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The interaction between a two-level atom and a single-mode field in the k-photon Jaynes–Cummings model (JCM) in
the presence of the Stark shift and a Kerr medium is studied. All terms in the Hamiltonian, such as the single-mode field, its
interaction with the atom, the contribution of the Stark shift and the Kerr medium effects are considered to be f -deformed.
In particular, the effect of the initial state of the radiation field on the dynamical evolution of some physical properties such
as atomic inversion and entropy squeezing are investigated by considering different initial field states (coherent, squeezed
and thermal states).
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1. Introduction
The well-known Jaynes–Cummings model (JCM) is

an important, simplified and standard model that elegantly
describes the interaction between an atom and a single-
mode field in the dipole and the rotating wave approxima-
tions (RWA).[1] Many interesting physical features have been
studied with this model. Some examples include atomic
inversion,[2] collapse and revival,[3,4] entanglement,[5–7] sub-
Poissonian statistics,[8,9] quadrature squeezing[10] and entropy
squeezing.[11,12] Many researches in this field are based on
the linear interaction between atom and field, i.e., the atom–
field coupling is assumed to be constant throughout the evo-
lution of the whole system. Phoenix and Knight[13] used the
JCM and employed a diagonalised reduced density operator
to calculate the entropy and thereby demonstrated the essen-
tial two-state nature of the field. Kayham investigated the en-
tropy squeezing of a two-level atom interacting with a quan-
tum field prepared initially in the Glauber–Lachs state by using
the standard JCM.[14] Liao et al. considered a system of two
two-level atoms interacting with a binomial field in an ideal
cavity and investigated the time evolution of the single-atom
entropy squeezing, atomic inversion and linear entropy of the
system.[15] Zhang et al. discussed the entanglement and the
evolution of some of the nonclassicality features of the atom–
field system in a standard JCM with squeezed vacuum and co-
herent state fields as the initial field state.[16] Mortezapour et
al. studied the entanglement of a dressed atom and its spon-
taneous emission in a three-level Λ-type closed-loop atomic

system under the multi-photon resonance condition and be-
yond it.[17] The entropy squeezing, atomic inversion and vari-
ance squeezing in the interaction between a two-level atom
and a single mode cavity field via a k-photon process have
been investigated in Ref. [18]. Ateto extended the JCM for the
combined influences of a field-mode structure and a Kerr-like
medium on the dynamics of entropy of entanglement of the
cavity and atomic populations.[19]

However, in recent years, research has strongly focused
on the nonlinear interaction between a two-level atom and
a field in the deformed JCM. This model, which was firstly
suggested by Buck and Sukumar,[20,21] describes the depen-
dence of the atom–field coupling on the light intensity. Bužek
investigated the physical quantities, particularly the atomic
population and squeezing, in the intensity-dependent cou-
pling JCM.[22] The interaction between a Λ-type three-level
atom and a single-mode cavity field with intensity-dependent
coupling in a Kerr medium has been investigated by one of
the authors.[23] Sanchez and Récamier introduced a nonlinear
JCM constructed from the standard structure by deforming all
of the bosonic field operators.[24] Naderi et al. replaced â and
â† in the standard JCM by the f -deformed operators Â and Â†

and introduced a two-photon q-deformed JCM.[25] Barzangeh
et al. investigated the effect of a classical gravitational field on
the dynamical behavior of the nonlinear atom–field interaction
within the framework of the f -deformed JCM.[26] Abdel-Aty
et al. studied the entropy squeezing of a two-level atom in
a Kerr medium and examined the influence of the nonlinear
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interaction of the Kerr medium on the quantum information
and entropy squeezing.[27] Cordero and Récamier considered
a Jaynes–Cummings Hamiltonian with deformed operators of
the field and an additional Kerr term introduced by means of
a purely algebraic method.[28] Recently, Faghihi et al. inves-
tigated the entanglement dynamics of the nonlinear interac-
tion between a three-level atom (in a Λ configuration) and a
two-mode cavity field in the presence of a cross-Kerr medium
and its deformed counterpart,[29] intensity-dependent atom–
field coupling and the detuning parameters.[30,31] The authors
have also studied a three-level atom in motion which interacts
with a single-mode field in an optical cavity in an intensity-
dependent coupling regime.[32] The effects of the mean pho-
ton number, detuning, Kerr-like medium and various types of
intensity-dependent couplings on the entanglement in the in-
teraction between a Λ-type three-level atom and a two-mode
field have been studied in Ref. [33].

Abdalla et al. considered the interaction of a two-level
atom with a single-mode multi-photon field in a medium con-
sisting of the Stark shift and the Kerr medium effects, with the
coupling term assumed to be a function of time but still linear
with the intensity of light.[34] Moreover, it is (partially) nonlin-
ear only due to the presence of the Kerr medium. They inves-
tigated atomic inversion and entropy squeezing and showed
that, the existence of the time-dependent coupling parameter
leads to a time delay in the interaction which is twice the de-
lay for the time-independent case. The aim of the present
paper to nonlinearize the atom–field system considered in
Ref. [34]. Precisely speaking, the interaction will occur in
a time-dependent and at the same time nonlinear manner be-
tween a two-level atom and a nonlinear single-mode field for
k-photon transitions in the presence of the Stark shift effect
and the Kerr medium, both of which are considered to be f -
deformed. As is clear, in this way, all terms in the Hamiltonian
will be in a nonlinear regime by including a nonlinearity func-
tion f (n), which is generally a well-defined function of the
intensity of light. Fortunately, the considered complicated sys-
tem can be solved analytically and therefore, we will be able
to evaluate the time evolution of some of the physical proper-
ties such as atomic inversion and entropy squeezing. Since the
exact solution depends on the initial atom–field state, we will
take the atom to be in its exited state, and the field is consid-
ered to be in a coherent state, a squeezed state and a thermal
state. Although, our proposal may work well for any arbi-
trary nonlinear physical system with known f (n), the effect
of various parameters and different initial field states will be
investigated in detail by considering a particular nonlinearity
function.

