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Complex dynamical behaviors of compact solitary waves in the
perturbed mKdV equation∗
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In this paper, we give a detailed discussion about the dynamical behaviors of compact solitary waves subjected to
the periodic perturbation. By using the phase portrait theory, we find one of the nonsmooth solitary waves of the mKdV
equation, namely, a compact solitary wave, to be a weak solution, which can be proved. It is shown that the compact solitary
wave easily turns chaotic from the Melnikov theory. We focus on the sufficient conditions by keeping the system stable
through selecting a suitable controller. Furthermore, we discuss the chaotic threshold for a perturbed system. Numerical
simulations including chaotic thresholds, bifurcation diagrams, the maximum Lyapunov exponents, and phase portraits
demonstrate that there exists a special frequency which has a great influence on our system; with the increase of the
controller strength, chaos disappears in the perturbed system. But if the controller strength is sufficiently large, the solitary
wave vibrates violently.
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1. Introduction
The mKdV equation

ut +au2ux +uxxx = 0, (1)

arises as a model which has been used to depict acoustic waves
in certain anharmonic lattices[1] and Alfvén waves in a col-
lisionless plasma.[2] It also appears in the model of Schottky
barrier transmission lines and traffic congestion.[3,4] As is well
known, the mKdV equation admits the smooth solitary waves,
which have some good properties of the anti-interference and
stable long-distance propagation.[5–10]

Recently, a class of nonsmooth solitary wave solutions,
namely compacton solutions, was found from the mKdV
equation.[11–13] They are compactly supported solitons with
nonsmooth fronts. Quite a lot of research and studies have
shifted towards compacton waves. More recently, normal
compactons appear in nonlinear dispersive equations, such as
nonlinear dispersive KdV equations[14] and nonlinear disper-
sive Schrödinger equations.[15] The more exciting aspect is
that compacton waves have been found in the linear disper-
sive equation. Meanwhile, we should point out that the proof
of the non-derivable compacton, which is a weak solution, has
not been given. This article is concerned with all of these as-
pects. Further studies on different solitary wave solutions and
their properties can be found in Refs. [16]–[30].

The purpose of this paper is to solve the following prob-
lems. Can the compacton wave be obtained from the phase
portrait theory? How can the compacton be proved to be a
weak solution? Can the compacton wave propagate stably as
well as the chaos phenomenon, which may appear subjected

to the external periodic perturbation? How can the chaos be
well controlled?

As is well known, the majority of studies of chaos anal-
ysis and control target ordinary differential equations are sub-
jected to the external perturbation. Less attention has been
directed towards the chaotic behaviors of partial differential
equations under different parameters of the periodic perturbed
system, which is more suitable to practical models.[31–33]

Hence, we consider here equation (1) subjected to the pe-
riodic perturbation, i.e.,

ut +au2ux +uxxx = f (x, t), (2)

where f (x, t) is a periodic external perturbation.
Furthermore, we consider the following equation with

a certain controller, which has the function of damping (see
Ref. [15]) , i.e.,

ut +au2ux +uxxx = f (x, t)− k̄(u)xx. (3)

The rest of the present paper is organized as follows. In
Section 2, we analyze the bifurcation and phase portraits of
the mKdV system. We use the Melnikov theorem to deter-
mine the threshold conditions for the occurrence of chaos and
control of chaos in Section 3. In Section 4, numerical results
for the nonlinear dispersive system under different parameters
are given. Finally in Section 5, we draw some conclusions
from the present study.

2. Phase portraits and weak-compacton solu-
tions
Setting the traveling wave solution u(x, t) = ϕ(ξ ) and

f (x, t) = r̄ sinw(x− ct), and using ξ = x− ct, equation (1) re-
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duces to the following form

− cφ
′+aφ

2
φ
′+φ

′′′ = r̄ sinwξ − k̄φ
′′, (4)

where “ ′ ” denotes the derivative with respect to ξ , c is the
light speed in a vacuum, a is the parameter of the nonlinear
dispersion term, r̄ is the amplitude of the perturbation, and
a,c, r̄ are real constants and r̄ = −wεr. Integrating Eq. (4)
with respect to ξ , we obtain

− cφ +
a
3

φ
3 +φ

′′− l = r̃ coswξ − k̄φ
′. (5)

For convenience, we assume that y = φ ′, r̃ = εr, k̄ = εk,
and l = 0, then equation (5) is changed into the following form

dφ

dξ
= y,

dy
dξ

= cφ − a
3

φ
3 + r̃ coswξ − k̄y. (6)

When ε = 0, equation (6) becomes

dφ

dξ
= y,

dy
dξ

= cφ − a
3

φ
3. (7)

Then, the system (6) is converted into an unperturbed sys-
tem (7) with the following Hamiltonian function

H(φ ,y) = y2− cφ
2 +

a
6

φ
4 = h, (8)

where h is a constant, and the potential function

V (φ ,y) =−cφ
2 +

a
6

φ
4. (9)

Some specific equilibrium points are discussed in more
detail below.

