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Interaction and spin–orbit effects on a kagome lattice at 1/3 filling∗
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We investigate the competing effects of spin–orbit coupling and electron–electron interaction on a kagome lattice at
1/3 filling. We apply the cellular dynamical mean-field theory and its real-space extension combined with the continuous
time quantum Monte Carlo method, and obtain a phase diagram including the effects of the interaction and the spin–orbit
coupling at T = 0.1t, where T is the temperature and t is the hopping energy. We find that without the spin–orbit coupling,
the system is in a semi-metal phase stable against the electron–electron interaction. The presence of the spin–orbit coupling
can induce a topological non-trivial gap and drive the system to a topological insulator, and as the interaction increases, a
larger spin–orbit coupling is required to reach the topological insulating phase.
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1. Introduction
Topological insulators (TIs), which exhibit gapless edge

states while the bulk remains gapped and are characterized
by a Z2 topological invariant, have attracted great attention
in recent years.[1–8] The TI can be well understood in a
single-particle picture and the time-reversal symmetry is es-
sential in defining the Z2 topological invariant. In the pres-
ence of the time-reversal symmetry, back scattering of the
edge states is forbidden and the TI is topologically protected
against weak perturbations like non-magnetic disorders or
weak interactions.[9,10] When interactions are stronger and
cannot be treated as perturbations, the interplay between the
TI and many-body interactions becomes unclear and needs to
be further examined.[11–18]

We carry out an investigation on this topic by considering
interacting electrons on a kagome lattice. The kagome lattice
is a triangular lattice with three sites per unit cell as illustrated
in Fig. 1(a). It is a prototype of a geometrically frustrated elec-
tron system, which is suggested to be a candidate to host the
quantum spin liquid phase[19–22] and is thus actively studied
in the field of strongly correlated electron systems.[23–25] The
density of states (DOS) of the tight-binding model with near-
est neighborhood hoppings on a 1/3 filling kagome lattice is
shown in Fig. 1(d) and the corresponding band structure is il-
lustrated in Fig. 1(c). It can be seen that there are two inequiv-
alent Dirac points locating at the corners of the first Brillouin
zone (BZ) and the system is a Dirac semi-metal, an analogue
to the half-filling honeycomb lattice. Similar to the Kane–
Mele model[26] on honeycomb lattices, the spin–orbit coupling
(SOC) can open a non-trivial gap at the Dirac points and drive

the system to a TI phase.[27,28] Based on this proposal, we fur-
ther consider the Hubbard interactions to study the interplay
of the spin–orbit coupling and the electron–electron interac-
tion on the kagome lattice. Besides, the interactions can also
induce a TI phase as a result of the spontaneous symmetry
breaking in certain systems,[29–31] which is different from the
case we consider in this paper.
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Fig. 1. (color online) (a) Sketch of the kagome lattice. Each unit cell
of the kagome lattice has three sites labelled A, B, and C. (b) The first
Brillouin zone of the kagome lattice, here K, M, and Γ denote points
with different symmetries. (c) The tight-binding band structure of the
kagome lattice at 1/3 filling. (d) DOS of the kagome lattice at 1/3 filling
with U = 0.

We do a numerical analysis of the interplay between SOC
and electron–electron interactions on the 1/3 filling kagome
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lattice by applying the cluster dynamical menn-field the-
ory (CDMFT)[32] and its real-space extension[33,34] combined
with the continuous-time quantum Monte Carlo (CTQMC)
simulation.[35]

2. Model
The model we are considering on the kagome lattice can

be described by the following Hamiltonian:

H = −t ∑
〈i j〉σ

c+iσ c jσ + iλso ∑
〈i j〉αβ

νi jc+iα σ
z
αβ

ciβ

+U ∑
i

ni↑ni↓, (1)

where c+iσ (ciσ ) is the creation (annihilation) operator of an
electron with spin σ on lattice site i, the sum of 〈i j〉 runs
over all the nearest neighbors, and niσ = c+iσ ciσ is the electron
number operator. The first term in Eq. (1) is the kinetic energy
representing the nearest neighborhood hopping with hopping
energy −t. The second term is the SOC, where λso is the SOC
strength, νi j = 1 or −1 depending on the hopping direction
as shown in Fig. 2(a) (a clockwise (anti-clockwise) hopping
gives a minus (plus) sign),[26,28] and σ z is the third Pauli ma-
trix. It is clear that the SOC term does not mix the two spin
species and the mirror symmetry is reserved. The third term
is the on-site Hubbard interaction. For the non-interacting case
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Fig. 2. (color online) (a) Schematic diagram of the nearest-neighbor
SOC in a 2D kagome lattice strip. The blue arrows mark the direction
for νi j = 1, and the hoppings along the opposite direction corresponds to
νi j =−1. (b) Band structure of the kagome lattice strip with λso = 0.1t
and U = 0.

