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The partial and complete periodic synchronization in coupled discontinuous map lattices consisting of both discon-
tinuous and non-invertible maps are discussed. We classify three typical types of periodic synchronization states, which
give rise to different spatiotemporal patterns including static partial periodic synchronization, dynamically periodic syn-
chronization, and complete periodic synchronization patterns. A special prelude dynamics of partial and complete periodic
synchronization motion, which is shown by five separated concave curves in the time series plots of the order parameters,
is observed. The detailed analysis shows that the special prelude dynamics is induced by the competition between two
synchronized clusters, and the analytical expression for the corresponding order parameter is obtained.
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1. Introduction
Since the pioneering work of Hungens, synchronous be-

havior has been widely observed in a large range of phe-
nomena that span from biological systems that include an-
imal grouping,[1] fireflies blinking,[2] animal gaits,[3] heart
stimulation,[4] epidemiology[5] and neural activity,[6] to se-
cure communications,[7] chemistry,[8] meteorology,[9] and
optoelectronics.[10] Recently, there have been many analysis
methods appearing in the vast technical literature on synchro-
nization, including the master stability function (MSF),[11–13]

eigenvalue analysis[14] and more advanced techniques, allow-
ing one to solve synchronization problem in the network of
any set of coupling weights, connections, and the number of
the coupled oscillators. However, the great majority of those
research efforts have focused on dynamical systems that con-
sist of smooth dynamical models.[15–18] In fact, there are many
practical systems that show discontinuous dynamical proper-
ties, such as nerve cells,[19] electronic circuits,[20] relaxation
oscillators, and impact oscillators.[21–25]

Here we study the synchronized patterns on the cou-
pled map lattices (CMLs) whose individual dynamics is
both discontinuous and non-invertible. One of the authors
and his cooperators have conducted intensive investigation
on those kinds of individual dynamical systems, and found
new types of characteristic dynamics compared with those
in systems that are smooth everywhere, which include type-
V intermittencies,[23] hole-induced crises,[25] multiple Devil’s
staircases,[26] coexistence of attractors,[27,28] and so on. Re-
cently, coupled discontinuous (non-differentiable) dynamical

systems have received much interest from researchers.[24,29–33]

For example, Zou[33] studied high-dimensional discontinuous
dynamical systems, and revealed a mechanism for the forma-
tion of stable chaos. Our recent study on globally coupled
discontinuous map lattices systems[34] shows that there are
rich collective dynamic behaviors due to the interplay between
the discontinuity and the non-invertibility in the isolate map.
However, periodic synchronization in coupled discontinuous
systems has been studied much less.

In the previous studies, the periodic synchronized state
is a frozen random pattern, the dynamical behaviors on both
sides of the kinks or anti-kinks do not correlate with each
other, and thus the space is divided into separate domains with
random sizes by the fixed interfaces that do not move with
time.[35] In this paper, we focus on the study of partial and
complete periodic synchronized patterns in CMLs. The con-
stituent of the CMLs employed in this work is both a discontin-
uous and a non-invertible map, which is a simplification of the
relaxation oscillators described in the previous work.[24] Three
typical types of periodic synchronization states are obtained:
static partial periodic synchronization, dynamically periodic
synchronization, and complete periodic synchronization pat-
terns. The dynamically periodic synchronization is a new phe-
nomenon, in which the space is divided into two clusters in
the coupled discontinuous system, compared with the previ-
ous studies,[36,37] the interfaces of the clusters are no longer
fixed but moving in opposite directions, and the size of clus-
ter changes with time. The transient state dynamics of the
complete periodic synchronization also displays a similar phe-

∗Project supported by the National Natural Science Foundation of China (Grant No. 10875076) and the Natural Science Foundation of Shaanxi Province, China
(Grant No. SJ08A23).

