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Toroidicity and shape dependence of peeling mode
growth rates in axisymmetric toroidal plasmas∗
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The growth rate of the peeling mode instability with large toroidal mode number is calculated for general axisymmetric
toroidal plasmas, including tokamaks and the spherical torus (ST) equilibia by using formalism presented by Connor et al.
Analytic equilibia with non-zero edge current density and quasi-uniform current profiles are assumed. It is found that in
sharp D-shape tokamak plasma, the derivative of the safety factor with respect to the poloidal flux becomes very large,
making the perturbed poloidal motion very large, in turn making a significant reduction of the growth rate of the peeling
mode, similar to the X-point effect in diverted plasma. The large aspect ratio effect is also studied, which reduces the
growth rate further.
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1. Introduction
Magnetohydrodynamic (MHD) instabilities in the toka-

mak pedestal region of the high-mode (H-mode) confinement
are thought to be responsible for triggering the edge localized
mode (ELMs) and understanding these instabilities is impor-
tant for the control of the ELMs.[1] Responsible ideal MHD in-
stabilities have been first studied widely both analytically[2–4]

and numerically.[5–10] These are the peeling–ballooning type
modes at intermediate toroidal mode number (∼3–30).[11–13]

Analytical research[2–4] has been carried out for peeling modes
with very large toroidal mode numbers for limiter configura-
tions. For divertor configurations, some new developments
appear recently[14–17] to treat the separatrix problem appro-
priately. Several non-ideal codes (NIMROD,[18] BOUT,[19,20]

BOUT++,[21] M3D-C[22]) have been developed to include
non-ideal effects, such as finite collisionality, ion diamagnetic
stabilization, etc.

In recent years, numerical studies develop rapidly so that
the peeling mode calculations can be routinely carried out.
However, numerical studies usually assume particular equi-
librium or directly use that determined by equilibrium codes.
This makes it unfeasible to understand the parameter depen-
dence of the mode growth rate on, such as the Toroidicity (the
aspect ratio effect) or shaping effects. In this paper, we con-
sider analytic equilibrium solution that covers the tokamak (its
aspect ratio R/a≈ 3, with R being the major radius, a the half-
width of the boundary at the mid-plane) and the spherical torus
configurations (its aspect ratio R/a≈ 1.2) and also elongation
and triangularity effects. The selected configurations are very
similar to experimentally realized ones in many tokamak and
ST devices. Some new phenomena are indicated. Especially,

results for the typical D-shape configuration and the inverse
D-shape (also called the negative triangularity) configuration
are compared. Interest for the latter configuration is recently
attracted due to its potentiality to alleviate the head load on the
divertor plate of a tokamak reactor.

In Section 2, the formula of the growth rate of the peel-
ing mode for general toroidally axisymmetric configuration is
presented.[4,9] In Section 3 we introduce a Soloviev-type con-
figuration. In Section 4, tokamak plasma is considered to ana-
lyze the shape effects. In Section 5, the spherical torus config-
uration is considered to analyze the aspect ratio effects on the
growth rate of the peeling mode. In Section 6, a brief summary
is made.

2. Growth rate of the peeling mode
The peeling mode instability of cylindrical plasma with

non-zero edge current was first investigated in Ref. [2]. Such
study was generalized to arbitrary toroidal plasma in Ref. [3]
to obtain a general necessary stability condition that was
widely used for analyzing the tokamak pedestal stability of
the H regime. Later, Connor et al. re-derived this condition
in a clearer way[4] that permits estimate of the growth rate
of the unstable mode. To do this, we need to simultaneously
determine the variations of potential energy and the kinetic
energy.[9] In the following, we briefly introduce some basic
formulae. A detailed description can be found in Ref. [23].

