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Nonlinear impedances of thermoacoustic stacks
with ordered and disordered structures∗
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Nonlinear impedances of two thermoacoustic stacks with ordered structures (plate-type and pipe-type) and one with a
disordered structure (copper mesh) are studied. The linear resistances, nonlinear coefficients and effective acoustic masses
of the stacks are extracted from the experimental results based on an analogical model of nonlinear impedances of porous
materials. The resistance and nonlinear coefficient of the disordered stack are found to be much larger than those of the
ordered stacks, which have similar volume porosities. In the ordered stacks, the resistance is only marginally influenced by
the length of the stack, while in the disordered stack, the resistance increases significantly with the length. These charac-
teristics of the impedances of ordered and disordered stacks are explained with the minor loss theory and the tortuosity of
a stack.
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1. Introduction
In 1777, Byron Higgins was the first to study thermoa-

coustic oscillation.[1] He observed acoustical oscillation when
a tube with both ends open was heated by a hydrogen flame,
and it was named the “singing flame” phenomenon. More
than fifty years later, Rijke used a heated wire screen to pro-
duce strong acoustic oscillation and Sondhauss studied the fre-
quency and intensity of the oscillation.[2] A breakthrough in
the study and modeling of thermoacoustic phenomena was
made by Rott by developing a successful linear theory[3]

that led to systematic studies of thermoacoustic effects and
devices.[4,5] Thermoacoustic devices work based on the energy
conversion between the acoustic energy and thermal flux.[5,6]

These devices can be divided into two types according to
the direction of energy conversion: thermoacoustic engines
which convert heat into acoustic energy and thermoacoustic
refrigerators which convert acoustic energy into thermal flux.
Among various refrigeration technologies developed in recent
years,[7,8] thermoacoustic refrigerators have been considered
to be an important refrigeration technology and show great re-
search and application prospects by virtue of the advantages
of no pollution and long service life.

With the development of thermoacoustic technology, the
thermoacoustic refrigerator driven by a loudspeaker was first
presented by Hofler[9] and was considered to be a major step
toward the practical application of thermoacoustic refrigera-
tion. In order to increase the efficiency and power of this

type of thermoacoustic refrigerator, systematical analysis,[10]

acoustic coupling between the acoustic source and the ther-
moacoustic resonant pipe[11–13] and natural convection in the
pipe[14] have all been widely studied. Furthermore, because
of the high intensities of acoustic fields in thermoacoustic res-
onant pipes, nonlinear effects cannot be avoided in thermoa-
coustic refrigerators. In fact, the research into the nonlinear-
ities in thermoacoustic refrigerators has focused on nonlinear
standing waves[15,16] and the energy conversions from electric
energy to acoustic energy[17,18] and from acoustic energy to
thermal flux.[19,20] In a thermoacoustic refrigerator, the ther-
moacoustic stack is the most important part, because the con-
version between acoustic energy and thermal flux takes place
in it. Therefore, an acoustic model of the thermoacoustic
stack was set up in order to improve the acoustic coupling in
the thermoacoustic refrigerator,[21] and recently, the research
was extended to the nonlinear scope, in which the nonlinear
impedance of a type of thermoacoustic stack made of the cop-
per mesh was studied.[22]

For the optimization of the performance of thermoacous-
tic refrigerators, thermoacoustic stacks with different struc-
tures have been used in order to achieve the energy conver-
sions with high efficiency.[6] Thermoacoustic stacks were con-
sidered as porous materials when the acoustic characteristics
were studied.[23] According to the theory of acoustic trans-
mission in porous material, we divide various thermoacous-
tic stacks with different structures into two types: (i) the or-
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dered stack with tortuosity q as 1,[24] in which each of the
main longitudinal pores in the stack is straight; (ii) the dis-
ordered stack with q > 1, which indicates the possibility of a
gentle longitudinal curvature of each of the main pores, i.e.,
the twisted degree of each acoustical path in the stack. In this
paper, in order to evaluate the acoustic characteristics of both
types of thermoacoustic stacks, two ordered stacks with differ-
ent structures (plate-type and pipe-type stacks) and one disor-
dered stack (copper mesh stack) are studied. Based on the ex-
perimental results, three characteristic parameters describing
the acoustic properties of the stacks are extracted—the linear
resistance, nonlinear coefficient, and effective acoustic mass.
Next, the linear and nonlinear resistances of the ordered and
disordered thermoacoustic stacks are compared and discussed
based on the minor loss theory and their different transmission
paths. The results can be used to formulate more accurate non-
linear models of thermoacoustic refrigerators that incorporate
different thermoacoustic stacks.