†Corresponding author. E-mail: sxqu@snnu.edu.cn
© 2014 Chinese Physical Society and IOP Publishing Ltd http://iopscience.iop.org/cpb　　　http://cpb.iphy.ac.cn

070508-1

http://dx.doi.org/10.1088/1674-1056/23/7/070508
sxqu@snnu.edu.cn
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn


Chin. Phys. B Vol. 23, No. 7 (2014) 070508

nomenon.
Because of the important position of discontinuous fea-

tures in the study of neurons firing,[38,39] our study may be en-
lightening for the further understanding of some aspects of the
dynamics of the brain networks. Moreover, due to the discon-
tinuous map being a simplied model for relaxation oscillator
circuits, the dynamically periodic can also be a potential ap-
plication in chaos communication; we have already done some
research there, and the detailed results will be coming soon.

2. Model
The evolution equations for the coupled discontinuous

map lattices in the current work can be expressed as

xn+1(i) = (1− ε) f (xn(i))

+
ε

2
[ f (xn(i+1))+ f (xn(i−1))], (1)

where xn(i) is the dynamical variable, i = 1,2,3, ...,N de-
notes the discrete spatial sites, n is the temporal step, and ε

(0 ≤ ε ≤ 1) is the coupling strength. The periodic bound-
ary condition xn(i) = xn(i + N) is assumed. The f (x) is a
piecewise linear mapping function with both discontinuous
and non-invertible characteristics,[25] which reads

xn = fm(xn) = kmxn +bm mod 1, (2)

with m = 1,2,3,4, and

k1 =
ya− ya−µ

xb− xa
, b1 = ya, x ∈ [xa,xb];

k2 =
yc− ya +µ

xg− xb
, b2 = yA−µ− k2xb, x ∈ [xb,xg];

k3 = constant, b3 = constant, x ∈ [xg,xf];
k4 = constant, b4 = constant, x ∈ [xf,xd],

where µ is the control parameter. The other parameters
are selected as xa = 0, ya = 0.203921, xb = 0.107663, xg =

0.350000, yc = 0.460000, xf = 0.497121, xd = 1, yd = yA,
k3 = 3.07055, b3 = −0.530165, k4 = 0.405507, and b4 =

−0.201586. It has been shown that this map can exhibit rich
dynamical behaviors when the control parameter µ increases
from 0.025 to 0.065.[24] In this work, the system size is set to
N = 100, and the control parameter is µ = 0.026921 where the
period-5 dynamics appears.

3. Partial and complete periodic synchroniza-
tion
The initial values of the dynamical variables in the nu-

merical simulations are chosen randomly from the range [0,1].
The order parameter[40] and the largest Lyapunov exponent
λmax are employed to monitor the spatiotemporal dynamics of
the system. The order parameter is defined in the following
way:

zn = Rn exp(iϕn) =
1
N

N

∑
j=1

exp(2π ix( j)
n ), (3)

where Rn and ϕn are the magnitude and phase of zn at time
n, respectively. The order parameter tends to unity when the
system approaches the synchronized state where the dynami-
cal variables on the lattices reach the same amplitudes. The
time-average of the order parameters is often used, which is
defined by

〈R〉= lim
T→∞

1
T

T

∑
n=m

Rn, (4)

where m is the number of transients that should be discarded.
Figure 1 shows the coupling-strength dependence of the time-
averaged order parameter 〈R〉 and the largest Lyapunov expo-
nent λmax, where 1×106 transients were dropped and 5×104

iterations were used for the time average.
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Fig. 1. (color online) The time-average order parameters and the largest
Lyapunov exponents, where the dots denote the order parameters, and
the circles represent the largest Lyapunov exponents for µ = 0.026921.
The size of the system is set to N = 100 and the random initial values
are chosen in simulation.