(i) There are three fixed points: C1(−
√

3c/a,0) and
C2(
√

3c/a,0) which are two regular centers with two zero
eigenvalues, and S0(0,0) that is a saddle point.

(ii) There are two homoclinic orbits

T±hom = [φ±h1(t),φ
±
h2(t)]

that are connected with the saddle point S0(0,0).
However, through some special phase orbits, we discuss

one solitary solution of Eq. (1) (see Ref. [20]). When a > 0
and c > 0, we can obtain

h30 = H(0,0) = 0,

h31 = H(−
√

3c/a,0) =−3c2/12a,

h32 = H(
√

3c/a,0) =−3c2/12a.

When h = h30 = 0, the curves determined by H1(U,V ) =

h correspond to a homoclinic orbit of Eq. (8) (see Fig. 1(a)).
We have the following parametric compacton solution of
Eq. (4):

u(x, t) =


4λ

3

√
2
a

cos2 λ (x−4λ 2t)(
1− 2

3
cos2 λ (x−4λ 2t)

)
0,

,

∣∣x−4λ 2t
∣∣≤ π

2λ
,

otherwise.

(10)

Obviously, it is the peculiar solitary wave solution called a compacton solution. The phase portrait of the compacton wave
(10) is shown in Fig. 1(b). Obviously, the compacton wave has an n-derivable point. We will prove that it is a weak solution in
the following section.
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Fig. 1. (color online) (a) Phase portrait of system (7); (b) the profile of solitary solution.

Definition 1 The solitary wave solution u ∈
L1

local(R
+,H1

local(R
1)) is a weak solution to Eq. (1), if and

only if u ∈ L1
local(R

+,H1
local(R

1)) and

〈L,ϕ〉= :
∫

∞

0

∫ +∞

−∞

[
utϕ +

(
a
3

u3
)

x
ϕ +uxϕxx

]
dxdt = 0, (11)

for any test function ϕ(t,x) ∈∞
0 [R+×R1].

Proof Substituting u into the left-hand side of
Eq. (11), we consider the compacton wave solution (10)
for
∣∣x−4λ 2t

∣∣ ≤ π/2λ and u = 0 otherwise as well as A =

4
√

2λ/3
√

a. Then we obtain
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〈L,ϕ〉 =
∫

∞

0
dt
∫

π/2λ+4λ 2t

−π/2λ+4λ 2t

[
utϕ +

(
a
3

u3
)

x
ϕ +uxϕxx

]
dx =

∫
∞

0
dt
∫

π/2λ+4λ 2t

−π/2λ+4λ 2t

36Aλ 3 sin(2λx−8λ 3t)
[cos(2λx−8λ 3t)−2]2

ϕ]dx

+
∫

∞

0
dt
∫

π/2λ+4λ 2t

−π/2λ+4λ 2t

[
−162aAλ 3 cos5(λx−4λ 3t)sin(λx−4λ 3t)

[cos(2λx−8λ 3t)−2]4
ϕ

]
dx

+
∫

∞

0
dt
∫

π/2λ+4λ 2t

−π/2λ+4λ 2t

[
9Aλ 3(−7sin(2λx−8λ 3t)+16sin(4λx−16λ 3t)+ sin(6λx−24λ 3t)

[cos(2λx−8λ 3t)−2]4
ϕ

]
dx

= · · · (integration by parts)

=
∫

∞

0
dt
∫ −π/2λ+4λ 2t

−π/2λ+4λ 2t

[
−18Aλ (9aA2−32λ 2)cos5(λx−4λ 3t)sin(λx−4λ 3t)

[cos(2λx−8λ 3t)−2]4

]
ϕ dx.

Thus, if A = 4
√

2λ/3
√

a, then 〈L,ϕ〉 = 0. This proves
that solution (10) is a weak solution.

