained by the MSFP method
and the exact solution with c2 = 0.01 and γ = 1; in Fig. 6, we
plot the corresponding errors of the invariants.
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Fig. 3. Numerical solution and exact solution at t = 1, ∆t = 0.01,
∆x = 0.25, c2 = 0.01, and γ = 0.1.
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Fig. 4. Global errors of I1, I2, and I′3 obtained by the MSFP method,
from t = 0 to t = 1, ∆t = 0.01, ∆x = 0.25, c2 = 0.01, and γ = 0.1.
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Fig. 6. Global errors of I1, I2, and I′3 obtained by the MSFP method,
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From Figs. 3–6, we can draw the conclusion that the
MSFP method can provide a highly accurate solution for the
CSKE (27).

5. Conclusions
In this paper, we consider the coupled Schrödinger–KdV

equations from the aspect of multi-symplectic methods. The
three conservation laws of the multi-symplectic method are the
most important advantages of this scheme over the traditional
difference methods or the finite element methods. The accu-
racy of this method is verified by making comparisons with

the CN method. The numerical results show that the proposed
scheme can also keep the invariants well, which is of great
importance in simulations.
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