2. Theory and experimental apparatus
According to the definition of acoustic fluid impedance

and Euler’s motion equation, the acoustic fluid impedance
of a stack set up in a resonant pipe can be expressed as
Z = R+ iX = −(∂P/∂x)/U when a sinusoidal signal is used
as excitation,[22–26] where R and X indicate the resistance and
reactance of the stack, respectively; P and U are the ampli-
tudes of the complex acoustic pressure and particle velocity
of the fluid in the resonant pipe; x is the traveling direction
of the acoustic wave. Based on this theory, an experimental
system can be built, as shown in Fig. 1(a).[22] The working
gas employed in the experiment is air at room temperature
with a filling pressure of 1 atm. Acoustic fields with high
sound pressure levels (SPL) up to more than 140 dB are es-
tablished in the resonant pipe by a high power loudspeaker,
and the acoustic pressures on both sides of the stack (P1, P2)

and at the rigid terminal of the pipe (Pt) are measured by three
mini-type microphones 1–3. The particle velocity in the stack
can be seen as a constant and is indicated by U2 in the ex-
periments, as the length of the stack d is much shorter than
the acoustic wave length λ at the measuring frequency, as
is always the case in thermoacoustic refrigerators. Then, the
approximate equation for the impedance can be expressed as
Zm = (P1−P2)/U2d. Using the plane wave theory, U2 can be
expressed as U2 = iPt sin(k′L)/ρ0c′, where L is the distance
between the stack and the rigid terminal of the resonant pipe;
ρ0 is the density of the fluid in the resonant pipe; c′ = ω/k′ is
the complex acoustic velocity and k′ = k+ iα (α < 0) is the
complex wave number, with α as the attenuation coefficient in
the resonant pipe. According to the relation P2 = Pt cos(k′L)
between the acoustic pressures obtained with microphones 2
and 3, the attenuation coefficient α can be determined by

α = ln(
√

ζ 2 +1−ζ )/L, where ζ = |P2/Pt|. Although the
equation is available for an arbitrary L, the stack must be fixed
at the antinode of the particle velocity in the experiment, which
leads to the most obvious nonlinear effect and the least er-
ror with the approximation of the short stack in the theory.[22]

Then, the distance between the stack and the rigid terminal is
determined by the operating frequency as L = (2n−1)λ/4,
where n is a positive integer and is usually taken as 1. In
this case, the approximate equation for the impedance can be
obtained[22]

Zm = ρ0c′ ((−1)n iP1/Pt +αL)/d. (1)

Then, the resistance Rm = Re [Zm] and reactance Xm = Im [Zm]

of the stack, as well as its equivalent acoustic mass Mm =

Xm/ω , can be obtained correspondingly.

microphone 1

loudspeaker

plate-type pipe-type copper mesh

stack resonant
pipe

rigid terminal

P↪U

microphone 2

P↪U

microphone 3

Pt↪Ut

(a)

(b)

Fig. 1. (a) Experimental system for measuring acoustic fluid
impedances of thermoacoustic stacks in thermoacoustic resonant pipes.
The P1(U1), P2(U2), and Pt(Ut) are acoustic pressures (particle veloci-
ties) on both sides of the stack and at the rigid terminal of the resonant
pipe; (b) three types of thermoacoustic stacks.

