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Spectral energetic properties of the X-ray-boosted
photoionization by an intense few-cycle laser∗
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We report a discovery that an intense few-cycle laser pulse passing through gas leaves a fingerprint of its field en-
velope on the photoelectron energy spectrum, which involves continuous X-ray radiations. The spectrum resulting from
the photoionization processes includes significant quantum enhancement and interference and exhibits interesting energetic
properties. The spectral cut-off energies reflect the strength, time, and interference of the laser field modulation on the
photoelectron energy. These energetic properties suggest a new method for precise intense-laser-pulse measurement in situ.
The method has the advantages of accuracy, simplicity, speed, and large dynamic ranges (up to many orders of intensity).
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1. Introduction
With the development of laser technology, producing

pulses with ultrashort durations or ultra-high field strengths
has attracted increasing interest. Lasers with pulse du-
rations that rival a single optical cycle (e.g., 2.7 fs at
800 nm) or less are commercially available.[1,2] A large fa-
cility can produce intensities in excess of 1018 W/cm2 or up
to 1022 W/cm2.[3] Ultrashort intense lasers have been used
as pump pulses for above-threshold ionizations (ATIs)[4] and
high-order harmonic generation,[5–7] and have also been em-
ployed in the study of nonlinear Compton scattering[8] and
laser acceleration.[9] The absolute laser frequency can be pre-
cisely measured by using a femtosecond optical frequency
comb,[10–12] but to determine the peak intensity I, field enve-
lope F(t), and carrier-envelope phase Φ of each pulse in real
time is challenging. These parameters cannot be measured di-
rectly accurately because few detectors would survive such in-
tense fields without being damaged. However, knowledge of
these optical parameters is critical to the production and use of
intense laser pulses.

Laser intensities are usually estimated by using four op-
tical parameters: the focal spot size, the pulse energy, the
time-independent spatial profile of the beam, and the tempo-
ral profile of the laser beam, which can be measured with an
autocorrelation method.[13] The spatial intensity can be im-
aged using a digital camera while the spatial wave-front can
be measured by a Shack–Hartmann sensor[14,15] or by shearing
interferometry.[16,17] Obviously, the estimation is subject to a
variety of errors that rapidly sum to a large uncertainty in the
intensity.[18] More recently proposed measurement techniques
include measuring the field ionization of highly charged inert

gases (I≈ 1020 W/cm2),[19,20] Thomson scattering from single
and multiple electrons (I ≥ 1018 W/cm2), and the momentum
transferred to the photoion and photoelectron.[21,22] Because
of the lack of structure in laser-induced ionization spectra, it
is difficult to extract both the intensity I and the field enve-
lope F(t) (time t, duration τL, carrier-envelope phase Φ) of an
intense laser pulse.

Calculations of the photoelectron energy spectra (PES)
excited by a continuous X ray and an intense laser pulse that
have been cross-correlated in time and space show that (i)
photoionization is always significantly enhanced by the ATI
because of X rays (we call this phenomenon X-ray-boosted
photoionization, or XBP) and (ii) the PES includes fine struc-
tures and regular fluctuations. In this study, we present the use
of XBP spectroscopy for the measurement of an intense laser
pulse in situ. Our method is based on an analysis of the ener-
getic properties of a measured PES. The method presents the
advantages of accuracy, simplicity, speed, and large dynamic
range (up to many orders of intensity).

The rest of this paper is organized as follows. Section 2 is
divided into five subsections, where we use the strong field ap-
proximation (SFA)[23] to calculate the PES at the single-atom
level for two correlation modes (0◦ and 90◦) between the X
ray and laser. The quantum interference and field modula-
tion caused by the XBP are theoretically analyzed. In Section
3, the quantum-mechanically calculated PES and the classical
predictions are compared. Formulas for pulse reconstruction
from the XBP’s energetic properties are presented. Finally, we
summarize the findings in Section 4.
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2. X-ray-boosted photoionization
Before introducing the formulas for pulse reconstruction

and measurement, we theoretically investigate the XBP spec-
tra generated by a continuous X-ray beam and intense laser
pulses with different CEP values.

