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A new concept, called the row—column visibility graph, is proposed to map two-dimensional landscapes to complex
networks. A cluster coverage is introduced to describe the extensive property of node clusters on a Euclidean lattice. Graphs
mapped from fractals generated with the probability redistribution model behave scale-free. They have pattern-induced
hierarchical organizations and comparatively much more extensive structures. The scale-free exponent has a negative
correlation with the Hurst exponent, however, there is no deterministic relation between them. Graphs for fractals generated
with the midpoint displacement model are exponential networks. When the Hurst exponent is large enough (e.g., H >
0.5), the degree distribution decays much more slowly, the average coverage becomes significant large, and the initially
hierarchical structure at H < 0.5 is destroyed completely. Hence, the row—column visibility graph can be used to detect the
pattern-related new characteristics of two-dimensional landscapes.
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1. Introduction

Landscape is an essential concept in diverse research
fields. About 50 years ago, protein molecules were demon-
strated to fold into a three-dimensional native state reversibly,
which leads to the view that these structures represent the
global minimum of a rugged funnel-like energy landscape.!'-?!
For an electron walking in a lattice, randomly distributed site
energies may induce localization of its state, namely, it can be
found only in a special region.>~1?! Patterns in the potential
landscape determine the characteristics of its states, which can
be used to understand marvelous properties of a large amount
of materials. Anomalies of diffusion,!!3-18! namely, the non-
linear temporal growth of the mean square displacement of
Brownian particles, generally come from the heterogeneous
potential, 24 parameter,>>-281 and/or viscosity!**=3* land-
scapes. Hence, how to describe quantitatively the landscapes
is an essential problem.

The wavelet transform!®! is widely used to detect multi-
fractal structures in landscapes.**! The Hurst exponent can
tell us in a global way the degree of roughness, while the
multi-fractal spectrum has a nontrivial relation with the fine
structures. However, the spectrum contains no explicit infor-
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mation on the localizations of the fine structures.

An alternative candidate method is the visibility
graph,37 a fundamental geometrical structure useful in many
applications such as illumination and rendering, motion plan-
ning, pattern recognition, and sensor networks. It is conducted
typically for a set of location points and obstacles in the Eu-
clidean plane. The nodes and the edges represent the point lo-
cations and the visible links between them, respectively. Visi-
bility between two nodes is defined when the straight link be-
tween them intersects no obstacle.

The structure of a landscape determines its visibility
graph. Nontrivial characteristics of the visibility graph can
be used to represent structural patterns for the landscape. By
mapping a two-dimensional landscape to a visibility graph, the
concepts in the complex network theory can be used to inves-
tigate detailed patterns of the landscape from micro- to macro-
scales. The degree and the clustering coefficient tell us the
behaviors of each element. The motifs and the communities
provide us with the structural characteristics of the local land-
scapes, while the backbone of the visibility graph captures the
distribution behaviors of the extreme elements. In traditional
series analysis methods, statistical quantities are obtained at
different scales. The information on detailed structural pat-
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terns are lost in the statistical procedure.

Very recently, the visibility graph was particularized to
a one-dimensional (1D) version to map 1D landscapes (time
series) to complex networks. 38! For a time series, one can re-
gard data points as nodes and connect each node with all the
nodes covered within its visible line. It is found that the 1D
visibility graph inherits several properties of the correspond-
ing time series, for example, the constructed graphs for peri-
odic, random, and fractal series behave as regular, exponential,
and scale-free, respectively. It is also powerful in detecting re-
liable values of the Hurst exponent for fractional Brownian

39,40

motions**4 and in distinguishing chaos from noises.*! Tt

is used successfully to deal with real-world data, such as the

s/*2! and heartbeat series. 344!

currency exchange rate serie

The complex network theory proves it is powerful in de-
tecting topological characteristics for networked elements of
complex systems. A natural idea is to investigate visibility
graphs from the viewpoint of complex networks. However,
when we address complicated landscapes with a large amount
of point locations, a critical problem occurs that the corre-
sponding visibility graphs are unacceptably dense. i.e, aver-
agely, each node is linked with many other nodes. Our de-
tailed calculations for the generated landscapes in this paper
show that the average number of neighbors reaches several
tens to several hundreds. When one tries to investigate the
standard visibility graphs by means of the complex network
theory, nontrivial behaviors in the topological structures are
merged by the tightness of the graphs. Hence, a modification
should be introduced to the standard visibility graph to balance
the two competitive requirements, namely, capturing the struc-
tural information as complete as possible and keeping sparsity
as possible.