The paper is organized in the following way. In Sec-
tion 2, we introduce the interaction Hamiltonian of our con-
sidered system in the full nonlinear regime of k-photon JCM,

and then by solving the corresponding Schrödinger equation,
the probability amplitudes at any time t for the whole system
with arbitrary initial field state are obtained. In Sections 3 and
4, we investigate the temporal evolution of atomic inversion
and entropy squeezing, respectively. Section 5 presents our
numerical results for atomic inversion and entropy squeezing
corresponding to single- and two-photon transitions. In detail,
we discuss the effects of the Kerr medium, the Stark shift, de-
tuning and intensity-dependent coupling on the evolution of
the mentioned physical quantities. As we continue, the re-
sults of the effects of three- and four-photon transitions on the
time evolution of atomic inversion and entropy squeezing are
briefly given in Section 6. Finally, we give a summary and
conclusions in Section 7.

2. The k-photon JCM: full nonlinear regime
The Hamiltonian of a two-level atom interacting with a

quantized field in the standard JCM in the dipole and the ro-
tating wave approximations can be simply written as (h̄ = 1),
Ĥ = ν â†â+ωσ̂z/2+λ (â†σ̂−+ âσ̂+), where σ̂z and σ̂± are the
Pauli operators, â and â† are the bosonic annihilation and cre-
ation operators, respectively, ν is the frequency of the field, ω

is the transition frequency between the excited and the ground
states of the atom, and λ is the coupling constant. By gener-
alizing the standard JCM over a few steps, the time-dependent
single-mode k-photon JCM in the presence of a linear Stark
shift and a Kerr medium with the time-dependent coupling can
be described by the Hamiltonian[34]

Ĥ(t) = ν â†â+
ω

2
σ̂z + â†â(β1|g〉〈g|+β2|e〉〈e|)

+ χ â†2â2 +λ (t)(â†k
σ̂−+ âk

σ̂+), (1)

where β1 and β2 are the effective Stark coefficients, χ de-
notes the third-order susceptibility of the Kerr medium and
λ (t) is the time-dependent coupling parameter. The third term
in Hamiltonian (1) indicates the linear (in a†a) Stark shift ef-
fect, which arises from the virtual transition to the intermedi-
ate level,[35–37] and can exist for a two-photon transition, i.e.,
k = 2.[35] So, for instance, the authors of Refs. [34] and [38]
used δk,2 besides the Stark shift term in their Hamiltonian. In
addition, it should be emphasized that, in Hamiltonian (1),
whenever k 6= 2, one has to set β1 = 0 = β2.[38] It is worth
mentioning that the (nonlinear) Stark shift can also exist for
the cases with k > 2.[36] In this latter case, Hamiltonian (1)
changes to the following form:

Ĥ(t) = ν â†â+
ω

2
σ̂z + â†kâk(β1|g〉〈g|+β2|e〉〈e|)

+ χ â†2â2 +λ (t)(â†2k
σ̂−+ â2k

σ̂+). (2)

Hamiltonian (2) for k = 1 is equal to Hamiltonian (1) for k = 2
(the linear Stark shift can occur). In this paper, following the
path in Ref. [34], we will generalize Hamiltonian (1), which is
performed for the linear Stark shift effect, in order to be able
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to compare our results with the results in Ref. [34]. By defin-
ing the detuning parameter ∆ = ω − kν , Hamiltonian (1) can
be rewritten in the form

Ĥ(t) = ν

(
â†â+

k
2

σ̂z

)
+

∆

2
σ̂z + â†â(β1|g〉〈g|+β2|e〉〈e|)

+ χ â†2â2 +λ (t)(â†k
σ̂−+ âk

σ̂+). (3)

The aim of this paper is to generalize all terms of Hamil-
tonian (3) via the well-known nonlinear coherent state
approach.[39,40] By the notion of nonlinearity we mean that we
intend to put the f -deformation function in all possible terms,
i.e., we will replace all â and â† respectively by Â = â f (n̂) and
Â† = f (n̂)â†, where f (n̂) is a function of the number operator
(intensity of light). By performing the mentioned procedure,
the full nonlinear single-mode k-photon time-dependent JCM
in the presence of an effective Stark shift and a Kerr medium
can be written in the following manner:

Ĥ(t) = ν

(
Â†Â+

k
2

σ̂z

)
+

∆

2
σ̂z + Â†Â(β1|g〉〈g|+β2|e〉〈e|)

+ χÂ†2Â2 +λ (t)(Â†k
σ̂−+ Âk

σ̂+). (4)