where U = 0, the energy spectrum can be obtained via directly
diagonalizing the Hamiltonian. We perform a calculation for
a system with a strip geometry, which is infinite in the x direc-
tion and has 16 unit cells (i.e., 16×3 sites) in the y direction.
The result for λso = 0.1t is shown in Fig. 2(b), where we can
see the edge states connecting the bulk bands. At 1/3 filling,
there are helical edge states propagating at opposite directions
for different spin species on different edges, which is a char-
acteristic feature of the TI states.

3. Method: CDMFT and its real-space extension
We apply the cluster dynamical mean-field theory and its

real-space extension combined with the continuous-time quan-
tum Monte Carlo simulation to treat the correlated electrons in
this strongly correlated system at 1/3 filling.

The essential idea of the dynamical mean-field theory
(DMFT) is to map the lattice model onto a single-site quan-
tum impurity model.[36] The CDMFT is a cluster extension
of the DMFT and can treat short-range spatial correlations by
mapping the lattice model onto a self-consistent embedded
cluster,[33,34,36] which is successfully used to study strongly
correlated systems.[37–39] Practically, we map the kagome lat-
tice onto an Nc-site effective cluster model, and the system be-
comes a superlattice of clusters. The bulk property of the 1/3
filling kagome lattice can be obtained by the standard CDMFT
procedure.[32,36]

For the purpose of investigating the edge states, we need
to consider a strip of kagome lattice. We apply the periodic
boundary condition in the x direction and the open boundary
condition in the y direction. Since the translation symmetry
in the y direction is broken, it is required to employ the real-
space extension of the CDMFT,[14,33,34] the infinite superlat-
tice in the CDMFT becomes a superlattice ribbon as illustrated
in Fig. 3. The coarse-grained Dyson equation in the real-space
CDMFT can be written as

g−1
c (iω) =

[
∑
k̃x

1
iω +µ− t(k̃x)−Σ(iω)

δI,J

]−1

+Σ(iω), (2)

where t(k̃x) is the hopping matrix for the supperlattice ribbon,
the summation of k̃x is taken over the reduced first Brillouin
zone, gc(iω) and Σ(iω) are the block diagonal matrices with
block size Nc (we chose Nc = 3), I,J are the block indices, and
µ is the chemical potential. The t(k̃x) can be calculated using
the inter-cluster Fourier transform, which is defined as

cm(X ,n) =
1√
Nx

∑
k̃x

e−i k̃xncm(X , k̃x),

1
Nx

∑
n

e−i(k̃x−k̃
′
x)n = δk̃x,k̃

′
x
.

Here cm(X ,n) is the annihilation operator, where X = A, B, or
C represents one of the three sites within a cluster, and (n,m)
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is the coordinate of a cluster with unit vectors (1,
√

3)a and
(2,0)a, with a being the distance between the nearest sites as
illustrated in Fig. 3.
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Fig. 3. (color online) Sketch of a kagome strip, where (n,m) is the la-
bel of the cluster, n corresponds to the infinite x direction, and m corre-
sponds to the limited y direction. The entire lattice is tiled with identical
clusters of size Nc = 3, A, B, and C represent three sites within a cluster,
and its unit vectors are 𝑎1 = (1,

√
3)a and 𝑎2 = (2,0)a, where a is the

distance between the nearest sites.

The self-energy is approximated to be within each cluster,
which is used to calculate the Green’s function and then vari-
ous physical properties of the system. The main focus of our
numerical analysis is to obtain the self-energy, which can be
realized iteratively. With an initial input of self-energy Σ(iω),
we can obtain the effective Weiss field gc(iω) for a cluster
via the coarse-grained Dyson’s equation in Eq. (2). Then the
impurity model including the cluster and the Weiss field is
solved using the CTQMC to obtain the cluster Green’s func-
tion Gc. Once Gc is determined, we can renew the self-energy
by Dyson’s equation Σ(iω) = g−1

c (iω)−G−1
c (iω) to close

the iteration. In our calculation, we set t = 1 as the energy unit
and a = 1 as the length unit. We also need to tune the chemical
potential µ to put the system at 1/3 filling, i.e., 〈n〉= 1/3. All
the calculations are done at T = 0.1t, where T is the tempera-
ture.