In the present paper, a simplified version of the stan-
dard visibility graph is proposed to map two-dimensional land-
scapes to complex networks, called row—column visibility
graph. We make a balance of the two competitive features
by using the row and column visibility. It can be extended
easily to address multi-dimensional landscapes and compli-
cated landscapes without distinct definition of directions (co-
ordinates). As examples, this new concept is used to measure
quantitatively the structural patterns in model-generated two-
dimensional (multi)-fractal landscapes.

2. Methods and materials

2.1. Row—column visibility graph for two-dimensional
landscapes
A two-dimensional landscape on a regular lattice reads
{z(i,Hli=1,2,....M; j=1,2,....N}. One can regard the
data points as nodes indexed with their addresses on the lat-
tice (i,7). Each node is initially connected with its nearest
neighbors, which results in a regular lattice.

Herein, we consider a simplified version of the standard
visibility graph. For each node, we extract the column and the
row in which it occupies and link it with all the nodes in the
column and the row that are within its visible line. That is, the
visibility between two points (iy, j,) and (i, jb) refers to

Iy = iba
Ja <Jjec <Jjb OT ja> jec> jb, o (H
2ias je) < 2ias jo) + [2ias ja) = 2lias o)) 25,

or
ja = jba
Iy <ic <ip OF iy >ic > i, o (2)
2ics Ja) < iy Ja) + [2ias ju) = 2(ins a)] 22

The resulting graph is called a row—column visibility graph
(RCVG).

As a note, we have also considered an extension of the
RCVG, namely, for a node, besides the row and the column
we also extract the diagonals it occupies and link it with all
the nodes in the diagonals that are within its visible line. The
constructed networks can also capture the nontrivial charac-
teristics embedded in the generated landscapes, however, they
cannot show us qualitatively new characteristics for the land-
scapes compared to that provided by the RCVGs.

2.2. Heterogeneity

Heterogeneity of a visibility graph, namely, the nontrivial
deviation of its structure from the corresponding randomized
networks, can represent the characteristics of the correspond-
ing landscape. Several properties are used to detect the hetero-
geneities from micro- to macro-scale.

The degree of a node is the number of its nearest
neighbors.!*! An exponential network means that the degree
distribution function decays exponentially, p(k) ~ exp(—ok).
A large amount of real-world networks are scale-free, namely,
the degree distribution obeys a right-skewed power law,
p(k) ~ kB In a scale-free network, there are some high-
degree nodes acting as hubs, and there is no characteristic de-
gree. The maximum-likelihood estimation is used to estimate

46,47] ie.
-1
kij )
= ) 3
(kmin ]

where k; ; is the degree of node (7, 7), and ky;pn is the smallest

the scaling exponent 3,

) 1] [ Y I
ki j>Kkmin ki j>kmin

B=1+

degree above which there exists a power-law relation. By set-
ting the confidence level to 95%, the corresponding confidence
intervals are obtained as shown in the results.

The clustering coefficient of node (i, jo) is the proba-
bility of its neighbors’ being connected with each other, ]
which reads

2A (i, jo)
k(io-,jo) x [k(ioyjo) —1] 7

C(io, jo) = “
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where A (ip, jo) is the number of the edges between its neigh-
bors.

By using the coordinates of the nodes in the two-
dimensional lattice, one can calculate the Euclidean length for
each edge in the constructed network, which may provide us
with the extensive properties of the global network and each
node. In the present paper, we define a new measure, called the
cluster coverage, to measure quantitatively heterogeneity of
spatially embedded networks. The average distance between

each linked pair of nodes is

(M.N) o AN
Y Yij)edlipo) (\l—lo|2+ |j —J0|2)

_ (ig.jo)=(1,1)

(Diink) =

Z(io,jo):u,n (i0,Jo)

where @ (ip, jo) is the set of the nearest neighbors of node
(io, jo)- The average distance between each linked pair of the
neighbors of node (ip, jo) reads

)y [(ia_ib)z“’(J.a_jb)z]7 'A[(ia,ja),(ib,jb)]

(fasja) # (i+Jjb) €P (i0: o)

Dcluster(io,jo) =

)y

Al(ia, Ja), (i, jb)] ’ (6)

(asJja)#(ib:Jjo) €D (i0,Jo)

where A is the adjacency matrix, namely, A [(,, ja), (ib, jb)] =
1 if nodes (iy, ja) and (ip, jb) are connected, and it is O other-
wise.