In this respect, a few words seem to be necessary about
our present work. It may be recognized that, starting with
the nonlinear Hamiltonian describing the interaction between
a three-level atom and a single-mode f -deformed cavity field
(without the Stark shift) and following the path of Refs. [35]
and [36], the same equations of motion for the three levels
of the atom will be achieved. Therefore, one can conclude
that, replacing a,a† with A,A† does not change the final re-
sults. However we would like to emphasize that the Stark shift
should exist in the generalized form of Hamiltonian (4), too.
In other words, the Stark shift coefficients are now linear in
terms of Â†Â, i.e., the field part of Hamiltonian (4). So, in
Hamiltonian (4) (similar to Hamiltonians (1) and (3)), the lin-
ear (in terms of Â†Â) Stark shift can exist for the case of k = 2.
Whenever k 6= 2 one should set β1 = 0 = β2. To see what we
have really done explicitly, we put

Ĥ(t) = ν

(
â†â f 2(n̂)+

k
2

σ̂z

)
+

∆

2
σ̂z

+ â†â f 2(n̂)(β1|g〉〈g|+β2|e〉〈e|)
+ χ f 2(n̂) f 2(n̂−1)â†2â2

+ λ (t)
(

[ f (n̂)]!
[ f (n̂− k)]!

â†k
σ̂−+ âk [ f (n̂)]!

[ f (n̂− k)]!
σ̂+

)
, (5)

where n̂ = â†â and [ f (n̂)]! .
= f (n̂) f (n̂ − 1) · · · f (1) with

[ f (0)]! .
= 1. By comparing Hamiltonian (6) with previous

Hamiltonian (3), which was considered in Ref. [34], it is
clear that we have in fact made the transformations ν →
ν f 2(n̂), β1(2)→ β1(2) f 2(n̂), χ→ χ f 2(n̂) f 2(n̂−1) and λ (t)→
λ (t)[ f (n̂]!/[ f (n̂− k)]!. It is seen that the field frequency, Stark

shifts, the third-order susceptibility and the time-dependent
parameter are all evolved from c numbers to operator-valued
functions (intensity-dependent parameters).[22,23,29,39,41]

The time-dependent λ parameter makes the whole Hamil-
tonian be time-dependent. Different forms may be chosen for
λ (t). In this paper, we will select λ (t) = γ cos(µt), where γ

and µ are arbitrary constants. Following the probability am-
plitude approach,[3] we assume that the wave function of the
atom–field can be expressed as[42]

|ψ(t)〉 = ∑
n

exp[−iν(n̂ f 2(n̂)+ kσ̂z/2)](cn,e(t)|n,e〉

+ cn+k,g(t)|n+ k,g〉), (6)

where |n,e〉 and |n+ k,g〉 are the states in which the atom is
in the exited and the ground states and the field has n and
n+ k photons, respectively. Substituting wave function (6) in
the time-dependent Schrödinger equation, ih̄(∂/∂ t)|ψ(t)〉 =
Ĥ|ψ(t)〉, we obtain the following coupled equations for cn,e(t)
and cn+k,g(t):

i
dcn,e

dt
= R1cn,e(t)+αn cos(µt)cn+k,g(t),

i
dcn+k,g

dt
= R2cn+k,g(t)+αn cos(µt)cn,e(t), (7)

where R1, R2 and αn are defined as

R1 =
∆

2
+n f 2(n)β2 +χn(n−1) f 2(n) f 2(n−1),

R2 = −∆

2
+(n+ k) f 2(n+ k)β1

+ χ(n+ k)(n+ k−1) f 2(n+ k) f 2(n+ k−1),

αn = γ
[ f (n+ k)]!
[ f (n)]!

√
(n+ k)!

n!
. (8)

The fast frequency dependence of cn,e(t) and cn+k,g(t) can be
removed by transforming them to the slowly varying functions
X(t) and Y (t) as

X(t) = cn,e(t)exp(iR1t), Y (t) = cn+k,g(t)exp(iR2t). (9)

Using Eq. (9) in Eq. (7), we obtain

dX
dt

= −i
αn

2
(e i(µ+Rn)t + e−i(µ−Rn)t)Y,

dY
dt

= −i
αn

2
(e i(µ−Rn)t + e−i(µ+Rn)t)X , (10)

where

Rn = R1−R2

= ∆ +χ[n(n−1) f 2(n) f 2(n−1)

− (n+ k)(n+ k−1) f 2(n+ k) f 2(n+ k−1)]

+ [n f 2(n)β2− (n+ k) f 2(n+ k)β1]. (11)

The coupled differential equations (10) consist of two terms;
the term in the form e i(µ−Rn)t (e i(µ+Rn)t ) describes the pro-
cess in which the energy is conserved (nonconserved). We
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neglect the energy nonconserving terms (in the rotating wave
approximation). Under this condition, equations (10) change
to

dX
dt

= −i
αn

2
e−i(µ−Rn)tY,

dY
dt

= −i
αn

2
e i(µ−Rn)tX . (12)

By solving the above coupling equations, we obtain

cn,e(t) =

{
cn,e(0)

(
cos(Ωnt)− i(Rn−µ)

sin(Ωnt)
2Ωn

)
− i

αn

2Ωn
sin(Ωnt)cn+k,g(0)

}
× exp[−i(ϕn +µ/2)t], (13)

cn+k,g(t) =

{
cn+k,g(0)