3. Chaos analysis for perturbed and controlled
systems
Now we consider the chaotic threshold of one compacton

solution of a system (12) subjected to one periodic perturba-
tion. Undoubtedly, the homoclinic orbits will be broken in
Eq. (6) and chaos is more likely to appear. When a proper con-
troller is added to the perturbed system, the chaos phenomenon
may be well controlled.

In this section, the chaotic behaviors of Eq. (6) will be
discussed and ε > 0 is a small parameter by the transforma-
tion r̃→ εr and k̄→ εk, hence equation (6) becomes

dφ

dξ
= y,

dy
dξ

= cφ − a
3

φ
3 + εr coswξ − εky, (12)

i) For k = 0, the system (12) is a perturbed system. In our
perturbed system (12), the Melnikov analysis would test the
transverse intersection between stable and unstable manifolds,
where the chaos may appear.

The derivative of solution (10) u(x, t) with respect to
τ = x−4λ 2t is

u̇(τ) =

 4λ

√
2
a

(
− 4λ cos2 λτ sinλτ

(3−2cos2 λτ)2 −
2λ cosλτ sinλτ

3−2cos2 λτ

)
,

0,

|τ| ≤ π

2λ
,

otherwise.
(13)

Suppose that the unperturbed homoclinic orbits are written as

(u, u̇) =
(

4λ

3

√
2
a

cos2 λτ(
1− 2

3
cos2 λτ

) ,4λ

√
2
a

(
− 4λ cos2 λτ sinλτ

(3−2cos2 λτ)2 −
2λ cosλτ sinλτ

3−2cos2 λτ

))
,

for |τ| ≤ π/2λ .
We note that y0(τ) is a function of τ from +∞ to −∞ and

suppose that τ = 0 and that y0(τ) is an odd function for the
homoclinic orbits, then the Melnikov function for system (12)
can be given by

M(τ0) =
∫ +∞

−∞

y(τ)[r cosω(τ + τ0)]dτ, (14)

where τ0 is the cross section of the Poincaré map and τ0 may
be interpreted as the initial value of the perturbation term.

We will compute y(τ) numerically in the next section us-
ing the obtained analytical expression of y(τ)b(ξ ). The ho-
moclinic orbits Γ

±
ho can be found by setting H(u, u̇) = 0. Thus,

the homoclinic orbits can be given as follows:

M(τ0) =
∫ +∞

−∞

y(τ)[r cosω(τ + τ0)]dτ

= −2k
∫

∞

0
y2dτ−2r sinwτ0

∫
∞

0
ysinwτ dτ

= −2kB−2r sinwτ0A.

Using the above results and Melnikov’s theorem,[7,8]

chaos may appear, if M(τ0) = 0 and M′(τ0) 6= 0 for some val-
ues of ω and a set of parameters. If M(τ0) has a simple zero
and the corresponding critical parameter value is(

k
r

)
0
=

∣∣∣∣AB
∣∣∣∣ , (15)

chaos may appear for certain parametric values which satisfy
the following inequality

k
r
≤
(

k
r

)
0
. (16)

ii) For k > 0, system (12) is a controlled system. Based
on the Melnikov theory, the proper parameter of the controller
can be chosen. Thus, the Melnikov function for system (12)
can be given by

M1(τ0) =
∫

∞

−∞

y0(τ)[ky(τ)+ r cosω(τ + τ0)]dτ
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= 2k
∫

π/2λ

0
y2

0
(τ)dτ−2r sin(ωτ0)

×
∫

π/2λ

0
y0(τ)sin(ωτ)dτ

= −kB− r sinwτ0A. (17)

Thus, if

|k| ≤
∣∣∣∣ rA

B

∣∣∣∣ , (18)

where

A =
∫

∞

−∞

u̇(τ)sinwτ dτ

=
∫

π/2

−π/2
4λ

√
2
a

(
− 4λ cos2 λτ sinλτ

(3−2cos2 λτ)2

− 2λ cosλτ sinλτ

3−2cos2 λτ

)
sinwτ dτ,

B =
∫ +∞

−∞

[u̇(τ)]2 =
∫

π/2

−π/2

[
4λ

√
2
a

(
− 4λ cos2 λτ sinλτ

(3−2cos2 λτ)2

− 2λ cosλτ sinλτ

3−2cos2 λτ

)]2

dτ,

k denotes the strength of controller for the system, and r is the
amplitude of the external perturbation.

For the surface of the intersection between the perturbed
and unperturbed separatrices, the system always presents
chaos for a fixed parameter. It is not difficult to find that the
chaos threshold is dependent on parameters w, a, λ , and r/k.