The definition of the cluster coverage reads

Dcluster (iO P ./())

7
(Drink) @

Rcluster(i07j0) =
It tells us the relative volume of the cluster centered at node
(io, jo) in the regular lattice. It describes the extensive prop-
erty of the clusters.

A macro-scale property of a network is the modularity,
namely, the network can be separated into some densely con-
nected groups, while the groups are connected loosely with a
few edges. Many real-world networks simultaneously have a
high modularity and a high degree of clustering, and are scale-
free. The coexistence of the three characteristics can be real-
ized with the replica-based deterministic network model pro-
posed by Barabasi et al.,*8! in which the groups are combined
in a hierarchical manner. Such a hierarchical organization of
the network imposes strict restrictions on the number and the
degree of cohesiveness of the different groups, which can be
measured by the following relation: "]

C*(k) ~ k77, (®)

where C*(k) is the average clustering coefficient over the
nodes with degree k. This power law is found in many

real-world networks.[5%-33

1 If this relation stands, the expo-
nent ¥ can be used as a quantitative description of the non-
homogenous structure. The larger the exponent Y, the more

significant the hierarchical organization.

2.3. Data

A large amount of two-dimensional landscapes have
(multi-)fractal structures, which can be characterized by multi-
fractal spectra.!3>! A landscape can be decomposed into many

subsets exhibiting different local Hurst exponents 4. Each
local Hurst exponent quantifies the local singular behavior
and thus relates to the local scaling of the landscape. The
multi-fractal spectrum is the occurring probabilities of all the
subsets, called fractal dimensions for the subsets, denoted
with D(h). It is generally a bell-shaped curve. The strength
of multi-fractal is measured by the width of D(h), namely,
Ah = hmax — hmin. The Hurst exponent of the landscape is the
special local Hurst exponent at which D(h) reaches its maxi-

mum value, i.e., H = h dlzi(lhp)zo.
i
‘We consider two-dimensional deterministic multi-fractals

generated by the probability re-distribution (PRD) model. >4
We can firstly construct a landscape on a 2 x 2 lattice, which

reads
P11 P12

o= [le Pzz] ’ 2
where the elements are the occurring probabilities at the cor-
responding cells. The elements are non-negative and satisfy
P11+ pi2+ p21 + paa = 1. Ttis used as a generator. A multi-
fractal landscape on a two-dimensional regular lattice can be
generated by iteratively re-distributing the probabilities. At
each generation, each existing cell is divided into four sub-
cells, and the probabilities are re-distributed into the sub-cells
according to the generator, i.e.,

P =P,
P,=P &R,
P,=P, |®P, (10)

where ® is the kronecker product.

We also consider two-dimensional random fractals con-
structed by the midpoint displacement algorithm (MDA).[>3]
The procedure starts from a rectangle as the seed. The heights
of the four corners are assigned randomly. The vertical and
horizonal lines that intersect at the center cut the seed into four

078904-3



Chin. Phys. B Vol. 23, No. 7 (2014) 078904

identical sub-rectangles. Five new-created corners appear, in-
cluding the center and the midpoints of the four edges. In each
edge, the two initial corners at the ends are called the parent of
the midpoint. The height of the center is the mean of those of
the four initial corners, while the heights of the four midpoints
are the means of their parents. To obtain a fractal landscape
with Hurst exponent value H, for each new corner we should
add to its height a small error w sampled from an adjusted
standard normal distribution function, which reads

1 -
exp(—w?)- 2787 . /1 —22H-2 11
Tom p(—=w?) (11)