2.1. Strong field approximation

In cross correlation between an intense laser pulse
and a continuous narrow-band X ray (both co-propagating
collinearly in the Z direction, called 0◦ correlation, see
Fig. 1(a)), electron motion satisfies the time-dependent
Shrödinger equation (in atomic units)

i
∂

∂ t
Ψ(𝑟, t) =

[
−1

2
∇

2− 1
r
−𝑟 ·𝐸(t)

]
Ψ(𝑟, t), (1)

where 𝑟 = (x,y,z) denotes the space coordinates, and Ψ(𝑟, t)
represents the electron wave function. The electric field
𝐸(t) =𝐸L(t)+𝐸X(t) comprises the contribution of a linearly
polarized laser field, 𝐸L(t) = [E0F(t)cos(ωLt +Φ),0,0], and
an X-ray field, 𝐸X(t) = [EX cos(ωXt),0,0], where E0 (ωL) and
EX (ωX) are laser and X-ray electric field amplitudes (angular
frequencies), respectively. The F(t) is the envelope function
of the laser electric field. The electric field 𝐸(t) is related to
the vector potential 𝐴(t) by 𝐸(t) = −(1/c)∂t𝐴(t), where c
is the velocity of light in vacuum. Equation (1) can be solved
analytically within the SFA.[23] As a result, the Coulomb con-
tinuum eigenfunctions may be substituted by plane waves, and

equation (1) is integrated by

Ψ(𝑟, t) = e iIpt
[
|0〉+

∫
d3𝑝b(𝑝, t)|𝑝〉

]
. (2)

Here |0〉 denotes the atomic ground state with ionization po-
tential of Ip. The plane wave is given by |𝑝〉 = exp(i𝑝 · 𝑟),
with 𝑝 being the electron momentum, and b(𝑝, t) the momen-
tum space wave function of free electrons. Within the SFA,
the probability amplitude for the transition from |0〉 to a final
state |𝑝〉 is given by

b(𝑝) = i
∫

∞

−∞

dt𝐸(t) ·𝑑[𝑝−𝐴(t)]e−i S̃(t), (3)

where S̃(t) is the quasi-classical action,

S̃(t) =
∫

∞

t
dt ′[𝑝−𝐴(t ′)]2/2+ Ipt, (4)

𝑑(𝑝) = 〈𝑝|𝑥|0〉 denotes the atomic dipole matrix element for
the bound–free transition, and dx(𝑝) is the component parallel
to the polarization axis. The above discussion also applies to
the 90◦-correlation measurement where the X ray propagates
in the Y direction (Fig. 1(b)). In the remainder of this pa-
per, atomic units and hydrogen atoms are used for simplicity
(Ip = 13.6 eV, dx(𝑝) = i219/4I5/4

p 𝑝/π(2Ip +𝑝2)3 for s state).
Obviously, b(𝑝) describes the quantum interference between
electron wave packets generated at different times, and each
detected electron carries the pulse and atomic information cor-
responding to the entire interaction time domain.
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Fig. 1. (color online) Illustrations of the XBP setup. (a) 0◦ correlation between an X ray and a laser pulse. (b) 90◦ correlation between
an X ray and a laser pulse. The X ray may be filtered from the Thomson scattering radiation,[8] or the high-order radiation generated
by a synchronized picosecond intense laser (usually split from a primary beam before pulse compression).[24–26] Photoelectrons that
leave the interaction region are deflected by a magnetic field and collected by a spectrometer. The photoelectrons with the specific
energies of interest are selected by adjusting the magnetic field. (c) A spatial profile of the laser intensity, IR(r) = exp[−4ln2(r)2/τ2

R]
(black curve), and an iso-intensity shell in the interaction volume (radius r, thickness dr, and length L).

Physically, |b(𝑝)|2 is the photoelectron momentum spec-
trum n(𝑝), and its conversion to the PES is given by n(W ) =

|b(𝑝)|2/
√

2W , where W is the photoelectron energy, and b(𝑝)
can be expressed as b(𝑝) = b1(𝑝)+ ε , where

b1(𝑝) =
1
2

i
∫

∞

−∞

dtEXdx[𝑝−𝐴(t)]e−i S̃1(t)

=
1
2

iEX

∫
∞

−∞

dtdx[𝑝−𝐴(t)]e−i S̃1(t) (5)

is the dominant term contributed by the X-ray flux and ε is

the residual term, which includes the laser contribution. The
quasi-classical action of b1(𝑝) is

S̃1(t) =
∫

∞

t
dt ′[𝑝−𝐴(t ′)]2/2+(ωX− Ip)t. (6)

In the following calculations, the laser envelope

F(t) = exp
[
−4ln2

t2

τ2
L

]
(7)

is a Gaussian-like time function with a full width at half maxi-

074207-2



Chin. Phys. B Vol. 23, No. 7 (2014) 074207

mum (FWHM) of τL. The laser peak intensity is calculated as
I = E2

0/2, and the electron ponderomotive energy is calculated
as Up = I/2ω2

L. In discussing the total volumetric XBP pro-
duction, we must consider the spatial distribution of the laser
intensity. For example, figure 1(c) presents a Gaussian-like
spatial profile,

IR(r) = exp
[
−4ln2

r2

τ2
R

]
, (8)

where τR is the FWHM of the laser beam.