Figure 1(b) shows the stacks with different structures
used in the experiments. The plate-type and pipe-type stacks
have regular longitudinal main slots or pores, which are or-
dered stacks. In order to achieve the efficient thermal exchange
in the thermoacoustic stack, the sizes of slots or pores in the
stack must be on the same order of thickness δh as the thermal
boundary layer, which is about 0.3 mm in the experiments.
Therefore, the width of the slot in the plate-type stack and the
radius of the pore in the pipe-type stack are designed to be
0.3 mm and 0.5 mm, respectively. The copper mesh stack is
made of copper mesh with a mesh number of 30 and wire di-
ameter of 0.15 mm. The piled pieces of copper mesh are fixed
in a metal frame located in the resonant pipe, so the porosity of
the copper mesh stack can be easily changed by changing the
number of the piled pieces. Obviously, there is no straight lon-
gitudinal path in the copper mesh stack and so it is considered
to be a disordered stack.
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3. Results and discussion
Figure 2 shows the nonlinear impedances versus the SPL

of Pt measured in the three types of thermoacoustic stacks with
the same length of 1 cm, in which the measuring frequency is
130 Hz. It is found that the acoustic impedances of the or-
dered and disordered stacks show similar behaviors versus the
SPL, i.e., the resistances keep constant at low SPLs and be-
gin to increase exponentially after a critical SPL, while the ef-
fective acoustic masses (or reactances) are independent of the
SPL. Therefore, the nonlinear impedances of ordered and dis-
ordered thermoacoustic stacks can be described by the acous-
tic models analogous to the theory of acoustic nonlinearities
in porous materials, as follows:[22]

Rm ≈
{

r0, splt < splc,
r′0 +Prefr110splt/20, splt ≥ splc,

(2a)

Mm ≈ m0, (2b)

where r0 indicates the linear resistance at low SPLs and r1 is
defined as the nonlinear coefficient indicating the degree of
the nonlinear effect; Pref = 2×10−5 Pa is the reference sound
pressure; m0 is the effective acoustic mass, which is a constant
versus the SPL; splt is the sound pressure of Pt, and splc is
a critical SPL above which the nonlinear effect arises. Then,
r0, r1, and m0 are three characteristic parameters describing
the acoustic impedance of the stack, providing both linear and
nonlinear information.
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Fig. 2. (color online) Experimental acoustic impedances versus the SPL
for thermoacoustic stacks with the length of 1 cm at the measuring fre-
quency of 130 Hz: (a)–(b) resistances, (c)–(d) effective acoustic masses
of the plate-type, pipe-type, and copper mesh stacks. Solid lines indi-
cate the fitted results.

In order to obtain the three characteristic parameters, ex-
perimental results are fitted with the least squares method, as

the solid lines show in Fig. 2, and the extracted parameters are
listed in Table 1. It can be seen that unlike the resistance,
the effective mass is much smaller and independent of the
SPL; in addition, it is marginally influenced by the structure
of the stack. Therefore, the resistance is considered to play a
more important part in the performance of the thermoacous-
tic stack and must be given more consideration in research.[24]

The linear part r0 of the resistance can be obtained according
to the linear model of the thermoacoustic stack. In the ordered
stacks, the linear resistances are related to the characteristic
wavelength λc =

√
2lc/δυ ,[25,26] where lc is the characteris-

tic dimension of the slot or pore in the plate-type or pipe-
type stack and δυ is the thickness of the viscous boundary
layer. On the other hand, the linear resistance of the disor-
dered mesh stack can be derived from the momentum equation
as Rm = µ (γ1 (Ω)/8+ γ2 (Ω)Re/(3π))/r2

h,[27] with µ the dy-
namic viscosity of air as 18.1 µPa·s and rh the hydraulic ra-
dius as 0.2 mm. The Re = 4u0rhρ0/µ is the Reynolds number,
which is 0 in our experiment because the static flow speed u0