Iterate and subdivide each sub-rectangle into smaller ones un-

F(w)~

til the expected number of corners is reached. The parameter
g denotes the iteration number, namely, at the G-th genera-
tion, we have g = G. By this method, we can make the error
proportional to the size of the sub-rectangle.
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Fig. 1. (color online) Illustration of the procedures to construct a
RCVG from a PRD fractal. The generator is (p11, pi2, pa1, p2) =
(0.1, 0.2, 0.3, 0.4). After two generations, a 4 x 4 landscape is pro-
duced, as shown in panel (a): (a) connections between the nodes in the
column in which node (4, 1) sits; (b) the connections between the nodes
in the row in which node (4, 1) sits; (c) the resulting RCVG.
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_
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Figure 1 presents an illustration of the successive
procedures from generating an PRD-fractal to construct-
ing a RCVG. The generator is (p11, pi2, P21, P22) =
(0.1, 0.2, 0.3, 0.4). After two generations, the probability
is distributed into 4 x 4 cells
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As an example, we choose the node (4,1). Figures 1(a) and
1(b) show the connections between the nodes in the st col-
umn and in the 4th row (where the node sits in), respectively.
Figure 1(c) gives the resulting RCVG.

We have carried out the calculations for different sizes,
including 32 x 32, 64 x 64, 128 x 128 for PRD-fractals and
33 x 33, 65 x 65, 129 x 129 for MDA -fractals. The networks
with sizes 64 x 64 for PRD-fractals and 65 x 65 for MDA-
fractals have almost the same behaviors as those reported in
this paper, though there is much significant fluctuation. Hence,
we report the results for the PRD-fractals with size 128 x 128,
and for MDA-fractals with size 129 x 129. The results for the
MDA -fractals are the averages of 20 realizations.

3. Results

We consider firstly a random two-dimensional landscape
whose elements are random real numbers normally distributed
with mean 0, variance 1, and standard deviation 1. The de-
gree distribution function obeys an exponential law, namely,
~ exp(—0.13k), as shown in Fig. 2(a). The C*(k) versus k
obeys a power law, and the exponent is 0.84.

€ normal distribution o-1f normal distribution
F A\ p(k)~exp(—0.13k) — O (k)~k 084
eTE % [ :
SE 22
g E [
= 3k [
E 2-3 :_
el b
—1E B
€ 2-4k(b)
E : 1 1 1 1
4 16 64
k k

Fig. 2. (color online) RCVG for a random landscape with normally
distributed elements. The size is 128 x 128: (a) the degree distribution
function obeys an exponential law, the average degree is ~ 11; (b) the
relation of C* (k) versus k obeys a power law.

We generate PRD-fractals with the generator p1; = p1p =
p21 = p. The corresponding RCVGs behave scale-free, as
shown in Fig. 3(a). With the increase of p, the scale-free expo-
nent, 3, increases and reaches the maximum value at p =0.27,
and then decreases rapidly (Fig. 3(b)). The landscapes are
also shuffled by exchanging simultaneously the rows and the
columns in a random way. Though the RCVGs for the shuf-
fled landscapes are scale-free, 3 for the shuffled landscapes
are significantly larger than that for the original PRD-fractals.
Hence, the scale-free behaviors of the RCVDs are structure-
related.

The (C) and (Rcjyster) Versus p are given in Fig. 4. The
(C) for the PRD-fractals are smaller than for the correspond-
ing shuffled landscapes, and the difference tends to be much
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more significant when p — 0.25. With the increase of p,
(Reluster) decreases and reaches the minima at p = 0.27, and
then increases. When p deviates significantly from the special
point p = 0.25, there exist distinguished differences between
the original and the shuffled landscapes. The RCVGs for the
original landscapes are comparatively much more extensive.

—e — PRD-fractals

I— o — shuffled
4.0 /

100 |

103 |
i 3.2F
= E L /
= 101 Q | ﬁ //} l\,
3 2.4}
1071 I /
| ¢ (b)
E pli=pi2=pa=p 1.6 pu—plz—pzl—p
103 Lwwun M | . -
10! 102 0 0.1 0.2 03
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Fig. 3. (color online) Degree distributions of RCVGs for PRD-fractals.
The generator is (p11, p12, p21, p22) = (p, p, p, 1 —3p). (a) The de-
gree distribution functions obey the power law, the curves are vertically
shifted for visualization convenience. The average degrees for the cases
of p=0.09, 0.18, 0.27 are ~ 12,10,9, respectively. (b) The f for the
shuffled landscapes are significantly larger compared with those for the
corresponding original fractals. The scale-free behaviors are non-trivial
properties resulting from the fractal patterns.

It should be noted that in a considerably wide range of
scale, a power-law function cannot be distinguished from an
exponential one if § is large (e.g., B > 3.0). In the present
paper, we fit the degree distributions of the RCVGs for the
shuffled landscapes with a power-law function.