2.2. Single-intensity (SI) and volume-integral (VI) mea-
surements

According to Eq. (3), laser pulses with different intensi-
ties can produce photoelectrons with the same momentum 𝑝

with different probability amplitudes. Usually, it is impos-
sible to produce laser pulses with an absolute single inten-
sity because of parameter fluctuations and jitters in time and
space. Therefore, the photoelectrons with energy W are gen-
erated by laser pulses with different intensities. Considering
the entire distribution, the laser can be considered to have a
single intensity I, as long as (i) the pulse intensities are sta-
bilized and controlled within a small range and (ii) the X ray
is spatially located in a region in which the laser intensity is
constant (or at least approximately constant). The PES is clas-
sified into two kinds: single-intensity (SI) or volume-integral
(VI), depending on whether it is calculated (measured) by ex-
cluding or including, respectively, the contributions from laser
intensities (< I). The SI PES data can be obtained by a 0◦-
correlation measurement in which a smaller X ray is intensity-
uniformly dressed by the laser beam, while the VI data can be
obtained by either a 0◦-correlation measurement (where the
X-ray intensity is spatially uniform within the laser beam size)
or a 90◦-correlation measurement (e.g., taking an X-ray pho-
tograph of a laser pulse, Fig. 1(b)).

2.3. PES calculation

The black line in Fig. 2(a) shows the SI data for an
XBP PES, n(W ), calculated with a laser wavelength of λL =

750 nm, τL = 7 fs, Φ = 0◦, I = 5×1014 W/cm2, θ = 0◦, and
ωX = 1 keV. Here, the laser intensities are selected so that the
depletion of the ground state can be neglected, ensuring the
validity of the SFA calculations.[27] The X-ray intensity IX is
set as 5.411×108 W/cm2 without any specific considerations
because n(W ) is proportional to IX = E2

X/2, where the factor
E2

X is included in the expression for |b(𝑝)|2 as a constant. The
keV or lower-energy X rays can be filtered from the Thom-
son scattering radiation,[28] or the high-order radiation gener-
ated by a synchronized picosecond intense laser (usually split

from a primary beam before pulse compression).[24–26] The
X-ray intensities at the level of 108 W/cm2 or much higher
are feasible in experiments.[26] The parameter θ is an ob-
servation angle between the photoelectron momentum 𝑝 and
the laser polarization. The red line in Fig. 2(a) represents
the laser-induced contribution, nL(W ). The spectra clearly
show two measurable portions (both with clear borders). (i)
W < WL = 140.364 eV, which is primarily derived from the
laser field (ATI). However, the physics of the ATI is more
complicated at low energies[28,29] and is not within the scope
of our investigation. The data shown here are only the re-
sults calculated within the SFA at the single-atom level. (ii)
Wa− = 568.854 eV <W < 1525.539 eV =Wb+, which is fully
derived from b(𝑝) (XBP PES). The lower (upper) cut-off en-
ergy denoted by Wa (Wb) is the position of the peak at the low
(high) end of the PES (Wa = 590.200 eV, Wb = 1471.481 eV).
The actual PES cut-off energies, Wa− and Wb+, are slightly less
than Wa and greater than Wb, respectively.

According to Fig. 2(a), n(W ) is significantly enhanced by
the ATI spectrum, with W ranging from Wa− to Wb+ because of
the X ray, where the ATI spectrum nL(W ) can be neglected in
comparison to n(W ), which indicates that the XBP spectrum
n(W ) is entirely a physical result of the X-ray photoionization,
the laser field modulation, and the quantum interference. The
irrelevance of the XBP to the ATI is the basis for establishing
the relationships between the laser pulse parameters and the
XBP energetic and statistical properties. However, this irrel-
evance will not hold if the laser intensity increases or/and the
X-ray photon energy decreases to a value at which the XBP
spectrum cannot be neglected in comparison to the ATI spec-
trum.

