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Based on the nonlocal nonlinear Schrödinger equation, the propagation properties of anomalous hollow beams in
strongly isotropic nonlocal media are investigated. The analytical expressions of the beam propagation, the on-axis intensity
and the beam width are obtained. The results show that the evolution of the beam is periodical and the input power is the
most important parameter. The input power determines the variation of the period. Furthermore, it is found that there exists
a critical input power in the x direction and in the y direction separately when the initial beam widths in the two transversal
directions are unequal. The beam width remains invariant in the corresponding transversal direction when the input power
equals the critical power in one of the transversal directions. Selecting a proper input power, the beam can be broadened
or compressed in the two transversal directions at the same time. In particular, the beam can be broadened (compressed)
in one transversal direction, whereas in the other transversal direction, it is compressed (broadened), i.e., the transversal
reverse transformation.
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1. Introduction

In the past decade, nonlocal nonlinearity has attracted
considerable interest. The nonlocality allows the refractive
index of a material at a particular point to be related to
the beam intensity at all other material points, which is dis-
tinctly different from the conventional local nonlinearity. If
the characteristic length of the nonlocal response is much
larger than the beam width, these media are called strongly
nonlocal nonlinear media. In reality, many physical sys-
tems exhibit the nonlocal nonlinearity, for instance nematic
liquid crystals,[1] lead glasses,[2] atomic vapors,[3] Bose–
Einstein condensates,[4] photorefractive crystals,[5] etc. Non-
locality can support many novel solitons, such as Gaussian
and higher-order Gaussian solitons,[6–8] elliptic solitons,[2,9,10]

vortex solitons,[11,12] dipole or multipole solitons,[13,14] dark
solitons,[15,16] surface solitons,[17,18] solitons in nonlocal op-
tical lattices,[19–21] etc. Up to now, various shape-invariant
beams, i.e., solitons, have been investigated in the nonlocal
domain. However, due to the complexity of the shape-variant
beams, there are relatively few investigations on the nonlocal
propagation of shape-variant beams which include the anoma-
lous hollow beam.

On the other hand, because the dark hollow beams have
wide applications in atomic optics, binary optics, medical sci-

ences, optical trapping of particles, etc., these beams have
been widely studied. Experimentally, various techniques have
been used to generate the dark hollow beams. In an experi-
ment, Wu et al. observed an anomalous hollow beam which
can be used as a powerful tool to study the linear and nonlin-
ear particle dynamics in the storage ring.[22] Therefore, the
anomalous hollow beam is a kind of novel and important
beam. In order to study this beam theoretically, Cai proposed a
mathematical model of the anomalous hollow beam.[23] Later,
the anomalous hollow beam was investigated in various opti-
cal systems, for example a turbulent atmosphere,[24] uniaxial
crystals,[25] fractional Fourier system,[26] a misaligned first-
order optical system,[27] etc. In addition, Cai et al. also pro-
posed an alternative theoretical model for an anomalous hol-
low beam.[28] Most recently, Wang et al. studied the prop-
agation properties of a radial phased-locked partially coher-
ent anomalous hollow beam array in turbulent atmosphere.[29]

To the best of our knowledge, the propagation of the anoma-
lous hollow beam in nonlocal nonlinear media remains un-
exploited. In this paper, we investigate the propagation of
anomalous hollow beams in strongly isotropic nonlocal non-
linear media. The on-axis intensity, the beam width, and the
evolution of the transversal intensity are discussed. We find
that the input power is a very important parameter. Selecting a
proper input power, the beam can be broadened or compressed
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in the two transversal directions at the same time. In particu-
lar, the beam can be broadened (compressed) in one transver-
sal direction, whereas in the other transversal direction it is
compressed (broadened), i.e. the transversal reverse transfor-
mation.