(
cos(Ωnt)+ i(Rn−µ)

sin(Ωnt)
2Ωn

)
− i

αn

2Ωn
sin(Ωnt)cn,e(0)

}
× exp[−i(ϕn−µ/2)t], (14)

where

ϕn =
χ

2
[n(n−1) f 2(n) f 2(n−1)

+ (n+ k)(n+ k−1) f 2(n+ k) f 2(n+ k−1)]

+
1
2
[n f 2(n)β2 +(n+ k) f 2(n+ k)β1]. (15)

Here Ωn =
√
(Rn−µ)2 +α2

n/2 is the generalized Rabi fre-
quency (note that αn and Rn are defined respectively in Eqs. (8)
and (11)). It ought to be mentioned that in Eqs. (8), (11) and
(15), β1 = 0 = β2 should be set for the case of k 6= 2.

In the above equations, cn,e(0) and cn+k,g(0) may be de-
termined with the initial states of the atom and the field. In
this work, we suppose that the atom is initially in the excited
state |e〉, and the cavity field is considered to be initially in
different states such as a coherent state, a squeezed state and a
thermal state, which can be defined by their associated density
operators as

ρCS(0) = |α〉〈α|= e−〈n〉
∞

∑
n,m=0

αmα∗n√
m!n!

|m〉〈n|, (16)

ρSS(0) = |ξ 〉〈ξ |

=
∞

∑
n,m=0

(tanhr)n+m
√
(2m)!(2n)!

(2nn!2mm!)coshr
|2m〉〈2n|, (17)

ρTS(0) =
∞

∑
n=0

〈n〉n

(1+ 〈n〉)n+1 |n〉〈n|. (18)

Therefore, by using each of the above initial field conditions,
we can find the explicit form of the solution of the time-
dependent Schrödinger equation. This enables us to analyze
interesting properties such as atomic inversion and entropy
squeezing, which will be done in the following sections.

It can be seen clearly that setting f (n) = 1 in rela-
tions (13) and (14) recovers the results in Ref. [34]. Another
important point worth mentioning is that choosing different
nonlinearity functions leads to different Hamiltonian systems
and so, different physical results may be obtained. In the rest
of this paper, we particularly select the intensity-dependent
coupling as f (n) =

√
n. This function is a favorite function for

the authors who have worked in the nonlinear regime of the
atom–field interaction (see for instance Refs. [41] and [43]).
In particular, Fink et al. have shown in a natural way that this
nonlinearity function can appear in physical systems.[44]

3. Atomic inversion
The atomic inversion measures the difference in the pop-

ulations of the two levels of the atom and plays a fundamen-
tal role in the laser theory.[42] After determining cn,e(t) and
cn+k,g(t) for the initial field states in Eqs. (16)–(18), we can
investigate the quantity

W (t) =
∞

∑
n=0

(|cn,e(t)|2−|cn+k,g(t)|2). (19)

By inserting Eqs. (13) and (14) in Eq. (19) for an arbitrary
initial field state, we obtain

W (t) =
∞

∑
n=0

ρnn(0)
(

cos(2Ωnt)+(Rn−µ)2 sin2(Ωnt)
2Ω 2

n

)
, (20)

where ρnn(0) = |cn(0)|2. For the mentioned initial field states
in Eqs. (16)–(18), we have

ρ
CS
n,n(0) = |cCS

n (0)|2 = e−〈n〉
〈n〉2n

n!
, (21)

ρ
SS
2n,2n(0) = |cSS

2n (0)|2 =
〈n〉n(2n)!

(2nn!)2(1+ 〈n〉)n+1/2 ,

ρ
SS
2n+1,2n+1(0) = |cSS

2n+1(0)|2 = 0, (22)

ρ
TS
n,n(0) =

〈n〉n

(1+ 〈n〉)n+1 , (23)

where 〈n〉 of these states are given by

〈n〉CS = |α|2, 〈n〉SS = sinh2(r), 〈n〉TS =
1

e h̄ν/kBT −1
. (24)

From Eq. (20), we can discuss the temporal evolution of the
atomic inversion for different initial field situations. This will
be presented in Section 5 in detail.

4. Entropy squeezing
For a two-level atom, characterized by the Pauli opera-

tors σx, σy, and σz, the uncertainty relation for the information
entropy is defined as follows:[11]

δH(σx)δH(σy)≥
4

δH(σz)
, δH(σα) = exp[H(σα)], (25)

074203-4



Chin. Phys. B Vol. 23, No. 7 (2014) 074203

where H(σα), as the information entropy of operator σα (α =

x,y,z), is given by

H(σα) =−
2

∑
i=1

Pi(σα) lnPi(σα). (26)

Since for a two-level atom, the Pauli operators have two eigen-
values, one may expect that Pi(σα) denotes the probability dis-
tribution of two possible outcomes of the measurements of op-
erator σα . Henceforth, it is defined as

Pi(σα) = 〈ψαi |ρ|ψαi〉, (27)

where ρ is the density operator of the system and |ψαi〉 is the
eigenstate of the Pauli operators, i.e.,

σα |ψαi〉= ηαi |ψαi〉, α = x,y,z, i = 1,2. (28)

From Eq. (25), the component σα (α = x,y) is said to be
squeezed if the information entropy H(σα) of σα satisfies the
inequality