2.4. Laser field modulation and quantum interference in
XBP

The effects of laser field modulation and quantum inter-
ference on the PES are of great interest. The complicated
XBP spectral structures show that the quantum interference
between electron wave packets is very strong. The thin solid
line in Fig. 2(b) shows two expended areas of the SI n(W )

(815 eV <W < 850 eV; 1115 eV <W < 1150 eV). This n(W )

consists of local small peaks (fine structures). The heavy red
line in Fig. 2(b) plots a spectrum that is adjacently averaged
from n(W ) with a window of 8 eV. With a state-of-the-art pho-
toelectron energy spectrometer, n(W ) can be measured with a
high energy resolution, while the adjacently averaged spec-
trum can be measured with a low energy resolution.

Physically, quantum interference occurs because the pho-
toelectrons generated at different times t acquire different
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phase factors exp[−iS̃(t)] (Eq. (3)) in the laser field. Quan-
titative analysis indicates that, (i) the field modulation of
the photoelectron energy, which determines the overall dis-
tribution of the PES n(W ), results from the oscillating fac-
tor E0F(t)cos(ωLt + Φ) included in 𝐸(t) (a linear term of
b(𝑝), Eq. (3)), where E0∝I1/2 is the modulation strength,
and (ii) the fine structures of n(W ) result from the factor
E0F(t)sin(ωLt +Φ) (or 𝐴(t)) included in the quasi-classical
action S̃(t). The red line in Fig. 2(b) represents the laser
field modulation of the photoelectron energy. Because AL(t)
changes slowly at the phases ωLt +Φ close to π/2, the pho-
toelectrons have very similar energies and phase factors, and a
wide peak at Wb occurs (e.g., 16.54 eV in FWHM, Figs. 2(a)
and 2(c)).

2.5. Pulse fingerprint

The oscillating line in the inset of Fig. 2(a) corresponds
to

W (t) = W0 +2UpF2(t)sin2(ωLt +Φ)

+
√

8UpW0F(t)sin(ωLt +Φ), (9)

where W (t) is the classical prediction of the final energy of a
photoelectron generated at t and moving at θ = 0◦. The clas-

sical prediction of the photoelectron final momentum is

𝑝(t) = 𝑝0 +2
√

UpF(t)sin(ωLt +Φ), (10)

where 𝑝0 =
√

2W0 and W0 = ωX − Ip. Equation (10) is the

stationary point equation, which is derived from the station-

ary point of the quasi-classical action S̃1(t) (Eq. (11), the def-

inition of the stationary point in Section 3.1). The relatively

higher peak positions of n(W ) (SI data, see the black lines in

Figs. 2(a) and 2(c)) correspond to the times at which the laser

field reaches different extremes. The peak data represent a fin-

gerprint of the field envelope F(t) left by the laser pulse as it

passes through the gas. However, the fingerprint disappears in

the VI data of n(W ), as shown in Fig. 2(d). Obviously, the SI

n(W ) (Fig. 2(c)) preserves some energetic properties associ-

ated with the pulse information (τL, Φ , I), while the VI n(W )

(Fig. 2(d)) lacks them, but both the SI n(W ) and VI n(W ) have

useful statistical properties. The pattern of the pulse finger-

print provides a new approach to identifying the pulsing field.
Because the statistical properties of the X-ray-boosted

photoionization with an intense laser pulse are very different
from the energetic properties, they will be discussed in detail
in the future.
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Fig. 2. (color online) XBP photoelectron energy spectra. (a) Black line: SI data based on n(W ) = |b(𝑝)|2/
√

2W ; red line: the laser-
induced contribution nL(W ). (b) Two expanded areas of n(W ) (815 eV < W < 850 eV; 1115 eV < W < 1150 eV). Thin solid line:
SI n(W ) (normalized); heavy red line: adjacently averaged n(W ) using an 8-eV window. (c) SI data based on n(W ) (normalized), a
fingerprint of the laser pulse. (d) VI n(W ) data (normalized) calculated using τR = 50 µm.
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3. XBP’s energetic properties and pulse recon-
struction
Because the laser field modulation of the photoelectron

energy depends on the factors E0F(t)cos(ωLt+Φ) (E0∝I1/2),
we derive analytical formulas to calculate the parameters τL,
Φ , and I from the XBP energetic properties for laser pulse
reconstruction.