2. Analytical expression
In Cartesian coordinates, the propagation of a paraxial op-

tical beam in nonlocal nonlinear media is governed by the non-
local nonlinear Schrödinger equation

2ikn0
∂Φ

∂ z
+n0

(
∂ 2

∂x2 +
∂ 2

∂y2

)
Φ

+ 2k2n2Φ

∫∫
R(𝑟−𝑟′)|Φ |2 d2𝑟′ = 0, (1)

where Φ is the complex amplitude, 𝑟 = (x,y) denotes the
transversal coordinates, k is the wave number without nonlin-
earity, n0 is the linear refractive index of the media, n2 is the
nonlinear index coefficient, and R is the normalized symmet-
rical real spatial response function of the media. The last term
on the left in Eq. (1) represents the nonlocal nonlinearity, if
this term is ignored, equation (1) reduces to the paraxial wave
equation in free space, which has been thoroughly investigated
in the past decades.

In the case of strong nonlocality, where the beam width
is much narrower than the width of the response function
(i.e., the characteristic length of the material), if the response
function is twice differentiable at the original point, it can
be expanded in a Taylor’s series. If the response func-
tion is expanded to the second order, the nonlocal nonlinear
Schrödinger equation reduces to the following model:[6]

2ik
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∂ z
+

(
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)
Φ− k2

γ
2P0(x2 + y2)Φ = 0, (2)

where γ is a material constant associated with the response
function, and P0 =

∫∫
|Φ |2 dxdy is the input power of the beam.

In theory, one can use Eq. (2) to deal with the propagation of
an arbitrary beam in strongly isotropic nonlocal nonlinear me-
dia.

The anomalous hollow beam at the initial position z = 0
can be expressed as[23]

Φ(x0,y0,0) = C0 exp
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where C0 =
√

P0/10πw0xw0y is a normalized constant which
ensures the input power equals P0, w0x and w0y are the beam
waist width of an astigmatic Gaussian beam in the x and y

directions, respectively, H2 is the second-order Hermite poly-
nomial. The above equation can also be expressed as superpo-
sition of astigmatic Gaussian modes and astigmatic doughnut
modes as follows:
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. (4)

Only based on Eqs. (2) and (4), it is almost impossible to study
the beam propagation in strongly isotropic nonlocal media due
to the mathematical complication. Fortunately, equation (2) is
a linear equation, therefore a strongly nonlocal medium can
be regarded as a linear optical system, and the propagation ex-
pression of paraxial beams in such media can be obtained by
using the following integral formula as shown in our previous
work in Refs. [30] and [31]:
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Substituting Eq. (4) into Eq. (5), after tedious but straightfor-
ward integration, one can obtain
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For the convenience of discussion in the following, we have
used parameters: p = w0y/w0x describes the ellipticity of the
beam, zR = kw2

0x/2 is the Rayleigh distance of a Gaussian
beam defined by the beam waist width in the x direction,
zp = 1/

√
γ2P0 is a parameter related to the input power, and

α = z/zp is a normalized propagation distance. Equation (6) is
the analytical expression of the anomalous hollow beam prop-
agating in strongly isotropic nonlocal nonlinear media, and
one can study the propagation properties using it.

Based on Eq. (6), one can obtain the on-axis intensity as
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8p2zp

csc2 α
· {z4
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]
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p sin2

α)]−1

× {
[
z2

p + z2
R− (z2
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R +(p4z2

R− z2
p)cos(2α)

]
}−1/2, (7)

where csc(·) is the cosecant function, and cot(·) is the cotan-
gent function.

Now we discuss the beam width. Because of the complex-
ity of the intensity distribution of the anomalous hollow beam
during propagation, we take the second-order moment beam
width to describe the beam width. The second-order moment
beam width gives good gross information on the beam width,
and it is widely applied in practice. The second-order moment
beam widths in the x and y directions are respectively defined
as follows:

w2
rx(z) =

4
∫∫

x2|Φ(x,y,z)|2 dxdy∫∫
|Φ(x,y,z)|2 dxdy

, (8)

w2
ry(z) =

4
∫∫
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|Φ(x,y,z)|2 dxdy

. (9)

Evidently, it is difficult to calculate the second-order moment
beam width of the anomalous hollow beam through integrating
Eqs. (8) and (9) directly. However, with the aid of the method
in Ref. [32] and the results in our previous work,[30] one can
obtain the beam width of the anomalous hollow beam
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In Eqs. (10) and (11), if we select a proper input power,
the beam width in the x or y direction can be invari-
ant on propagation, i.e., it always keeps the initial beam
width as wrx(z) ≡ wrx(0) =