For the special case of p = 0.25, we have p1| = p12 =
P21 = p22 = 0.25, which generates a trivial landscape with all
the probabilities in the cells the same. For this extreme case,
the degree distribution function is &(k —4). A slight deviation
of p from this special value may lead a deformation of the de-
gree distribution function from the perfect 4 function to a sharp
peak, which can be regarded in a certain degree as a scale-free
function with a large 8. Hence, f reaches the maximum near
the point p = 0.25.

The increase step of p is selected to be 0.045 to avoid
the trivial value of p = 0.25. From the curves in Figs. 3
and 4, we can find that the more homogeneous a landscape,
the larger value of § and the smaller values of (C) and

<Rcluster>-
point of p = 0.25. To understand the asymmetrical behav-

The curves are asymmetric with respect to the

ior, let us consider two cases, p = 0.25—& and p = 0.25 +
&, where & is a small deviation. The corresponding seeds
are [0.25—&,0.25+ (£/3),0.25 + (£/3),0.25 + (£/3)] and
[0.25+&,0.25—(£/3),0.25—(£/3),0.25— (£ /3)]. Because
[0.25+(£/3)]/(0.25—&) > (0.254+&)/[0.25 — (£/3)], the

second case is comparatively more homogeneous than the first
one. Hence, the right parts of the curves are much more ho-
mogeneous and consequently the maximum value of 8 and the
minimum values of (C) and (Rjyser) Occur at p = 0.27.

P11 =PpPi12=p21=PpP P11 =PpPi12=p21 =P
12 |
0.40
—o— PRD-fractals | —e®— PRD-fractals
— o — shuffled — o — shuffled
10 |
0.35F Zost
S} s
6 -
0.30 |
(a) 4
1 1 1 1 1 1
0 0.1 02 03 0 0.1 0.2 03
p p

Fig. 4. (color online) Average clustering coefficient (C) and average
cluster coverage (Rcpuseer) Vversus p. (a) The (C) for the PRD-fractals
are smaller than for the corresponding shuffled landscapes, however,
the difference becomes significant only when p is near 0.25. (b)
With the increase of p, (Rcister) decreases and reaches the minima at
p = 0.25, and then increases. When p deviates significantly from the
point p = 0.25, there exist distinguished differences between the origi-
nal and the shuffled landscapes.

1.2

I —e— PRD-fractals
1.1 }—o— shuffled

- (b)

102L A p=0.18

)
&}
r = P12 =po1 = p11—p12—p21—p
102 Lo el ' 0.6 L
10! 102 0 1 0 2 0.3
k p
Fig. 5. (color online) Hierarchical structures of RCVGs for PRD-

fractals. The generator is (p11. p12, p21> p22) = (p, p, p, 1 =3p). (@)
The C* (k) versus k obeys a power law. The curves are vertically shifted
for visualization convenience. (b) The 7y for the shuffled landscapes are
significantly smaller compared with that for the corresponding original
fractals. The hierarchical behaviors are non-trivial properties resulting
from the fractal patterns.

Figure 5 presents the hierarchical behaviors of the
RCVGs for PRD-fractals. The RCVGs for the original land-
scapes have almost perfect hierarchical structures, i.e., the
C* (k) versus k obeys almost a power law perfectly, as shown
in Fig. 5(a), and the values of y > 0.92 are very close to 1
(Fig. 5(b)). What is more, y of the RCVGs for the original
landscapes are significantly larger than that for the correspond-
ing shuffled landscapes (~ 0.84, almost the same with that for
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the normally distributed landscapes in Fig. 2). That is, the hi-
erarchical structures come from the nontrivial patterns in the
PRD-fractals.

An interesting problem is the relation between the frac-
tal and the topological properties. Figure 6 presents  versus
H. The PRD-fractals are generated with randomly selected
seeds without any other constraints on the generator Fy except
P11+ p12+ pa1 + p2 = 1. In total, 50 cases are produced.
Though there roughly exists a negative correlation between 3
and H, the deviations of f from the linear regression are unac-
ceptably large and are significantly larger compared with the
errors. Hence, the topological properties can present new in-
formation on the landscapes.

3.9t linear fitting
correlation coefficient = —0.38

3.6}

3.3F

Q.