3.1. Classical predictions of the XBP PES

In the time domain, the quasi-classical action S̃1(t) has
many stationary points tst, j ( j = 1,2, . . .) for each momentum
𝑝, where

dS̃1(t)
dt
|t=tst, j =

[𝑝−𝐴(tst, j)]
2

2
− (ωX− Ip)

≡ 0. (11)

Equation (11) is the stationary point equation, which deter-
mines the initial kinetic energy of the generated photoelectron
W0 = [𝑝−𝐴L(tst, j)]

2/2≡ ωX− Ip. Equations (9) and (10) are
derived from Eq. (11). At time t = tst, j +∆t (∆t is small), the
transition probability amplitude can be calculated by

∆b1(𝑝, tst, j) =
1
2

i
∫ tst, j+∆t

tst, j

dtEXdx[𝑝−𝐴(t)]e−i S̃1(t)

=
1
2

i∆tEXdx[𝑝−𝐴(tst, j)]e−i S̃1(tst, j). (12)

Note that b1(𝑝, tst, j) is proportional to ∆t. We define an instan-
taneous time rate of transition probability amplitude b1(𝑝, tst)

≡ ∑ j ∆b1(𝑝, tst, j)/∆t as the semi-classical prediction of b(𝑝),
namely,

b1(𝑝st, tst) = ∑
j

1
2

iEXdx[𝑝−𝐴(tst, j)]e−i S̃1(tst, j). (13)

The semi-classical prediction of the PES is nsc(W ) ≡
|b1(𝑝, tst)|2/

√
2W . The dotted line in Fig. 3 represents nsc(W )

of an SI PES n(W ) (the black line in Fig. 2(c)).

3.2. Formulas for pulse reconstruction

To compare the semiclassical prediction nsc(W ) with the
PES n(W ), n(W ) is divided by the square of the pulse area ∆T

∆T ≡
∫ +∞

−∞

F2(t)dt, (14)

and

nq(W )≡ n(W )

∆T 2 =
|b(𝑝)/∆T |2√

2W
. (15)

Because the time dependence of the laser electric field is
EL(t) = E0F(t)cos(ωLt + Φ), the laser intensity profile is
E2

0 F2(t)/2, where the time function F2(t) has a dimension-
less amplitude of 1 and the shape of the laser intensity is
F2(t). The ∆T (Eq. (14)) represents the time average of the
pulse. The reason to divide n(W ) by ∆T 2 (Eq. (15)) is that

the semiclassical prediction nsc(W ) = |b1(𝑝, tst)|2/
√

2W and
the PES n(W ) = |b(𝑝)|2/

√
2W have different dimensionali-

ties, i.e., b1(𝑝, tst) is an instantaneous time rate of transition
probability amplitude according to its definition (Eqs. (12) and
(13)), but b(𝑝) is a time integral (Eq. (3)).

The laser pulse information (τL, Φ , I) can be retrieved
directly from the SI fingerprint data. The solid line in Fig. 3
shows the values of nqs(W ) that were adjacently averaged from
nq(W ) (Eq. (15)) using a window of 8 eV. We see that (i)
the semi-classical predictions (the dotted line in Fig. 3) rep-
resent the average values of nq(W ), (ii) the peak positions
of nsc(W ) (W1, W2, W3) are close to those of nqs(W ) (Wa,
Wb, Wc), and (iii) nsc(W ) only approximates nqs(W ) at Φ

near 0 or π; otherwise, the pattern of nqs(W ) clearly devi-
ates from nsc(W ) because of strong interference. However,
the fingerprint data, which are measured with a locked CEP of
0 or π , are very useful for calibrating the pulse measurement.
For example, with W1 = 591.280 eV, W2 = 1482.120 eV, and
W3 = 1396.200 eV, assigning the momentum shifts ∆p1,2,3 ≡
𝑝1,2,3 − 𝑝0 =

√
2W1,2,3 −

√
2W0 to the stationary equations

∆p1,2,3 = 2
√

UpF(t)sin(ωLt +Φ), where phase ωLt +Φ =

−π/2, π/2, −3π/2, respectively, gives

ω
2
Lτ

2
L =

8π2 ln(2)
ln(∆p2/∆p3)