E(σα) = δH(σα)−
2√

δH(σz)
< 0, α = x or y. (29)

By using Eqs. (26) and (27) for the information entropies of
the atomic operators σx, σy, and σz, we finally arrive at

H(σx) = −
[

1
2
+Re(ρge(t))

]
ln
[

1
2
+Re(ρge(t))

]
−
[

1
2
−Re(ρge(t))

]
ln
[

1
2
−Re(ρge(t))

]
, (30)

H(σy) = −
[

1
2
+ Im(ρge(t))

]
ln
[

1
2
+ Im(ρge(t))

]
−
[

1
2
− Im(ρge(t))

]
ln
[

1
2
− Im(ρge(t))

]
, (31)

H(σz) = −ρee(t) lnρee(t)−ρgg(t) lnρgg(t). (32)

By using the form of wave function (6), the density operator
of the entire atom–field system at any time t is given by

ρatom−field =
∞

∑
n=0

∞

∑
m=0
{cn,e(t)c∗m,e(t)|n,e〉〈e,m|

+ cn+k,g(t)c∗m+k,g(t)|n+ k,g〉〈g,m+ k|
+ cn,e(t)c∗m+k,g(t)|n,e〉〈g,m+ k|
+ cn+k,g(t)c∗m,e(t)|n+ k,g〉〈e,m|}. (33)

So the necessary matrix elements of the reduced density oper-
ator in Eqs. (30)–(32) may be given in the following form:

ρee(t) =
∞

∑
n=0
|cn,e(t)|2, (34)

ρeg(t) =
∞

∑
n=0

cn+k,e(t)c∗n+k,g(t) = ρ
∗
ge(t), (35)

ρgg(t) =
∞

∑
n=0
|cn+k,g(t)|2. (36)

By employing the above equations, we can study the temporal
evolution of the entropy squeezing in terms of variables σx and
σy, which will be done in the next section.

5. Results and discussion
By using Eq. (20) and replacing ρnn(0) with different ini-

tial field states (the coherent, squeezed and thermal states from
Eqs. (21)–(23)), we can investigate the effects of the initial
field state on the variation of the atomic inversion. Now it is
necessary to select a particular nonlinearity function. As we
mentioned previously, we have chosen f (n) =

√
n in this pa-

per. In all figures that are related to the atomic inversion W (t),
the left and the right plots correspond to the linear and the
nonlinear functions, respectively. All figures are drawn with
particular values of µ = 0.1 and 〈n〉= 25. The other parame-
ters used are denoted in the figure captions.

Figure 1 shows the temporal evolution of the atomic in-
version in terms of the scaled time, for the functions f (n) =√

n and f (n) = 1, taking the coherent state in Eq. (16) as the
initial field state. Figures 1(a) and 1(b) show the variation of
the atomic inversion without Kerr and Stark effects. The col-
lapse and revival phenomena are observed in these figures, and
there is an increase in fluctuation for the deformed case com-
pared with the regular behavior. The amplitude of the fluctua-
tion for this case is increased relative to that with f (n) = 1. In
other words, while we have partial revivals in the linear case,
nearly complete revivals occur in the nonlinear regime. To ex-
amine the effect of the Kerr medium on the behavior of the
population inversion, figures 1(c) and 1(d) are plotted. Fig-
ure 1(d), which corresponds to f (n) =

√
n, shows a chaotic

behavior of W (t) around 0.99, and the amplitude of the fluctu-
ations between the maxima and minima of W (t) is very small.
Figure 1(c) indicates that in the presence of the Kerr effect
for the case of f (n) = 1, the result is very similar to that in
Fig. 1(a). If we use a larger χ (up to 0.03[34]), the Kerr ef-
fect will be visible. The effect of the Stark shift (in the pres-
ence of the Kerr medium) can be seen for linear and nonlinear
functions in Figs. 1(e) and 1(f). From Fig. 1(f), we observe
that the Stark shift increases the amplitude of the fluctuation
as compared with that in Fig. 1(d). This figure also shows a
chaotic behavior for W (t) in the nonlinear regime. Figure 1(e)
shows the effect of the Stark shift (in the presence of the Kerr
medium) on the time variation of W (t) for f (n) = 1. One can
see that the temporal evolution of the atomic inversion reveals
several revivals in the presence of both the Stark and the Kerr
effects.

Comparing Figs. 1(e) and 1(b) leads us to a conclude that
the effect of the considered nonlinearity function (without the
Kerr and the Stark effects) is nearly equivalent to the Kerr and
the Stark effects in the linear case.

The effect of the detuning parameter ∆ (defined as ω −
kν = ∆ ), in the presence of the Kerr and the Stark effects,
is shown in Figs. 1(g) and 1(h). Comparing Fig. 1(g) with
Fig. 1(e), we find that the extremes of W (t) (in the revivals) are
regularly decreased for the linear system. The ∆ has a negligi-
ble effect in the presence of a nonlinearity function (Fig. 1(h)).
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Fig. 1. (color online) Evolution of atomic inversion versus scaled time γt, here the atom starts in the exited state and the field in a coherent state with 〈n〉=
25,µ = 0.1: (a) f (n)= 1,∆ = 0,χ = 0,k = 1,β1 = β2 = 0; (b) f (n)=

√
n,∆ = 0,χ = 0,k = 1,β1 = β2 = 0; (c) f (n)= 1,∆ = 0,χ = 0.005,k = 1,β1 = β2 = 0;

(d) f (n) =
√

n,∆ = 0,χ = 0.005,k = 1,β1 = β2 = 0; (e) f (n) = 1,∆ = 0,χ = 0.005,k = 2,β1 = β2 = 1; (f) f (n) =
√

n,∆ = 0,χ = 0.005,k = 2,β1 = β2 = 1;
(g) f (n) = 1,∆ = 6,χ = 0.005,k = 2,β1 = β2 = 1; (h) f (n) =

√
n,∆ = 6,χ = 0.005,k = 2,β1 = β2 = 1.