in the resonant pipe is 0. Here, γ1 (Ω) = 1268− 3545Ω +

2544Ω 2 and γ2 (Ω) = −2.82+ 10.7Ω − 8.6Ω 2 are functions
showing the relation between the friction factor and the vol-
ume porosity Ω .[28] Then, according to the structural param-
eters of the stacks used in the experiments, the theoretical re-
sistances are calculated to be 1260 rayls/m for the plate-type
stack, 1312 rayls/m for the pipe-type stack and 5376 rayls/m
for the copper mesh stack. Actually, the resistance of the or-
dered stack is sensitive to the sizes of the pores or slots in
the stack. As calculated with the theory, a fabrication error
of 0.01 mm in the width of the slot can induce a deviation of
over 7% in the resistance of the plate-type stack, which also
exists in the pipe-type stack. Because the sizes of the slots
and pores in the ordered stacks are all sub-millimeter, fabrica-
tion errors in geometry and sizes are almost inevitable. In this
case, deviations of 14.9% and 6.95% between the experimen-
tal and theoretical results can be found for the plate-type and
pipe-type stacks, respectively.

The nonlinear resistance of the stacks can be explained
by the minor loss and tortuosity of the stack. The excess loss
occurs at the face of the stack and can be modeled with the
minor loss theory.[29,30] The tortuosity indicates the shape of
the transmission path of the acoustic wave in the stack,[24,27]

which also influences the resistance of the stack. In an acoustic

Table 1. Extracted parameters for acoustic impedances of the stacks shown in Fig. 2.

Type of stack Linear resistance Fitting coefficient Nonlinear coefficients Acoustic mass Critical SPL

r0/rayls·m−1 r′0/rayls·m−1 r1/rayls·m−1·Pa−1 m0/kg·m−1 splc/dB

Plate-type 1480 1478 0.2955 4.879 ∼ 123

Pipe-type 1410 1399 1.816 5.166 ∼ 123

Copper mesh 5379 5188 6.486 5.099 ∼ 125
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field with high intensity, the excess resistance of the stack in-
creases linearly with the particle velocity, corresponding to a
minor loss coefficient K = α − 2βσ + σ2, in which α and
β are the kinetic energy coefficient and momentum coeffi-
cient, respectively, σ is the ratio of the areas before and af-
ter the expansion and can be considered to be the same value
as Ω .[30] According to the theory and the experiment, the mi-
nor loss coefficient K for the pipe-type transmission path is
larger than that for the slot-type transmission path,[30] which
results in a larger nonlinear coefficient for the pipe-type stack
than for the plate-type stack. In a thermoacoustic stack, the
excess pressure drop between both sides caused by the mi-
nor loss can be expressed as ∆P = Kρ0 〈U〉2/2,[29,30] in which
〈U〉= qU/Ω is the velocity averaged over a single acoustical
path in the stack.[30,31] Then, according to the definition of the
stack impedance Z = ∆P/Ud, we can define a coefficient Ke =

dR/dU = ρ0q2K/2dΩ 2 to demonstrate the nonlinear behavior
of the resistance R versus the particle velocity U . This effec-
tive coefficient Ke is determined by both the minor loss coeffi-
cient K and the tortuosity q, which can be used to describe the
nonlinear resistances of both ordered and disordered stacks.
Therefore, the nonlinear coefficient r1 in Eq. (2a), which we
extract from the experimental data, can be expressed by the co-
efficient Ke as follows: r1 = dR/dPt = dR/d(Zt2U2) = Ke/Zt2,
where Zt2 = Pt/U2 = ρ0c′/i sin(k′L). In this case, the nonlin-
ear coefficient r1 describing the nonlinear effects in both the
ordered and disordered thermoacoustic stacks can be directly
determined by

r1 =
ρ0q2

2dΩ 2Zt2
K. (3)

By comparing the performances of the ordered and disor-
dered thermoacoustic stacks, it can be seen that both the linear
resistance and nonlinear coefficient of the disordered copper
mesh stack are much larger than those in the ordered stacks,
even with much smaller volume porosities, although both pa-
rameters increase with the decrease of the volume porosity.[22]

The phenomenon results from different transmission paths in
the stacks. In the ordered stacks, the tortuosity q = 1 and the
slots or pores in the stack are straight, so the acoustic wave
can transmit through the stack easily. However, in the disor-
dered stack, the transmission paths in the stack are twisted,
which results in a larger q. Therefore, in the disordered type
of copper mesh stack, the additional resistance caused by the
twisted transmission paths increases the linear resistance, and
the nonlinear coefficient r1 describing the nonlinear effects, as
indicated by Eq. (3), is also increased by a large tortuosity q.