, Φ =
π ln(−∆p1/∆p2)

ln(∆p2/∆p3)
,

√
Up =

∆p2

2
exp
[

ln(2)(π−2Φ)2

ω2
Lτ2

L

]
, (16)

and solutions of (τL, Φ , I) = (7.061 fs, −0.080◦, 5 ×
1014 W/cm2), which are in good agreement with the input data
of (7 fs, 0◦, 5×1014 W/cm2). Similarly, using the peak posi-
tions (W1, W2, W3) that correspond to ωLt +Φ = −π/2, π/2,
3π/2, respectively, the formulas change into

ω
2
Lτ

2
L =

8π2 ln(2)
ln(∆p1/∆p3)−2ln(∆p1/∆p2)

,

Φ =
π ln(∆p1/∆p2)

ln(∆p1/∆p3)−2ln(∆p1/∆p2)
,

√
Up =

∆p2

2
exp
[

2ln(2)(π +2Φ)2

ω2
Lτ2

L

]
. (17)
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Fig. 3. (color online) XBP energetic properties. Solid line: nqs(W ),
which is smoothed from nq(W ) = n(W )/∆T 2. Dotted line: the semi-
classical prediction nsc(W ). n(W ) and nsc(W ) are calculated with
λL = 750 nm, τL = 7 fs, I = 5×1014 W/cm2, ωX = 1 keV, and Φ = 0◦.
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3.3. Two-step pulse reconstruction

The semi-classical predictions W1, W2, and W3 could not
be measured in this experiment, but we can theoretically cal-
culate the following three ratios:

ε1≡nqs(W1)/nqs(Wa) = ns(W1)/ns(Wa),

ε2≡nqs(W2)/nqs(Wb) = ns(W2)/ns(Wb),

ε3≡nqs(W3)/nqs(Wc) = ns(W3)/ns(Wc), (18)

with different τL, Φ , and I values, and build a database for
pulse measurement. Here, ns(W ) is directly smoothed from
the calculated or measured n(W ) values, which are not di-
vided by the factor ∆T 2. The values of (ε1, ε2, ε3)=(53.153%,
46.891%, 57.530%) are tagged in Fig. 3. Table 1 shows the
SI data corresponding to ε1, ε2, and ε3 calculated with λL =

750 nm, τL = 7 fs, Φ = 0◦, ωX = 1 keV, and different laser
intensities I. These data indicate that ε1,2,3 change slightly as I
changes (Φ is close to 0 or π). For example, (ε1, ε2, ε3) change
from (57.979%, 55.424%, 70.564%) to (52.390%, 46.419%,
46.074%) as I changes from 1013 to 1.5× 1015 W/cm2 with
τL = 7 fs and Φ = 0. For simplicity, using the half-maximum
peak positions (W ′1, W ′2, W ′3) (i.e., ns(W ′1,2,3) = 0.5ns(Wa,b,c),
where ns(W ) is a measured PES (calculated here)) instead of
(W1, W2, W3), equation (16) gives the initial solutions (τL,
Φ , I)1=(7.153 fs, 1.679◦, 4.984× 1014 W/cm2). With these
firstly calculated solution data (τL, Φ , I)1 and the X-ray en-
ergy ωX, we can (i) theoretically calculate a new PES n′(W )

within the SFA and its smoothed one n′S(W ), and find out its
classical predictions (ε1, ε2, ε3)1 or directly search for (ε1,
ε2, ε3)1 from a database according to the first solutions (τL,
Φ , I)1, (ii) read out the spectral positions (W1, W2, W3)1 ac-
cording to (ε1, ε2, ε3)1=(52.215%, 47.552%, 52.998%) from
the measured ns(W ), and (iii) recalculate (τL, Φ , I) with (W1,
W2, W3)1 by using Eqs. (2). The final solutions for (τL, Φ ,
I) are (τL, Φ , I)2=(7.075 fs, −0.341◦, 4.997× 1014 W/cm2),
which are in good agreement with the input data of (7 fs, 0◦,
5× 1014 W/cm2). These procedures can be used to build a
pulse with τL as short as an optical cycle (e.g., 2.5 fs) or less.

Table 1. SI data corresponding to ε1, ε2, and ε3, calculated at λL = 750 nm,
τL = 7 fs, Φ = 0◦, ωX = 1 keV, and different laser intensities I.