We plot Fig. 2 by taking into account the initial field as
the squeezed state in Eq. (17). Figures 2(a) and 2(b) show the
time evolutions of the atomic inversion for the linear and the
nonlinear functions in the absence of both Kerr and Stark ef-
fects. We can see from Fig. 2(a) that W (t) oscillates rapidly
for the case of f (n) = 1, while in the presence of nonlinearity,
the behavior of W (t) is periodic (Fig. 2(b)). Figures 2(c) and
2(d) demonstrate the effect of the Kerr medium on the varia-
tion of W (t); and in Figs. 2(e) and 2(f), we add the Stark shift
too. By comparing Figs. 2(a) and 2(c), we find that the be-
haviors of W (t) for f (n) = 1 with and without the Kerr effect
are almost the same. However, for the linear case and in the
presence of the Stark effect (Fig. 2(e)), the behavior of W (t)

is irregular. We examine the time evolution of the atomic in-
version for the nonlinear case with different parameters in the
right panels of Fig. 2. We can find a regular behavior for W (t)

in the absence of the Kerr medium, the Stark effect and detun-
ing (Fig. 2(b)). The behaviors of W (t) in Figs. 2(d), 2(f), and
2(h) are generally irregular.

In Fig. 3, we assume that the initial field is the
thermal state in Eq. (18), and again the effects of the
Kerr medium, the Stark shift and detuning are investi-
gated on the behavior of W (t). The evolution of the
atomic inversion is shown for the nonlinear and lin-
ear regimes in the right and the left panels of the
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Fig. 2. (color online) Evolution of atomic inversion versus scaled time γt, where a squeezed state is used as the initial state of the field. The parameters used
in panels (a)–(h) are the same as those in Fig. 1.

figure, respectively. The effect of the Kerr medium is shown
in Fig. 3(c) for the linear function, where we can see that W (t)
is not so sensitive to the Kerr effect. While in Fig. 3(b), the
presence of nonlinearity without both Kerr and Stark effects
allows the (partial) collapses and revivals to be observed, the
Kerr medium and the Stark shift destroy the latter phenomena.
The above result seems to be in contrast to that in the linear
case, i.e., the presence of Kerr and Stark shift effects can lead
to the (partial) collapses and revivals.

We show the variations of W (t) with ∆ 6= 0 in the pres-
ence of the Kerr and the Stark effects for linear and nonlinear
functions in Figs. 3(g) and 3(h), respectively. Unlike some
changes in the numerical results, no qualitatively change can

be observed. Generally, in all the three states discussed above,
the linear case is more sensitive to detuning in comparison
with the nonlinear case.

We now analyze the temporal evolution of the entropy
squeezing for different initial field states using the analytical
results of Section 4. We will deal with the nonlinear case
with deformation function f (n) =

√
n only. All figures are

drawn with a particular value of µ = 0.1. The other parame-
ters used are denoted in the figure captions. Figures 4(a) and
4(b) display the time evolutions of the entropy squeezing fac-
tors E(σx) and E(σy) with the coherent state in Eq. (18) as the
initial field state. It is obvious from these figures that entropy
squeezing exists in σx and σy at some time.
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Fig. 3. (color online) Evolution of atomic inversion versus scaled time γt, where a thermal state is used as the initial state of the field. The parameters used
in panels (a)–(h) are the same as those in Fig. 1.

In Figs. 4(c) and 4(d), we examine the influence of the
Kerr effect on the evolution of the entropy squeezing for vari-
ables σx and σy with the chosen parameters. It is clear from
these figures that there is no squeezing in σx and σy. In
Figs. 4(e) and 4(f), which are plotted in the presence of both
Kerr and Stark effects, no squeezing can be seen in σx and
σy. To study the effect of the initial mean photon number on
the behavior of the entropy squeezing (with the Kerr effect),
figures 4(g) and 4(h) are plotted.