The growth rate γ of an unstable ideal MHD mode can be
calculated from the energy principle as

γ
2 =

−δW∫
dτρ0 |𝜉|2

. (1)
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For toroidally axisymmetric equilibrium, using an orthogonal
coordinates 𝑒ψ , 𝑒ϕ , 𝑒ζ , with ψ being the poloidal magnetic
flux function, χ and ζ the poloidal and the toroidal angle-
like variable, three components of the plasma displacement
𝜉(𝑟, t) = 𝜉(ψ,χ)eγt−inζ should be related by ∇ · 𝜉 = 0 and
𝐵0 · 𝜉 = Bχ ξχ +Bζ ξζ = 0, so that we have |𝜉|2 = ξ 2

ψ +(1+
B2

χ/B2
ζ
)ξ 2

χ . Let X = RBχ ξψ ,[4] we use a formalism developed
in Ref. [4] to consider large toroidal mode number n and as-
sume the mode is localized around a rational mode surface
where q(ψ0) = m/n and uniform along the field of lines as

X = ξ (ψ)exp
[
−in

(
ζ −

∫
χ

ν dχ
′
)]

, (2)

with ν = IJ/R2 being the local pitch of the field line, and J the
Jacobian. Using the localization condition, from ∇ ·𝜉 = 0 we
obtain

ξχ =
iR2Bχ

nI
∂X
∂ψ

. (3)

Finally, the unknown function X(x) should be determined by
minimization of the potential energy[3,4]

δW =
ε3

2

∫
dx

{
Px2

(
dξ

dx

)2

+Qξ
2 +S

d
dx

(xξ
2)

}
. (4)

Here we use the same terminologies as those in Ref. [4] and

P = 2πq′2
/∮ JB2 dχ

R2B2
χ

, (5)

Q =
p′

2π

∮
∂J
∂ψ

dχ− p′2

2π

∮ J dϕ

B2
χ

+ I p′
∮ J dϕ

R2B2
χ

×

[
I p′

2π

∮ J dχ

R2B2
χ

−q′
]/∮ JB2 dχ

R2B2
χ

, (6)

S = P+q′
∮ j//BJ dχ

R2B2
χ

/∮ JB2 dχ

R2B2
χ

. (7)

The corresponding Euler equation is

d
dx

(
x2 dξ

dx

)
− Q

P
ξ = 0. (8)

Around the singular layer, Q and P can be treated as constants,
leading to the Mercier-like solutions[4]

ξ = a+xλ+ +a−xλ− , (9)

where

λ± =−1
2
±
√

1
4
+

Q
P
. (10)

Quantity Q/P = −DM is the Mercier coefficient.[25] The so-
lutions (9) mean that the eigen-functions only depend on the

Mercier coefficient and the presence of the edge current does
not affect these functions. Now we are interested in the situa-
tion where the rational surface is outside the plasma. Assum-
ing that the location of the rational surface is at x = 0 while the
plasma boundary is at x=∆ > 0, inside the plasma ∆ < x<∞,
then we obtain after substituting Eq. (9) into Eq. (4)

δW =−ε3

2
a2
−P∆

2λ−+1
[

λ−+
S
P

]
. (11)

The above derivation also gives the displacement components
of interest

ξψ = X/RBχ = a−xλ−/RBχ , (12)

ξχ = ia−

(
R2Bχ λ−

nI

)
xλ−−1. (13)

Using these results, for the kinetic energy we obtain

K = πε
3a2
−ρ0

[(∮ J dχ

R2B2
χ

)
∆ 2λ−+1

2λ−+1

+

(∮ R4B2
χ

I2 J dχ

)
∆ 2λ−−1

n2(2λ−−1)

]
. (14)

The growth rate can be determined by

γ
2 =

1
2πρ0

λ−P+S
A

, (15)

A = − 1
2λ−+1

∮ J dχ

R2B2
χ

−
λ 2
−

n2∆ 2(2λ−−1)I2

∮
R4B2

χ J dχ. (16)

Assuming that qs = m/n and qa = m/n+q′(ψ)(ψ0−ψa), then
we have

∆ =
ψ0−ψa

ε
=

(m/n−qa)

q′ε
, (17)

1
n∆

=
q′ε

(m−nqa)
. (18)