I/W·cm−2 ε1/% ε2/% ε3/%
1013 57.979 55.424 70.564

5×1013 56.387 53.463 59.028
1014 54.609 51.013 65.463

4.984×1014 52.215 47.552 52.998
5×1014 53.153 46.891 57.530

1015 52.983 46.019 53.606
1.5×1015 52.390 46.419 46.074

3.4. CEP and intensity dependence of the XBP energetic
properties

Figure 4(a) shows SI data for an XBP PES, n(W ), cal-
culated with the laser wavelength λL = 750 nm, τL = 7 fs,
I = 5× 1014 W/cm2, Φ = 270◦, and ωX = 1 keV. Compar-
ing this figure with Fig. 2(c) (Φ = 0◦ PES), the Φ = 270◦

PES have different structures and cut-off energies. The solid
and dotted lines in Fig. 4(b) present nqs(W ) and the semi-
classical prediction nsc(W ) for Φ = 270◦, respectively. These
figures reveal large differences between nqs(W ) (which is ad-
jacently (8 eV) averaged from nq(W ) = n(W )/∆T 2) and its
semi-classical prediction nsc(W ). The peak positions (Wa, Wb,
Wc) are much lower than their semi-classically predicted val-
ues (W1, W2, W3). Because the field envelopes F(t) are the
same for the Φ = 0◦ and Φ = 270◦ PES calculations, differ-
ent PES patterns reflect the sensitive dependence of the XBP
energetic properties on the CEP.
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Fig. 4. (color online) PES energy properties. (a) Black line: SI data
based on n(W ) (normalized). (b) Solid line: nqs(W ), which is smoothed
from nq(W ) = n(W )/∆T 2. Dotted line: the semi-classical prediction
nsc(W ). n(W ) and nsc(W ) are calculated with λL = 750 nm, τL = 7 fs,
I = 5×1014 W/cm2, ωX = 1 keV, and Φ = 270◦.

There is another way to quickly determine Φ from the
calculated line of Wa (Wb) versus Φ according to the measured
SI value of Wa (Wb). For example, the open (filled) circles in
Fig. 5(a) show SI Wa (Wb) values calculated with λL = 750 nm,
τL = 7 fs, I = 5×1014 W/cm2, and Φ = 0◦–360◦ (data in 0◦–
90◦ are shifted to 360◦–450◦). Similar to Fig. 5(a), the data
shown in Fig. 5(b) are calculated with I = 5× 1013 W/cm2.
According to these plots, (i) the values of Wa and Wb are sen-
sitive to Φ , and (ii) the values of Wa (Wb) and those corre-
sponding to the semi-classical prediction W1 (W2) behave very
differently as Φ changes. The Wa and Wb are near their semi-
classically predicted values W1 and W2 only at Φ = 0◦ and
180◦. The differences between the lines Wa (Wb) versus Φ and
W1 (W2) versus Φ indicate that quantum interference plays an
important role in determining the XBP spectral structures and
cut-off energies.
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Fig. 5. (color online) PES cut-off energies Wa and Wb and their classically predicted values W1 and W2. (a) SI data calculated with τ = 7 fs
and I = 5×1014 W/cm2. Open (filled) circles: data corresponding to Wa (Wb) versus Φ . Open (filled) triangles: data corresponding to W1 (W2)
versus Φ . (b) Similar to (a), SI data calculated with τL = 7 fs and I = 5×1013 W/cm2. (c) Open (filled) circles: SI data corresponding to Wa
(Wb) versus I1/2. Dotted (solid) line is quadratically fitted from the data of Wa (Wb). ‘+’ (‘×’) crosses: the semi-classically predicted values W1
(W2) corresponding to Wa (Wb). (d) The PES energy widths. ‘×’ crosses (open circles): SI data corresponding to W21 (Wba) versus I1/2, where
W21≡W2−W1 (Wba≡Wb−Wa). Dotted (solid) line is linearly fitted from the data of W21 (Wba). ‘+’ crosses: SI data corresponding to W21ba vs.
I1/2, where W21ba≡W21−Wba. Dashed line is linearly fitted from the data of W21ba.

With a known CEP Φ that has been measured and/or
locked, the laser intensity I can be determined from the calcu-
lated slope of Wa (Wb) versus I1/2 using the measured SI values
of Wa (Wb). For example, the open (filled) circles in Fig. 5(c)
show the SI Wa (Wb) values calculated with λL = 750 nm,
τL = 7 fs, Φ = 0◦, and I = 1× 1012–1.5× 1015 W/cm2. The
dotted and solid lines are quadratic curves fitted to Wa and Wb,
respectively. From Eq. (9), the semi-classically predicted val-
ues W1 and W2 can be calculated with ωLt +Φ = −π/2 and
π/2 as follows:

W1 = W0−
2
√

W0

ωL
F
(
− π

2ωL

)
I1/2 +

1
ω2

L
F2
(
− π

2ωL

)
I,

W2 = W0 +
2
√

W0

ωL
F
(

π

2ωL

)
I1/2 +

1
ω2

L
F2
(

π

2ωL

)
I. (19)

For the current laser parameters (λL = 750 nm, τL = 7 fs,
Φ = 0◦), W1 and W2 have the following expressions:

W1 = 986.400−19.913I1/2 +0.100I,

W2 = 986.400+19.913I1/2 +0.100I, (20)

where the units of I are 1012 W/cm2. The ‘+’ and ‘×’ crosses
in Fig. 5(c) show the values of W1 and W2, respectively. Quan-
titatively, the Wa values are up-shifted from W1, while the Wb

values are down-shifted from W2 due to quantum interference.
Table 2 shows the calculated SI data for (Wa, Wb) and the semi-
classically predicted values (W1, W2).

Table 2. SI data corresponding to (Wa, Wb) and the semi-classically pre-
dicted values (W1, W2), calculated with λL = 750 nm, τL = 7 fs, Φ = 0◦,
ωX = 1 keV, and different laser intensities I.

I/W·cm−2 W1/eV Wa/eV Wb/eV W2/eV
1012 966.587 965.229 1007.547 1006.414
1013 924.434 928.814 1045.290 1050.376
1014 797.319 802.716 1188.492 1195.581

4.984×1014 591.440 597.800 1471.480 1481.480
5×1014 591.280 597.600 1471.720 1482.120

1015 457.192 459.581 1703.724 1716.607
1.5×1015 365.919 371.590 1894.293 1908.380

From Eqs. (19), we obtain the semi-classically predicted
value of the PES energy width as

W21≡W2−W1 =
4
√

W0

ωL
F
(

π

2ωL

)
I1/2. (21)

For the current laser parameters,

W21 = 39.826I1/2. (22)

The ‘×’ crosses in Fig. 5(d) show the SI W21 data. The dotted
line is linearly fitted from W21 versus I1/2. For comparison,
the open circles in Fig. 5(d) show the data of the PES energy
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width, Wba≡Wb −Wa. The solid line is linearly fitted from
Wba versus I1/2. The ‘+’ crosses in Fig. 5(d) present the dif-
ferences between W21 and Wba, i.e., W21ba≡W21−Wba, which
quantitatively describe the effect of quantum interference on
the spectrum. The dashed line is linearly fitted to W21ba versus
I1/2. According to these plots and the linear fit expressions for
Wba versus I1/2 (solid line) and W21ba versus I1/2 (dashed line),
(i) W21, Wba, and their difference W21ba depend linearly on I1/2,
and (ii) the relative difference between Wba versus I1/2 and W21

versus I1/2 is W21ba/Wba ≡ 0.458I1/2/29.368I1/2 = 1.163%.
Thus, the square root of the laser intensity (I1/2), which is de-
termined from Wba versus I1/2, instead of from W21 versus I1/2,
has a relative difference of−1.163% if the CEP Φ is locked to
0◦ or 180◦, or I1/2 can be exactly determined from Wba versus
I1/2 with a relative correction of +1.163%. More calculations
with different CEP Φ values verified the above conclusion that
Wba∝I1/2 and validated the procedure of determining I1/2 from
the SI PES energy width Wba.

4. Conclusion
A few-cycle intense laser pulse leaves a clear fingerprint

of the field envelope F(t) on an SI XBP PES as it passes
though a gas. The laser pulse in the XBP simply acts as a
nonlinear photoelectron energy modulator, and the ATI is only
a background of the XBP. The field modulation and strong
quantum interference collaboratively produce interesting PES
structures and useful energetic properties. The field modula-
tion determines the overall spectral distribution, while quan-
tum interference determines the local structures and fluctua-
tions. The SI PES energy width Wba (= Wb−Wa) is linearly
and sensitively dependent on the square root of the laser in-
tensity I, namely, Wba∝I1/2. The precise in-situ measurement
of an intense laser pulse can be achieved using a simplified al-
gorithm to reconstruct the pulse profile from a measured PES.
Although the simulations are performed with I < 1016 W/cm2,
the methods can work with I values up to 1018 W/cm2 using
higher-energy X-rays and highly charged inert gases, as long
as the Lorentz force does not play a role in the motion of pho-
toelectrons.
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