4. Results
We first consider the effect of the electron–electron inter-

action and set λso = 0. The density of states can be obtained by
employing the maximum entropy method,[40] and the result is
shown in Fig. 4 for different interaction strengths at T = 0.1t.
It can be seen that when U increases from 1 to 13, there is
no gap opened, which means that the system remains a semi-
metal in a large range of interaction strengths. This is differ-
ent from the case at 1/2 filling where the Mott transition takes
place when the interaction reaches a certain value.[25] At 1/3
filling, the localization of electrons is not necessary to avoid
the on-site energy cost. We also calculate the evolutions of
magnetic order parameter M and double occupancy Do when

the interaction increases as shown in Fig. 5. Here M and Do

are defined as

M =
1

Nc
∑

i
sign(i)(〈ni↑〉−〈ni↓〉),

Do = 〈ni↑ni↓〉,

where

sign(i) =
{

1, i = A or B,
−1, i = C.

When U = 0 at 1/3 filling, Do = 〈ni↑ni↓〉|U=0 = 1/3× 1/3 =

0.11. As the interaction increases, there is no magnetic order
in our system and Do is decreasing, which suggests that the
system is always in a paramagnetic semi-metal phase.
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Fig. 4. (color online) DOS at 1/3 filling. Here T = 0.1 and λso = 0.
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Fig. 5. (color online) The evolutions of magnetic order M and double
occupancy Do on the 1/3 filling kagome lattice.

Then we move to the case with both the electron–electron
interaction and the SOC. Figure 6 shows the DOS at different
SOC strengths when U = 2 and 8. It can be seen that at a
fixed U , a gap will emerge when λso increases and the system
goes into an insulating phase. In order to identify whether the
insulator phase driven by the SOC is topologically non-trivial,
we calculate the spectral function A(kx,ω) on the correspond-
ing kagome strip using the real-space CDMFT. The results are
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Fig. 6. (color online) DOS for different λso when (a) U = 2 and (b) U = 8
at T = 0.1 on the 1/3 filling kagome lattice. It is found that λso = 0.21 and
λso = 0.255 are the transition points from semi-metal to TI.
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Fig. 7. (color online) The spectral function A(kx,ω) on a kagome strip
at U = 2 and T = 0.1 with L = 48, where L is the number of sites in the
y direction: (a) semi-metal at λso = 0.05. (b) The helical edge states in
the TI phase for λso = 0.3.

plotted in Fig. 7 with λso = 0.05 and 0.3 when U = 2, which
correspond to the semi-metal and the insulating phases, re-
spectively. It is shown in Fig. 7(a) that when λso = 0.05, there
are no edge states coming out of the bulk states and the system
remains a semi-metal. When λso = 0.3, as shown in Fig. 7(b),
there are edge states isolated from the gapped bulk states, in-
dicating that the system is in the TI state. We then can further
obtain the phase diagram of the 1/3 filling kagome lattice with
respect to λso and U as shown in Fig. 8. The system remains
in the semi-metal phase at λso = 0, while a finite SOC drives
the system to the TI phase. When the interaction becomes
stronger, a larger SOC is needed for the system to reach the TI
phase, and vice versa.
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Fig. 8. The phase digram with SOC strength λso and on-site interaction
U on the kagome lattice at 1/3 filling with T = 0.1. The line marks the
transition from semi-metal to topological insulator with increasing λso.

5. Conclusion
We investigate the interplay between the electron–

electron interactions and the SOC on a 1/3 filling kagome lat-
tice by applying the cellular dynamical mean-field approxima-
tion and its real-space extension. We consider the effect of the
interaction first and show that in the absence of the SOC, the
system is in a semi-metal phase even with a strong interac-
tion. Then by considering these two effects simultaneously,
we obtain the phase diagram demonstrating the competing re-
lation. With the increasing SOC, the system undergoes a phase
transition from semi-metal to topological insulator, and as the
interaction becomes stronger, a larger SOC is required for the
transition.
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