We are interested in case of q′ε ≈ 1 and 0≤ m−nqa ≤ 1. Us-
ing the above results, the kinetic term becomes

K = πε
3
ρ0ξ

2
0 ∆

2λ−+1
[

1
|2λ−+1|

∮ J dχ

|∇ψ|2

+
λ 2
−

|2λ−−1|
q′2

F2

∮
R4B2

χ J dχ

]
. (19)

Defining ω2
A = B2/ρ0R2

0, the general expression of the growth
rate becomes

(γ2/ω
2
A) =

(λ−+1)+
∮

jBJ dχ/2πq′|∇ψ|2

(B/R0)2
∮

B2J dχ[(1/|2λ−+1|)
∮

J dχ/q′2|∇ψ|2 +(λ 2
−/F2)

∮
R4B2

χ J dχ]/|∇ψ|2
. (20)
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3. Soloviev-type configuration[24,26,27]

To simulate a tokamak pedestal region, we use the simple
Soloviev-type equilibrium of up–down symmetry, and assume
the following type solution of the Grad-Shafranov equation:

ψ =
ψb

y2
b

[
4

E2 (1+(1−D)y)
z2

R2
0
+ y2

]
, (21)

y =
R2

R2
0
−1. (22)

In above solution, subscript “b” means the boundary, and pa-
rameter E corresponds to the elongation of the cross-section,
while D is related to the triangularity of a D-shape configura-
tion. Introduce flux-based new variable

yψ = yb
√

ψ/ψb, (23)

and a poloidal angle-like variable u from the transformations

R = R0
√

1+ yψ cosu = R0
√

f1,

z =
ER0

2
yψ sinu√

1+(1−D)yψ cosu
=

ER0yψ sinu
2
√

f2
. (24)

Thus, we have

∂ψ

∂R
=

4ψbyψ

√
f1 f3

y2
bR0

, (25)

∂ψ

∂ z
=

4ψbyψ

y2
bR0

√
f2 sinu
E

, (26)

|∇ψ|=
4ψbyψ

y2
bR0

√
f4 =

EI(0)
2q0

(yψ

√
f4), (27)

where

f1 = 1+ yψ cosu, (28)

f2 = 1+(1−D)yψ cosu, (29)

f3 = cosu+(1−D)yψ sin2 u/2 f2, (30)

f4 = f1 f 2
3 + f2 sin2 u/E2, (31)

and the Jacobian

J =

(
8ψb

y2
bER3

0

)√
f2)
−1 =

y2
bER3

0
8ψb
√

f2
. (32)

Using J du= dl/Bχ , integrals in above sections can be directly
calculated. Especially, the safety factor q and its derivative
with respect to ψ can be expressed by

q(ψ) =
I

2π

∮ J dχ

R2

=
y2

bIER0

8πψb

∫
π

0

du
f1
√

f2

=
q0I

πI(0)

∫
π

0

du
f1
√

f2
, (33)

q′(ψ) = I′q/I−
y3

bEIR0

16πψ
3/2
b
√

ψ

∫
π

0
du

(cosu− f5 sin2 u)
f1
√

f2

×
(

1
f1
+

1−D
2 f2

)
. (34)

The value of q′(ψ) can also be calculated by direct derivative.

4. Tokamak plasmas

For tokamak plasma, the quantity I = RBζ can be ap-
proximately taken as constant. Set yb = 0.625 and E = 1.6,
by changing parameter D, different plasma boundary can be
obtained. We are mainly interested in configurations with D-
shape boundary. For comparison, we consider two D-shape
configurations, one has inner D-shape (the routinely used by
general tokamas), the other has outward D-shape (the inverse
D-shape). Both have almost straight boundary in inner or out-
ward side, as shown in Fig. 1 (the latter is also called the nega-
tive triangularity configuration). Relationship of the parameter
D with the triangularity can be found in Ref. [24].