As is shown, by decreasing the mean value of 〈n〉 from
25 to 1, the entropy squeezing for variables σx and σy appears
in certain time ranges. The time evolution of the squeezing
parameters E(σx) and E(σy) are shown in Fig. 5 with the field

initially g in the squeezed state (19).
Specifically, in Figs. 5(a) and 5(b), the behaviors of

squeezing E(σx) and E(σy) as a function of the scaled time
in the absence of the Kerr and the Stark effects are shown. We
can see from these figures that both E(σx) and E(σy) possess
squeezing in variables σx and σy when 〈n〉 = 1. It should be
noticed that according to our further calculations (not shown
here), in this case (without Kerr and Stark effects), squeez-
ing may be seen in components σx and σy for 〈n〉 < 4. To
investigate the effect of the Kerr medium, we depict the en-
tropy squeezing E(σx) and E(σy) in terms of the scaled time
in Figs. 5(c) and 5(d). The E(σx) and E(σy) predict squeezing
in variables σx and σy on short time periods discontinuously. A
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comparison of Figs. 5(a)–5(d) with similar figures for the co-
herent state (Figs. 4(a)–4(d)) shows that, while for the second
set of figures the Kerr effect destroys the entropy squeezing
completely, this is not the case for the first set of figures. We
show the effects of the Stark shift on the time evolutions of
the squeezing factors in Figs. 5(e) and 5(f). It is obvious from
these figures that, there is no squeezing in the presence of the
Kerr and the Stark effects. Figure 6 shows the time evolutions
of the entropy squeezing factors E(σx) and E(σy) for the case
in which the field is initially prepared in the thermal state (18).
Figures 6(a) and 6(b) present the entropy squeezing E(σx) and

E(σy) in the absence of the Kerr and the Stark effects. As

is clearly seen, squeezing in components σx and σy exists at

some intervals of time, and obviously for different time inter-

vals. The depth of the entropy squeezing for σx is larger than

that for σy. We investigate the effect of the Kerr medium in

Figs. 6(c) and 6(d). As is observed, squeezing may occur in

entropy squeezing factors E(σx) and E(σy) over a short range

of time. Finally, we examine the effect of the Stark shift (the

Kerr effect is also included) in Figs. 6(e) and 6(f). In this case,

there is no squeezing in E(σx) and E(σy).
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Fig. 4. (color online) Evolution of entropy squeezing versus scaled time γt, here the atom starts in the exited state and the field in a coherent state for
f (n) =

√
n, µ = 0.1: (a) E(σx) with 〈n〉 = 25,∆ = 0,χ = 0,k = 1,β1 = β2 = 0; (b) E(σy) with 〈n〉 = 25,∆ = 0,χ = 0,k = 1,β1 = β2 = 0; (c) E(σx)

with 〈n〉 = 25,∆ = 0,χ = 0.005,k = 1,β1 = β2 = 0; (d) E(σy) with 〈n〉 = 25,∆ = 0,χ = 0.005,k = 1,β1 = β2 = 0; (e) E(σx) with 〈n〉 = 25,∆ = 0,χ =
0.005,k = 2,β1 = β2 = 1; (f) E(σy) with 〈n〉= 25,∆ = 0,χ = 0.005,k = 2,β1 = β2 = 1; (g) E(σx) with 〈n〉= 1,∆ = 0,χ = 0.005,k = 1,β1 = β2 = 0; (h)
E(σy) with 〈n〉= 1,∆ = 0,χ = 0.005,k = 1,β1 = β2 = 0.
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Fig. 5. (color online) Evolution of entropy squeezing versus scaled time γt, here the atom starts in the exited state and the field in a squeezed state
for f (n) =

√
n,µ = 0.1,〈n〉 = 1: (a) E(σx) with ∆ = 0,χ = 0,k = 1,β1 = β2 = 0; (b) E(σy) with ∆ = 0,χ = 0,k = 1,β1 = β2 = 0; (c) E(σx) with

∆ = 0,χ = 0.005,k = 1,β1 = β2 = 0; (d) E(σy) with ∆ = 0,χ = 0.005,k = 1,β1 = β2 = 0; (e) E(σx) with ∆ = 0,χ = 0.005,k = 2,β1 = β2 = 1; (f) E(σy)
with ∆ = 0,χ = 0.005,k = 2,β1 = β2 = 1.

6. Discussion on the effect of three- and four-
photon transitions

We have investigated the influence of one- and two-
photon transitions on the temporal behavior of atomic inver-
sion and entropy squeezing in the previous sections. In this
section, we discuss the effect of three- and four-photon transi-
tion processes on the time evolution of the mentioned physical
quantities in a general manner. Obviously, adding all of the
numerical results and related figures considering all quantities
with k = 3,4 will make the paper dramatically large. There-
fore, we present our obtained results qualitatively and make a
comparison with the previous results for k = 1,2. Clearly, due
the numerous parameters involved in the calculations, we can
not reach a sharp result, so our discussion is restricted to the
particular parameters used. According to our calculations for
k = 3 and k = 4 (not shown here), the following results are
extracted.

The collapse and revival phenomena exist in a clear man-

ner for three- and four-photon transitions in the linear regime
( f (n) = 1) when the field is initially in the coherent state.
As we observed, by increasing the number of photon transi-
tions, the time interval between subsequent revivals will be
decreased. In addition, the revival time becomes shorter when
the number of photon transitions is increased. This outcome
is consistent with the results of Ref. [18]. Moreover, for
k = 3,4, no clear collapse–revival phenomenon is observed
for the atom–field state in the linear regime ( f (n) = 1) when
the initial field state is squeezed or a thermal state.

The temporal behavior of atomic inversion for k = 3
and k = 4 shows a chaotic behavior for the nonlinear regime
( f (n) =

√
n) in all cases. When the initial field is a thermal

or coherent state, for the case of k = 1 in the absence of Kerr
medium and detuning, the full collapses and revivals are ob-
served in the evolution of atomic inversion.