√
17/5w0x or wry(z) ≡ wry(0) =√

17/5w0y =
√

17/5pw0x. We define this input power as the
critical power. Then the critical power in the x or y direction
is, respectively,

Pcx =
9

17
Pcg, (12)

Pcy =
9

17p4 Pcg, (13)

where Pcg = 1/γ2z2
R is the critical power of a Gaussian beam

(i.e., the soliton power).[6–8] As a special case of p = 1, the
beam widths both in the x and y directions can keep invariant
on propagation at the same time. Otherwise, the beam widths
only keep invariant in one direction.

3. Propagation properties
We first discuss the intensity evolution for the special case

of p = 1.0, P0 = Pcx in Fig. 1. Figure 1 shows the propaga-
tion is periodical and the period is πzp. When w0x = w0y (i.e.,
p = 1.0), the anomalous hollow beam reduces to a circular
anomalous hollow beam, which has a circular symmetry with
a circular solid core at the initial position. With the propa-
gation distance increasing, the beam energy converges to the
beam center gradually and the intensity of the solid core ar-
rives at its maximal at z = πzp/2. Then the intensity evolution
for πzp/2 < z < πzp is an inverse process of 0 < z < πzp/2,
and completes a period. In the whole process, there always ex-
ists a bright ring around the solid core, although the intensities
of the ring and the core are unequal. These properties above
are similar to those discussed in Refs. [7], [8], [33], and [34].
Namely, for w0x = w0y, the beams here have the same prop-
agation properties as those discussed in Refs. [7], [8], [33],
and [34]. In the following, we focus on the general case, i.e.
p 6= 1.0.

Figure 2 gives the beam width in the x direction with dif-
ferent input powers. It shows that the beam width keeps in-
variant on propagation for P0 = Pcx (note that the distribution
of transversal intensity is variant, see Fig. 1). If P0 6= Pcx, the
beam width varies periodically. The longer the period is, the
lower the input power is. It can be found from Eq. (10) that
the period is πzp. In Eqs. (10) and (11), if the derivatives of
w2

0x(z) and w2
0y(z) with respect to the propagation distance z

are equal to zero, the positions where the beam width arrives
at its maximum or minimum can be obtained. One can easily
obtain these positions zm = nπzp± πzp/2,n = 0,1,2, . . . Be-
cause of zp related to P0 (i.e., zp = 1/

√
γ2P0 =

√
Pcg/P0zR),

the positions with maximal or minimal beam width and the pe-
riod of the beam width evolution are both related to the input
power (the red dashed and the blue dotted curves in Fig. 2).
These properties are similar to the Gaussian beam[6] and the
higher-order Gaussian beams[7,8] in strongly nonlocal media,
but the Gaussian beam and the higher-order Gaussian beams
keep their transversal shapes invariant on propagation, while
the transversal shapes of the anomalous hollow beam are vari-
ant (see Fig. 1). It should be noted that the discussion above
is in the x direction, it is independent of the y direction, i.e.,
the results are invariable whatever p is, and vice versa. This is
very different from the Gaussian and higher Gaussian beams
whose widths in the x and y directions are always correlative
and synchronous.
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Fig. 1. (color online) Intensity evolution of the anomalous hollow beam on propagation. (a) The transversal intensity distributions at different propagation
distances given on the top; (b) the transversal intensity distributions in the x direction corresponding to panel (a); (c) the intensity evolutions of the anomalous
hollow beam in the x direction (left), the y direction (center), and the on-axis direction (right). Parameters: p = 1.0,P0 = Pcx.
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Fig. 2. (color online) Evolution of the beam width in the x direction with
different input powers. The blue dotted curve, the green solid curve,
and the red dashed curve correspond to the input power P0 = 0.8Pcx,
P0 = 1.0Pcx, and P0 = 2.0Pcx, respectively.