It is found that all surface quantities in Eqs. (6)–(7) and
(19) are sensitive to the Jacobian and the value of |∇ψ|. As an
example, we consider the variation of |∇ψ| along the poloidal
direction. For D-shape configurations with sharp boundary,
this value exhibits a sharp decrease in very local region (near
the inner mid-plane for D-shape or near the external mid-plane
for the inverse D-shape) while for elliptic boundary, its varia-
tion is relatively small, as shown in Fig. 2.
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Fig. 1. Examples of tokamak boundary. (a) Boundary with D-shape; (b) boundary with inverse D-shape; and (c) elliptic boundary.
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Fig. 2. Variation of |∇ψ| along the poloidal boundary for configurations shown in Fig. 1. (a) D-shape; (b) inverse D-shape; and (c) elliptic.

4.1. The Mercier index

To calculate the Mercier index, DM = −Q/P, we first
rewrite the relevant quantities as

Q̄ = Q
∮ JB2 dχ

|∇ψ|2
= p′M1 + p′2M2, (35)

DM =−Q̄/2πq′2, (36)

M1 =
1

2π

(
∂

∂ψ

∮
J dχ

)(∮ JB2 dχ

|∇ψ|2

)

− Iq′
∮ J dχ

|∇ψ|2
, (37)

M2 =
I2

2π

(∮ J dχ

|∇ψ|2

)2

− 1
2π

(∮ R2J dχ

|∇ψ|2

)

×

(∮ B2J dχ

|∇ψ|2

)
. (38)

Using these relations, we obtain

− p′M1/2πq′2 =
E2 +1−D

E2yb

(
ψb

ψ

)1/2 [
I4

(
∂

∂yψ

∫ du√
f2

)/(
∂

∂yψ

∫ du
f1
√

f2

)
− I5

]/(
∂

∂yψ

∫ du
f1
√

f2

)
, (39)

−p′2M2/2πq′2 =

(
E2 +1−D

E2yb

)2(
ψb

ψ

)
[(∫

du/ f4
√

f2

)2

−
(∫

f1 du/ f4
√

f2

)(∫
du/ f1 f4

√
f2

)]
(
(∂/∂yψ)

∫
du/ f1

√
f2

)2 , (40)

DM = cM{[I4IVP/Iqp− I5]/Iqp + cM[I2
5 − I4I6]/I2

qp}, (41)

cM =

(
E2 +1−D

E2yb

)(
ψb

ψ

)1/2

. (42)

In the above equations, we define several integrals as

I1 =
1
π

∫
π

0

du
f1
√

f2
, I2 =

∫
π

0

cosudu

f 3/2
2

,

I3 =
∫

π

0
du

cosu
f1
√

f2

(
1
f1
+

1−D
2 f2

)
,

IVP =
∂

∂yξ

∫
π

0

du√
f2
, Iqp =

∂

∂yψ

∫
π

0

du
f1
√

f2
,

I4 =
∫

π

0

du
f1 f4
√

f2
, I5 =

∫
π

0

du
f4
√

f2
,

I6 =
∫

π

0

f1 du
f4
√

f2
, IJ =

∫
π

0
du f1 f4/

√
f2.

In these results, we use the self-consistent equilibrium re-
lations about the p′(ψ) and I′2(ψ). For the peeling mode
analysis, we are interested in the stable Mercier mode, i.e.,
DM < 1/2. It is found that the Mercier index is in the stable
regime, denoting the first part and the second part of the right-
hand side of Eq. (31) as DM1 and DM2. The variations of these

two parts and their sum, DM = DM1+DM2, with the change of
the triangularity parameter D is shown in Fig. 3.
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Fig. 3. (color online) The Mercier index DM versus the triangularity
parameter D for yb = 0.625 and E = 1.6.