According to the chaotic threshold in (a,w,r/k) space and
the chaotic threshold in (λ ,w,r/k) space, when the value of
r/k is above the surface, chaos may appear. When the fre-
quency taking timing system varies with a (or λ ), the con-
troller of system (15) should enhance the strength, with a (or
λ ) and w both increasing, the chaos of the system is reduced,
and the system is easy to be controled.

(I) Chaos threshold of the peak of the solution in the (a, w,
r/k) plane is shown in Fig. 2(a). The system subjected to the
external periodic perturbation, can be controlled by the con-
troller. When the frequency of the perturbation is fixed, the
strength of the controller should be sufficiently large with the
increase of the absolution of a. For the solitary wave speed,
when w is very small, the chaos is difficult to control; in-
versely, if the value of w is large enough, chaos can be easily
controlled.

(II) Chaos threshold of the peak of the solution in the (λ ,
w, r/k) plane is shown in Fig. 2(b). With the increase of the
amplitude of the perturbation, the strength of the controller
should be sufficiently large, with the speed of the solitary wave
solution and the parameter of the convective term both fixed.
However, the perturbed system can be controlled if the fre-
quency is chosen to be sufficiently big or small. In short, there
exists a maximum perturbed frequency. The system will be
dramatically perturbed under this frequency.
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Fig. 2. (color online) (a) Chaotic threshold of system (12) in the (a, w,
r/k) plane; (b) chaotic threshold in the (λ , w, r/k) plane.

4. Numerical simulation
The goal of the numerical simulation is to support the the-

oretical results of the previous section and to seek the control-
lable area. In this section, we will simulate the controllable
regions of the system with different parameters. That is, we
obtain the obvious relevance among these parameters.
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Fig. 3. (color online) (a) Bifurcation diagram of system (12) in the (r,
x) plane; (b) maximum Lyapunov exponents corresponding to panel (a).

Numerical simulations are performed for the case of peri-
odic perturbation of system (12). When the frequency of per-
turbation (15) w, the speed of system c, and the system param-
eter a are fixed, with varying the amplitude of the perturba-
tion r, chaos will easily appear, which is shown in Figs. 3(a)
and 3(b) where the maximum Lyapunov exponents are corre-
sponding to Fig. 3(a). Time series plot and the phase diagrams
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are shown in Fig. 5(a), chaos occurs in system (12). Mean-
while, when the amplitude of perturbation (15) r, the speed of
system a, and the system parameter c are fixed, with varying
the frequency of the perturbation w, the system will easily be-
come chaotic, which is shown in Figs. 4(a) and 4(b) where the
maximum Lyapunov exponents correspond to Fig. 4(a). The
time series plot and the phase diagrams are shown in Fig. 5(b),
chaos occurs in system (12).
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Fig. 4. (color online) (a) Bifurcation diagram of system (12) in the (w,
x) plane; (b) maximum Lyapunov exponents corresponding to panel (a).
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Fig. 5. (color online) (a) Phase diagram of system (12) in the (r, x)
plane; (b) the phase diagram of system (12) in the (w, x) plane.
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Fig. 6. (color online) (a) Bifurcation diagram of system (12) in the (k,
x) plane; (b) maximum Lyapunov exponents corresponding to panel (a).
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Fig. 7. (color online) (a) Phase diagram of system (12) in the (k,x)
plane with k = 0.1; (b) phase diagram of system (13) in the (w, x) plane
k = 1.5.

When the amplitude and frequency of perturbation (15)
r and w, the speed of system a, and the system parameter c
are fixed, with adding the controller ky, the system will be
controlled, which is shown in Figs. 6(a) and 6(b) where the
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maximum Lyapunov exponents correspond to Fig. 6(a). Time
series plots under different controller strengths are shown in
Fig. 7, and the chaos occurs in system (13).

5. Conclusions
In this paper, we analyzed the system under one fre-

quency perturbation by using the Melnikov theory. When the
system is disturbed by one-frequency perturbation, we use the
controller to suppress the chaos. We further discuss the soli-
tary solution of the stability of the system through varying the
amplitude and the frequency of the perturbed system. In ad-
dition, we also present the chaotic threshold of the controlled
system. It is shown that there is a special frequency which
has a great influence on our system. With increasing the con-
troller strength, the perturbed system will be in the stable state.
But the solitary wave will vibrate violently when the controller
strength is sufficiently large.
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