Our results show that, the Kerr medium has a negligible
effect on the time variation of atomic inversion for all cases
with k = 3,4. We observe that in the linear case with k = 3,

074203-10



Chin. Phys. B Vol. 23, No. 7 (2014) 074203

γt
0 20 40 60 80 100

γt
0 20 40 60 80 100

γt

0 20 40 60 80 100

γt

0 20 40 60 80 100

0.6

0.4

0.2

0

-0.2

E
↼σ

x
↽

0.6

0.4

0.2

0

-0.2

E
↼σ

y
↽

0.6

0.4

0.2

0

E
↼σ

x
↽

0.6

0.4

0.2

0

E
↼σ

y
↽

(a) (b)

(d)(c)

γt
0 20 40 60 80 100

γt
0 20 40 60 80 100

0.5

0.4

0.3

0.2

0.1

0

E
↼σ

x
↽

0.5

0.4

0.3

0.2

0.1

0

E
↼σ

y
↽

(f)(e)

Fig. 6. (color online) Evolution of atomic inversion versus scaled time γt, where a thermal state is used as the initial state of the field. The parameters used
in panels (a)–(f) are the same as those in Fig. 5.

the detuning has no critical effect when the coherent or ther-
mal state is the initial field state, while for the squeezed initial
state, the negative values of atomic inversion are considerably
decreased, i.e., the atomic inversion obtains a positive value
most of the time. The same statement is weakly true for the
case of k = 4.

In the nonlinear case ( f (n) =
√

n), there is no (entropy)
squeezing in σx and σy for k = 4 with the different initial field
states considered in this paper. The situation is the same for
the case of k = 3 with squeezed and thermal states as the initial
states of the field, except, in the absence of the Kerr medium
where squeezing occurs in σy in a few (very short) intervals of
time when the initial field state is coherent. In this latter case,
there is no squeezing in σx.

7. Summary and conclusions
In this paper, we considered the full nonlinear interaction

between a two-level atom and a nonlinear single-mode quan-
tized field for k-photon transitions in the presence of a Kerr
medium and the Stark shift effect. We have assumed that the

coupling between the atom and the field is time-dependent as
well as intensity-dependent. To the best of our knowledge, the
problem in such a general form has not been considered in the
literature up to now. Fortunately, we could solve the dynam-
ical problem and found the explicit form of the state vector
of the whole atom–field system analytically. We have consid-
ered the atom to be initially in the exited state and the field
in three different possible states (the coherent state, squeezed
state and thermal state). The time variations of atomic inver-
sion and entropy squeezing have been numerically studied and
compared with each other. Even though our formalism can be
used for any nonlinearity function, we particularly considered
the nonlinearity function f (n) =

√
n for our further numerical

calculations. The obtained results are summarized as follows.
1) The temporal evolutions of both atomic inversion and en-
tropy squeezing are generally sensitive to the initial field state,
and this fact is more visible for the atomic inversion in com-
parison with entropy squeezing. 2) The behavior of atomic
inversion in the presence of nonlinearity (the right plots in
all figures) is chaotic, except for some cases, i.e., Figs. 1(b),
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2(b) and 3(b), in which the Kerr and the Stark effects are ab-
sent and the initial field state is a coherent state, a squeezed
state and a thermal state, respectively. As is observed, the col-
lapse and revival phenomena are revealed in Figs. 1(b) and
3(b). 3) The complete (partial) collapse and revival, as purely
quantum mechanical features, are observed in the left plots
of Fig. 1 (Fig. 3), corresponding to atomic inversion for the
initial coherent (thermal) state. 4) The detuning parameter
does not have a critical effect on the atomic inversion, un-
less it causes some minor changes in the extremes of the in-
vestigated quantities, either with a chaotic or collapse–revival
behavior. 5) The variation of atomic inversion for different
initial field states (the coherent, squeezed and thermal states)
shows that the time-dependent coupling leads to a time delay
which is twice the delay for the time-independent case. This
result is similar to the results reported in Ref. [34]. 6) There
is entropy squeezing in σx and σy at some intervals of time
in some cases with different conditions, and obviously for dif-
ferent time intervals, such that the uncertainty relation holds.
7) The presence of both the Stark shift and a Kerr medium si-
multaneously on the entropy squeezing for all cases (different
initial field states) prevents the entropy squeezing occurring.
8) In the absence of Kerr medium, Stark shift and detuning
with constant coupling ( f (n) = 1 and µ = 0), and by using
the parameters in Ref. [18], our numerical results successfully
recover the results in Ref. [18]. In the absence of the men-
tioned effects with intensity-dependent and time-independent
coupling ( f (n) =

√
n, µ = 0), our results are reduced to the

ones reported in Ref. [45]. 9) As previously mentioned, we
have nonlinearized the atom–field system which has been con-
sidered in Ref. [34]. Consequently, as is expected, in the linear
case ( f (n) = 1), the results are the same as those in Ref. [34].
Finally, we would like to mention that, our presented formal-
ism has the potential to be applied for all well-known nonlin-
earity functions, such as the center of mass motion of a trapped
ion,[46] photon-added coherent states,[47,48] deformed photon-
added coherent states,[49] harmonious states,[39,50] q-deformed
coherent states,[25,51–53] etc. We have not discussed the effect
of the initial field photon number in detail. It is obvious that
the results may be affected directly by this parameter as well
as all discussed parameters.
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