4.2. Current driven term

The edge localized peeling mode is basically driven by
the non-zero edge current.[1–4] The contribution of this term to

the variation of the potential energy is expressed by µ0

∮
(𝑗 ·
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𝐵J dχ/|∇ψ|2)/πq′. Using the equilibrium relation, we have

µ0 jB≈ µ0 jζ Bζ =

(
−p′− I′2

2R2

)
I, (43)

µ0

∮ jBJ dχ

|∇ψ|2
=−µ0I p′

∮ J dχ

|∇ψ|2
− II′2

2

∮ J dχ

R2 |∇ψ|2
. (44)

Then, using the following relationships:[24]

µ0 p′ =−µ0 p0/ψb =−
8ψb(E2 +1−D)

y2
bE2R4

0
, (45)

I′2/2 = I2
1/ψb =−

8Dψb

y2
bE2R2

0
, (46)

µ0R jζ =

(
8ψb

y2
bE2R2

0

)[
(E2 +1−D)

(
R
R0

)2

+D

]
,(47)

we obtain

µ0R jζ =

(
8ψb

y2
bE2R2

0

)[
(E2 +1−D)

(
R
R0

)2

+D

]
, (48)

µ0

∮ jBJ dχ

|∇ψ|2
/(πq′)

=

(
1

πE2yψ

)[
(E2 +1−D)

∫
π

0

du
f4
√

f2
+D

∫
π

0

du
f1 f4
√

f2

]
/(

∂

∂yψ

1
π

∫
π

0

du
f1
√

f2

)
. (49)

If we denote this term as −δWJB and define −δW =−[(λ−+
1)+ δWJB], the variation of the potential energy will be pro-
portional to −δW . The variation of these two quantities with
the triangularity parameter D is shown in Fig. 4.
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Fig. 4. (color online) Variation of the total potential energy with D for
yb = 0.625,E = 1.6. The contribution from the current driven term is
also indicated.

4.3. Distributions of |ξψ |2|ξψ |2|ξψ |2 and |ξχ |2|ξχ |2|ξχ |2 along the poloidal
angle[9]

An important feature of the peeling mode is the quite dif-
ferent distribution of the normal component of the displace-
ment function from its poloidal component along the poloidal

angle. We now determine their contributions to the variation of
the kinetic energy. From the expression of the kinetic energy
variation (Eq. (19)), we can find that contribution from the nor-
mal component of the displacement,

∣∣ξψ

∣∣2, can be written as
CJ/ |∇ψ|2 ∝ A/ f4

√
f2, while that from the poloidal compo-

nent is ∣∣ξχ

∣∣2 = [(C/3)q′2/F2]R4B2
χ J ∝ A(E2y2

p/3π
2)

×
(

∂

∂yψ

∫
π

0

du
f1
√

f2

)2

f1 f4/
√

f2. (50)

To plot
√∣∣ξψ

∣∣2 and
√∣∣ξχ

∣∣2 as functions of the poloidal vari-
able u, for a D-shape plasma, we find that, with the inner
boundary getting much steeper (the parameter yψ → 0.625),
the poloidal component becomes much greater than the nor-
mal component and much localized (Figs. 5(a) and 5(b)) while
for the inverse D-shape case, if the magnetic shear is not large,
two components could be comparable (Fig. 5(c)).

      














u

      


















u

      














u

ζχ

ζψ

ζψ

ζψ

ζχ

ζχ

ζ
ψ
, 

ζ
χ

ζ
ψ
, 

ζ
χ

ζ
ψ
, 

ζ
χ

(a)

(b)

(c)

Fig. 5. (color online) Displacement functions along the poloidal di-
rection for different boundary parameters: (a) yψ = 0.625, E = 1.6,
D = −0.59, (b) yψ = 0.625, E = 1.6, D = −0.5, and (c) yψ = 0.625,
E = 1.6, D = 2.5.
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4.4. Growth rate of the peeling mode

Now we can use the general equation, γ2 = −δW/K, to
calculate the growth rate of edge peeling mode for an arbi-
trary D-shape Solov’ev configuration described above. Using
results described in above sections, we can finally write

(γ2/ω
2
A)

=
(λ−+1)+(2πE2yψ)

−1[(E2 +1−D)I5 +DI4]/Ipq

q2
0[(E

2y2
ψ)
−1I5/I2

pq + IJ ]I4
. (51)