The influence of stack length on resistance also differs be-
tween ordered and disordered stacks. As shown in Fig. 3(a),
two plate-type stacks with the lengths of 1 cm and 2 cm ex-
hibit similar resistances, differing less than 100 rayls/m. It
must be noted that the volume porosities of the ordered stacks

with different lengths are slightly different. Because the sizes
of the slots and pores in the ordered stacks are both in the
sub-millimeter scale and there are many slots and pores in one
stack, tiny fabrication errors in several slots or pores in a stack
can change the porosity, especially in a longer stack. This ex-
plains why the porosity of the stack with the length of 2 cm is
5% lower than that of the one with the length of 1 cm, giving
the longer stack greater resistance. Then, it can be predicted
that the resistances of ordered stacks with the same volume
porosity and different lengths are almost the same. In the or-
dered stack, since the tortuosity remains one regardless of the
length, it is reasonable that the resistance of the ordered stack
is independent of its length. However, as shown in Fig. 3(b),
for the disordered stacks with the same volume porosity, the
resistance increases significantly with the length of the stack,
unlike the ordered stacks. The phenomenon can also be ex-
plained by the tortuosity of the disordered copper mesh stack.
The tortuosity of the copper mesh stack can be expressed with
an empirical equation ln(q) = −7.83ln(Ω)− 0.54ln(Dw)+

0.188ln(d)+ 4.85Ω 2− 4.49,[32] in which Dw is the wire di-
ameter of the copper mesh. It can be seen that the tortuos-
ity increases with the stack length d because it influences the
topological characteristics of the stack. Therefore, the longer
disordered stack has more twisted transmission paths, which
results in a larger tortuosity q as well as a larger resistance Rm.
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Fig. 3. (color online) Experimental acoustic resistances versus the SPL
for thermoacoustic stacks with different lengths at the measuring fre-
quency of 130 Hz: (a) plate-type stacks and (b) copper mesh stacks.
Solid lines are the fitted results.

4. Conclusions
In conclusion, the nonlinear impedances of ordered

(plate-type and pipe-type) and disordered (copper mesh) ther-
moacoustic stacks are studied and their different characteris-
tics are presented—characteristics that can be used to describe
the nonlinear models of thermoacoustic refrigerators that em-
ploy different types of thermoacoustic stacks. The influences
of the SPL on the nonlinear impedances of ordered and disor-
dered thermoacoustic stacks are similar. However, both the
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linear resistance and nonlinear coefficient of the disordered
stack are much larger than those in the ordered stacks. Addi-
tionally, the resistance of an ordered stack is only marginally
influenced by the stack length, while the resistance of the dis-
ordered stack increases with the length. These phenomena can
be explained based on the minor loss theory and the tortuosity
in the three types of stacks. Obviously, the linear and non-
linear impedances of ordered and disordered stacks show dif-
ferent characteristics. It seems that the disordered stack has
a larger resistance than the ordered one because of the large
linear resistance and nonlinear coefficient, which must be con-
sidered in the impedance match in thermoacoustic engines. On
the other hand, the disordered stack fabricated with the mesh
screen shows the heat exchange with high efficiency, which
is often used in pulse tube refrigerators based on the ther-
moacoustic effects.[33–35] Therefore, both impedance match-
ing and heat exchange efficiency must be considered simulta-
neously in order to achieve the high working efficiency of a
thermoacoustic refrigerator by choosing the proper thermoa-
coustic stack.
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