3.0}

2.7+

2.4 1 1 1 1

2.1 2.4 2.7 3.0

H

Fig. 6. (color online) Correlation between topological and scaling prop-
erties, namely, B versus H for PRD-fractals. The generators are chosen
randomly without any constraints on the elements of Py. There exists
a negative correlation, however, the deviations of 8 from the linear re-
gression are significantly larger compared with the errors.

For the MDA-fractals, the degree distributions decay ex-
ponentially, as shown in Fig. 7. The o for the shuffled land-
scapes are significantly larger than that for the corresponding
original fractals. The exponential behaviors are non-trivial
properties resulting from the fractal patterns. When H is large
enough (H > 0.3 in the curve), with the increase of H, o for
the original landscape decreases rapidly, while that for the
shuffled landscape increases slowly, which leads to the in-
creasing difference between them. This can be understood
by the persistence of the MDA-fractals. A large value of H
means a persistent behavior of a MDA-fractal, which means a
high probability of a node being connected with other nodes.
The shuffling procedure tends to cut-off the long-range edges
existing in the RCVG for the original landscape.

Figure 8 shows average clustering coefficient (C) and av-
erage cluster coverage (Rcster) versus H. The (C) for the
MDA -fractals are larger than that for the corresponding shuf-
fled landscapes, however, there are no significant differences
between them. When H < 0.5, there are no significant differ-
ences between (R jyseer) for the original and the shuffled land-
scapes, while in the interval of 0.5 > H > 0.9, there appears

a peak with significantly large (Rcjyger) for the original MDA-
fractals. When H is small, the added errors, w, in Eq. (11) are
large and determine the behaviors of the generated landscapes.
When H becomes larger than 0.5, the increase of persistence
induces a significant extension of the clusters. However, when
H becomes very close to 1, the added errors vanish and the
behaviors of the MDA-fractals are determined by the special
procedure of the algorithm. This is why the peak appears.

—e— shuffled
0.21 —e— MDA-fractals

0.18F
= g 015
ISH
0.12F
0.09F
'(b)n 1 1 I
0 0.4 0.8

Fig. 7. (color online) Degree distributions of RCVGs for MDA-fractals.
(a) The degree distribution functions obey an exponential law. The
curves are vertically shifted for visualization convenience. The average
degrees for H = 0.2, 0.5, 0.8 are ~ 13, 17, 21, respectively. (b) The
o for the shuffled landscapes are significantly larger compared with
that for the corresponding original fractals. When H is large enough
(H > 0.3 in the curve), with the increase of H, o for the original land-
scape decreases rapidly, while that for the shuffled landscapes increases
slowly, which leads to the increasing difference between them.
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0.38 F 12 F
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0 0.4 0.8 0 0.4 0.8
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Fig. 8. (color online) Average clustering coefficient (C) and average
cluster coverage (Rejuster) Versus H. (a) The (C) for the MDA-fractals
are larger than that for the corresponding shuffled landscapes, however,
there is no significant difference between them. (b) When H < 0.5,
there is no significant difference between (R juseer) for the original and
the shuffled landscapes, while in the interval of 0.5 > H > 0.9, there
appears a peak with significantly large (Rcjusier) for the original MDA-
fractals.

Figure 9 presents the hierarchical behaviors of RCVGs
for MDA-fractals. The C*(k) versus k obeys a power law, as
shown Fig. 9(a). In the interval of H < 0.5, 7y for the origi-
nal and the shuffled landscapes are almost the same and the
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When
H > 0.5, with the increase of persistence in the original land-
scape, ¥ decreases rapidly from 0.74 (at H = 0.5) to 0.34 (at
H =0.9), i.e., the hierarchical structures are destroyed com-

RCVGs have almost perfect hierarchical structures.

pletely.
o H—0.2 —e— MDA-fractals
L2 o He05 LOF —o— shuffled
] o H=0.8
0.8}
< 10t}
.
0.6 |
100}
0.4 /1\!
(b)
1 1 1 1
0 0.4 0.8

Fig. 9. (color online) Hierarchical structures of RCVGs for MDA-
fractals. (a) The C*(k) versus k obeys a power-law. (b) In the interval of
H < 0.5, y for the original and shuffled landscapes are almost the same.
When H > 0.5, with the increase of H, y decreases rapidly from 0.74
(at H=0.5)t00.34 (at H =0.9).