Figure 3 gives the beam width evolutions with different p
and P0. Fig. 3(a) shows that when P0 = Pcx, wrx keeps invari-
ant on propagation (the purple solid curve in Fig. 3(a)), but
wry can become wider or shorter for different p. For p < 1, wry

is broadened firstly, and then compressed and varies period-
ically (the green dotted and the blue dashed-dotted curves in
Fig. 3(a)). For p> 1, wry is compressed firstly, and then broad-
ened and varies periodically (the red dashed curve in Fig. 3(a)).
Figure 3(b) shows that when P0 = 2.0Pcx, wrx is compressed
firstly, while wry can be broadened (p = 0.6) or be compressed
(p = 1.2), even keep invariant (p = 1/ 4√2). The reason can
be explained as follows. When the input power equals the
critical power, the self-focusing counteracts the diffraction,
and the beam width keeps invariant. If the input power does
not equal the critical power, the beam can be broadened by a
strong diffraction for a low input power or be compressed by

a strong self-focusing for a high input power. A higher in-
put power produces a stronger self-focusing, and a narrower
beam produces a stronger diffraction. Because w0x 6= w0y, the
diffraction and the self-focusing are also unequal in the x and
y directions. The variety of beam width is the homeostasis
between the diffraction and the self-focusing. Therefore, the
input power is very important. For an anomalous hollow beam
(p is fixed), by setting a proper input power, the beam can be
broadened or compressed in two directions at the same time.
In particular, the beam can be broadened (compressed) in one
transversal direction, whereas in the other transversal direc-
tion, it is compressed (broadened) at the same time, i.e., the
transversal reverse transformation. In other words, with the
beam width decreasing (increasing) in one transversal direc-
tion, it increases (decreases) in the other transversal direction.
For example, for P0 = 2.0Pcx and p= 0.6, in the x direction, the
beam width is compressed (the purple solid curve in Fig. 3(b)),
while in the y direction, it is broadened (the green dotted curve
in Fig. 3(b)).

In addition, we notice that although wrx and wry vary on
propagation in Fig. 3, the two beam widths can be equal at
some positions. If set wrx(z) = wry(z), solving the equation,
we can get the positions

ze = nπzp + zp arccos

 ±3zp√
9z2

p +17p2z2
R

 ,

n = 1,2,3, . . . (14)

It is noted that equation (14) is unsuitable for p = 1.0. For the
case of p = 1.0, it is evident that the beam widths in the x and
y directions are always equal on propagation.
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Fig. 3. (color online) Evolution of the beam width with different p under
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The purple solid curve represents wrx with a random value of p. The
green dotted curve, the blue dashed-dotted curve, and the red dashed
curve represent wry with p = 0.6, p = 1/ 4√2, and p = 1.2, respectively.

Figure 4 shows the intensity evolution for the case of
P0 = Pcx, p = 0.6 corresponding to Fig. 3(a). It is found that in
the x direction, P0 = Pcx, wrx keeps invariant; however, in the y
direction, P0 = Pcx < Pcy, wry is broadened. At z = nπzp/2,n =

0,1,2, . . . , the beam keeps the elliptical symmetry, and at other
positions, the beam shapes change and is not elliptical sym-
metric. The long and short axis of the beam interchanges at
z= neπzp/2 and z= noπzp/2, (ne = 0,2,4, . . . ;no = 1,3,5, . . .)
Figure 5 gives two cases of P0 = 2Pcx, p = 0.6 and P0 = 2Pcx,
p = 1.2 corresponding to Fig. 3(b). For the case of P0 = 2Pcx,
p = 0.6, it shows in Figs. 5(a) and 5(b) that the evolution is
periodical, but the evolutions in the x direction and in the y
direction are distinctly different. As w0y is smaller than w0x,
although the input power is higher than Pcx, it is still weaker
than Pcy. Therefore, at the initial position, the self-focusing is
stronger than the diffraction in the x direction, but the opposite
is the case in the y direction. As a result, the beam is com-
pressed in the x direction, and broadened in the y direction
firstly, the transversal reverse transformation appears. Espe-
cially at z = 0 and z = πzp/2, the anomalous hollow beam still
retains its elliptical symmetry and there exists a bright ellip-
tical ring around the strong elliptical solid core, but the long
axis and the short axis of the elliptical beam have interchanged
their positions. For the case of P0 = 2Pcx, p = 1.2, the evolu-
tions can be discussed in a similar way, therefore, we do not
discuss it here.