For simplicity, in the following we denote γ2q2
0/ω2

A⇒ γ2

as a normalized quantity (the square of normalized growth
rate). Including two D-shape configurations, the general vari-
ation of the square of the growth rate of the edge peeling mode
in such kind of Solov’ev configuration is shown in Fig. 6. It
is found that in parameter range −0.41≤ D <−0.11, γ2 < 0,
the mode is stable. For D-shape case, with D < −0.41, the
growth rate is small while in the inverse D-shape case, the
growth rate is usually much greater than in the D-shape case.
However, when the parameter D > 2.5, i.e., when the outer
boundary becomes rather straight, the growth rate rapidly

↩. . . . . . .
↩.



.

.

.

.

.

.

yb/.↪ E/.

D

γ
2

Fig. 6. Variation of the square of the normalized growth rate of the edge
peeling mode, γ2, with the triangularity parameter D.

decreases. The basic reason that the growth rate becomes very
small in both of these two limiting cases is not due to the de-
crease of the variation of the potential energy (indeed, these
variations are increasing), but due to the rapid increase of the
poloidal displacement value. This situation is quite similar to
the case of a diverted plasma when the very near separatrix
surface is approached.[1,14–17]

5. Spherical torus configuration
Analyses carried out above indicate that the magnetic

shear in the tokamak edge (due to large q′(ψ)) has signifi-
cant effects on the edge peeling mode. It is undoubtedly very
interesting to consider the large aspect ratio case, the spheri-
cal torus configuration, because it has a large magnetic shear
in its edge region naturally.[24] Now assume a configuration
with aspect ratio A = 1.2 and E = 1.6, which is equivalent to
yb = 2A/(A2 +1) = 0.9836. Examples of the boundary of this
kind of configurations are shown in Fig. 7. Using the same
method as the one discussed above for tokamaks, we obtain
the Mercier index in Fig. 8. It is apparent that dominant effect
is from the DM1 term, producing a quite strong stabilizing ef-
fect. Then for typical D-shape ST configuration, the current
driving term is smaller than the Mercier term, so that the edge
peeling mode is stable. This happens for D < 0.129 (Fig. 9)
while the absolute value of λ− becomes larger than the ab-
solute value of S/P so that the total variation of the potential
energy is positive.

Even in the unstable parameter regime, the absolute value
of the displacement function becomes very large and usually
the poloidal displacement is much larger than the normal one
by several orders. This makes γ2 much smaller than the toka-
mak case (Fig. 10).

 . . .
↩.

↩.

↩.



.

.

.

 . . .

↩.

↩.



.

.

 . . .
↩.

↩.

↩.

↩.

↩.



.

.

.

.

.

R/R0

z
/
R
0

R/R0

z
/
R
0

R/R0

z
/
R
0

(a) (b) (c)

Fig. 7. Boundary of an ST configuration with yb = 0.9836, and E = 1.6. (a) D =−0.016, (b) D = 0, and (c) D = 1.0.
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Fig. 8. (color online) Variation of the Mercier index DM of the ST con-
figuration with parameter D.
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Fig. 9. (color online) Change of the total variation of the potential en-
ergy, −δW for the ST configuration with parameter D.
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Fig. 10. Change of the square of the growth rate γ2 for the ST configu-
ration with parameter D.

6. Summary
We have calculated the growth rate of the edge peeling

mode for the tokamak and the ST configurations. For toka-

maks, results are compared for regular D-shape and inverse
D-shape cases. Generally, the variation of the kinetic energy
is dominated by the perturbed poloidal displacement, which
becomes very large in a large magnetic shear region. This
makes the growth rate of the peeling mode very small in near
D-shape and also the inverse D-shape boundary. This situa-
tion is somewhat similar to the case of diverted plasma when
the separatrix is approached. Of course, this is only a simple
one-dimensional analysis, so it would be interesting if a more
complicated numerical simulation could find similar results.
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