4. Conclusions

The network-based approach to 1D landscapes has made
great progress in recent years.38405-31 I the present pa-
per, we propose a simplified version of the standard visibil-
ity graph, called RCVG, to capture the characteristics of two-
dimensional landscapes.

The RCVGs for PRD-fractals behave scale-free. They
have pattern-induced hierarchical organizations and compar-
atively much more extensive structures. The scale-free ex-
ponent has a negative correlation with the Hurst exponent,
however, there is no deterministic relation between them, i.e.,
the RCVG can detect new information rather than the wavelet
analysis.

The RCVGS for the MDA-fractals are exponential net-
works. When the Hurst exponent is large enough (e.g., H >
0.5), the degree distribution decays much more slowly, the av-
erage coverage becomes significantly large and the initially hi-
erarchical structure at H < 0.5 is destroyed completely.

Landscapes generated with different mechanisms behave
differently qualitatively, while that generated with the same
mechanism but different parameters behave differently quanti-
tatively. The visibility graph can detect the difference of PRD-
and MDA-fractals, which cannot be displayed by using the
fractal spectrum in the wavelet analysis. What is more, each
node and local pattern in the visibility graph has a perfect coor-
dinate in the Euclidean space, namely, the network is embed-
ded in the Euclidean space. We can consider the topological
and the Euclidean properties simultaneously. This is one of
the advantages of the visibility graph, comparing with other

tools such as the wavelet analysis. Hence, the RCVG can be
used to detect the pattern-related new characteristics of two-
dimensional landscapes.

Because of the restriction of searching only the row- and
the column—visibility relationships, the generalization of the
RCVG to high-dimensional systems is straight-forward. As
an example, for a three-dimensional (3D) system, we can con-
struct a network by linking each node with all the nodes in
the row, the column, and the height that are within its visible
line. The network can capture the nontrivial patterns in the 3D
structure. It may be useful in capturing the structural charac-
teristics of pore media and so on.

At the same time, the restriction is feasible even in the
case of real-world complex surfaces where distinct directions
(coordinates) do not necessarily exist. The “direction” restric-
tion should be understood as the features (independent of each
other) that we are interested in, rather than the directions in
the Euclidean space. For example, let us consider the evolu-
tionary process of a system whose units distribute in the Eu-
clidean space, the network will be a row—column—time visibil-
ity graph. For a surface on a global system, the simple relax-
ation of the restriction is to construct a longitude—latitude visi-
bility graph. For each node, the elements on the longitude and
the latitude it sits on are regarded as two time series, respec-
tively. For each time series, we can use the one-dimensional
visibility graph algorithm. Hence, the restriction can be re-
laxed easily in many real-world complex surfaces.

It should be noted that the RCVG is not a trivial use of two
one-dimensional visibility graphs. Firstly, one-dimensional
MDA-fractals are widely used to simulate fractional Brown-
ian motions, the visibility graphs of which behave scale-free,
as proved in Ref. [39]. A straight-forward deduction is that
the visibility graphs for the rows and the columns of a two-
dimensional MDA-fractal should behave scale-free, because
the rows and the columns are the sections (boundaries) of
the MDA-fractal. However, the RCVGs for two-dimensional
MDA-fractals turn out to be exponential networks, which
should be a result of the couplings between rows and columns.
Secondly, the concept of RCVG can be used to deal with the
evolutionary process for a system whose elements distribute
in real-world space. Thirdly, a comparison of the results for
the two kinds of fractals tells us that the method in the present
work can provide us with new interesting information that is
different from the methods in the literature, such as the wavelet
analysis. By means of the traditional series analysis, one can-
not distinguish between the two kinds of time series, while by
means of the visibility graph, the differences are displayed ex-
plicitly. Further application of the visibility graph is to detect
the structural patterns from micro- to macro-scales.

In the present work, we consider several kinds of land-
scapes generated by theoretical models. Actually, in the litera-
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ture, investigations on the visibility graph focus mainly on the

time series generated by perfect models rather than real world

data. Once we try to deal with real-world landscapes, we must

consider the effects of noise, a mixture of different kinds of

landscapes, trends, finite sizes of records, etc. We have done

some work on the mixture problem for a one-dimensional

visibility graph.[’") To understand the results for real-world

landscapes, detailed and systematic works based upon model-

generated landscapes are required to serve as benchmarks.
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