From Figs. 2–5, we can find that for p 6= 1.0, the prop-
erties are much different from those discussed in Refs. [6],
[7], [33], and [34]. When w0x = w0y (i.e., p = 1.0),
the critical powers in the x and y directions are equal in
Refs. [6], [7], [33], and [34], therefore, the beam evolu-
tions in the x and y directions are always synchronous,
so the beam symmetry is always the same. However,
for the anomalous hollow beam with p 6= 1.0, the critical
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Fig. 4. (color online) Intensity evolution of the anomalous hollow beam on propagation. (a) The transversal intensity distributions at different propagation
distances given on the top; (b) the transversal intensity distributions in the x direction (red solid curve) and in the y direction (green dashed curve) corre-
sponding to panel (a); (c) the intensity evolutions of the anomalous hollow beam in the x direction (left), the y direction (center), and the on-axis direction
(right). Parameters: p = 0.6,P0 = Pcx.
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Fig. 5. (color online) Intensity evolutions of anomalous hollow beams on propagation. (a) The transversal intensity distributions at different propagation
distances with p = 0.6; (b) the transversal intensity distributions in the x direction (red solid curve) and in the y direction (green dashed curve) corresponding
to panel (a); (c) the same as panel (a) except p = 1.2; (d) the same as panel (b) expect p = 1.2; (e) the evolution of the on-axis intensity corresponding to
panel (a) (left) and the evolution of the on-axis intensity corresponding to panel (c) (right). The input power is P0 = 2.0Pcx.

powers in the x and y directions are not equal, as a result many
new properties appear on propagation. For instance, when the
beam width in one transversal direction keeps invariant, it can
be broadened or compressed in the other transversal direction.
The long axis and the short axis of the elliptical anomalous
hollow beam can be interchanged on propagation. Even the
transversal reverse transformation can appear for a proper in-
put power.

It is noted again that zp is related to the input power, zp

with different input powers denotes different real spatial dis-
tances. For the convenience of discussion of the period, in
Figs. 4 and 5, the propagation distance is normalized by zp.
However, the propagation distance in Figs. 2 and 3 is normal-
ized by zR, which denotes a real spatial distance for a beam
with a fixed beam waist width.

4. Conclusion
In conclusion, the propagation of the anomalous hollow

beam in strongly isotropic nonlocal media is investigated. The
expressions of the beam propagation, the on-axis intensity, and

the beam width are obtained. The evolution of the anomalous
hollow beam is discussed in detail. It is found that the evolu-
tion of the transversal intensity is always periodical, and the
period depends on the input power. The longer the period is,
the weaker the input power is. Furthermore we find that there
exits a critical power for each transversal direction. When the
input power equals the critical power, the beam width keeps in-
variant on propagation, otherwise it varies periodically. There-
fore, the input power is very important for the beam propaga-
tion. For an anomalous hollow beam with a fixed p, by set-
ting a proper input power, the beam can be broadened or be
compressed in two transversal directions at the same time. In
particular, the beam can be broadened (compressed) in one
transversal direction, whereas in the other transversal direc-
tion, it is compressed (broadened), i.e., the transversal reverse
transformation. Note that these properties of the anomalous
hollow beam propagating in strongly isotropic nonlocal me-
dia are not a special case that only applies to the anomalous
hollow beam. As long as the beam owns the elliptical symme-
try, i.e., w0x 6= w0y, it should exhibit similar properties to the
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ones discussed in this paper. Therefore, the above results can
be extended to other elliptical symmetric beams. In addition,
by using the coordinate transform, x→ xcosθ + ysinθ ,y→
ycosθ − xsinθ , equation (3) describes an elliptical anoma-
lous hollow beam with an elliptical solid core, where θ is the
orientation angle between the long axis of the elliptical beam
spot and the x axis.[23] Using the coordinate transform and the
method in this paper, the propagation of the elliptical anoma-
lous hollow beam in strongly isotropic nonlocal media can also
be investigated.
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[24] Cai Y J, Eyyuboğlu H T and Baykal Y 2008 Opt. Commun. 281 5291
[25] Liu D J and Zhou Z X 2009 Opt. Laser Technol. 41 877
[26] Wang K L and Zhao C L 2009 J. Opt. Soc. Am. A 26 2571
[27] Wang K L and Zhao C L 2010 Opt. Laser Technol. 42 1218
[28] Cai Y J, Wang Z Y and Lin Q 2008 Opt. Express 16 15254
[29] Wang K L and Zhao C L 2014 Opt. Laser Technol. 57 44
[30] Yang Z J, Lu D Q, Hu W, Zheng Y Z, Gao X H and Guo Q 2010 Phys.

Lett. A 374 4007
[31] Lu D Q, Hu W, Zheng Y J, Liang Y B, Cao L G, Lan S and Guo Q

2008 Phys. Rev. A 78 043815
[32] Bélanger P A 1991 Opt. Lett. 16 196
[33] Yang Z J, Lu D Q, Deng D M, Li S H, Hu W and Guo Q 2010 Opt.

Commun. 283 595
[34] Yang Z J, Lu D Q, Hu W, Zheng Y Z and Gao X H 2010 Chin. Phys. B

19 124212

074208-7

http://dx.doi.org/10.1364/OL.30.000415
http://dx.doi.org/10.1103/PhysRevLett.95.213904
http://dx.doi.org/10.1103/PhysRevLett.95.213904
http://dx.doi.org/10.1103/PhysRevLett.98.263902
http://dx.doi.org/10.1103/PhysRevLett.98.263902
http://dx.doi.org/10.1103/PhysRevLett.95.200404
http://dx.doi.org/10.1103/PhysRevA.56.R1110
http://dx.doi.org/10.1103/PhysRevE.69.016602
http://dx.doi.org/10.1088/1464-4258/10/3/035101
http://dx.doi.org/10.1364/OL.34.000043
http://dx.doi.org/10.1088/1674-1056/20/5/054206
http://dx.doi.org/10.1088/1674-1056/20/5/054206
http://dx.doi.org/10.1103/PhysRevA.88.043825
http://dx.doi.org/10.1088/2040-8978/14/6/065204
http://dx.doi.org/10.1364/OL.35.000628
http://dx.doi.org/10.1016/j.optcom.2011.01.030
http://dx.doi.org/10.1088/0256-307X/28/7/074213
http://dx.doi.org/10.1088/0256-307X/28/7/074213
http://dx.doi.org/10.1364/OL.35.002152
http://dx.doi.org/10.1103/PhysRevA.87.063832
http://dx.doi.org/10.1364/OE.19.004890
http://dx.doi.org/10.1364/OE.19.004890
http://dx.doi.org/10.1016/j.physleta.2012.05.050
http://dx.doi.org/10.1364/JOSAB.28.000134
http://dx.doi.org/10.1088/1674-1056/22/10/104209
http://dx.doi.org/10.1088/1674-1056/22/10/104209
http://dx.doi.org/10.1103/PhysRevLett.94.134802
http://dx.doi.org/10.1364/OL.32.003179
http://dx.doi.org/10.1016/j.optcom.2008.07.080
http://dx.doi.org/10.1016/j.optlastec.2009.02.008
http://dx.doi.org/10.1364/JOSAA.26.002571
http://dx.doi.org/10.1016/j.optlastec.2010.03.013
http://dx.doi.org/10.1364/OE.16.015254
http://dx.doi.org/10.1016/j.optlastec.2013.09.037
http://dx.doi.org/10.1016/j.physleta.2010.07.065
http://dx.doi.org/10.1016/j.physleta.2010.07.065
http://dx.doi.org/10.1103/PhysRevA.78.043815
http://dx.doi.org/10.1364/OL.16.000196
http://dx.doi.org/10.1016/j.optcom.2009.10.098
http://dx.doi.org/10.1016/j.optcom.2009.10.098
http://dx.doi.org/10.1088/1674-1056/19/12/124212
http://dx.doi.org/10.1088/1674-1056/19/12/124212

	1. Introduction
	2. Analytical expression
	3. Propagation properties
	4. Conclusion
	References