One can see that, there are basically three regions in the ε

axis: region I is confined by 0 < ε < 0.2, region II is confined
by 0.21 < ε < 0.67 and region III by 0.67≤ ε < 1. In region I,
the order parameters are less than 1 and the largest Lyapunov
exponents have a negative value, which reveals the periodic
motion of the system and that it is not fully synchronous. The
order parameters are less than 1 and the largest Lyapunov ex-
ponents are greater than zero in region III (see Fig. 1), which
indicates that the system is in the nonsynchronized chaotic
state. The spatial-temporal dynamics behaviors in the previ-
ous regions are very trivial, which are not topics of the current
work. While in region II, the order parameter and the largest
Lyapunov exponent fluctuate fiercely. There are some points
in the ε axis where the average order parameter reaches unity
and the largest Lyapunov exponent has a negative value, so
there are partial and complete periodic synchronized states in
this region. If the order parameter is less than 1 and the largest
Lyapunov exponent has a negative value, the coupled system
displays a dynamical periodic synchronized pattern. More in-
formation on the partial and complete periodic synchroniza-
tion can also be visualized by using a space–time plot (see
Fig. 2).
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Fig. 2. (color online) The space–time plots for different coupling strengths ε: (a) ε = 0.1, (b) ε = 0.21, (c) ε = 0.31, (d) ε = 0.7. The size of the system is
set to N = 100 and with the random initial values chosen in simulation, and 1×106 transients were discarded.

In Fig. 2(a), the partial periodic synchronized patterns
with the temporal period equal to that of the individual map
are shown in the space–time plots. The dynamical behav-
iors on both sides of the kinks or anti-kinks do not correlate
with each other, and thus the space is divided into separate
domains with random size by the fixed interfaces that do not
move with time. The nodes in each domain synchronized to
the same period-5 orbit of the isolated map, while the dynam-
ics in different domain slides in different steps of the same
period-5 cycle. Therefore, the frozen random pattern is ob-
served, which is similar to that observed in the conventional
CMLs of the smooth maps. We have to emphasize that the
distribution of the patterns depends on the choice of the initial
condition. Here, the randomly distributed pattern of the at-
tractors is due to the random initial condition. The space–time
plots in Figs. 2(b) and 2(c) exhibit different patterns against
that in Fig. 2(a). In those cases, the space is divided into two
clusters and the interfaces are no longer fixed but moving in
opposite directions. Synchronization to the period-5 orbit of
the isolated map is observed in each cluster, but the trajectory
in one domain is one step ahead of or behind that of the other
one. In Fig. 2(b), one may find that one of the domains ex-
pands but the other shrinks. The trajectories of nodes in the
contracting cluster and the expanding cluster synchronize to
two adjacent fixed points of the period-5 cycle, respectively.
The fixed point for the former cluster is one step ahead of that

for the latter. When the two boundaries collide with each other,
the expanding cluster occupies nearly all the space and then
the system reaches the complete synchronization afterward.
A dynamical synchronized pattern is shown in Fig. 2(c), in
which, one also observes a pair of clusters that exhibit simi-
lar behaviors to the previous case, i.e., one of them expands
but the other contracts. We call it a long time process. When
there is only one node left in the contracting cluster, a short
time process begins, in which this contracting cluster no longer
shrinks but expands. When it expands to some extent, it goes
inversely till the two boundaries re-meet. After this instant, the
system evolves along the inverse direction of the long process
mentioned previously. When the boundaries collide again, the
same long time process starts. The system will repeat the two
processes again and again till infinity. This is a very interest-
ing dynamics behavior, which will be discussed elsewhere in
another long paper. If the coupling strength ε exceeds 0.67,
the partial and complete periodic synchronization is impossi-
ble to achieve and the coupled system is in the chaotic state,
as shown in Fig. 2(d), which is a very trivial behavior.

The dynamical behaviors described above can also be
monitored through the corresponding average order parame-
ters, as shown in Fig. 3. One may observe in Fig. 3(a) that the
order parameter falls in five separated horizontal lines, which
indicates that the order parameter varies with time in a period-
5 cycle. It can be easily understood by considering the frozen
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Fig. 3. (color online) Time series of the order parameter for different coupling strengths ε: (a) ε = 0.1, (b) ε = 0.21, (c) ε = 0.31, (d) ε = 0.7. The other
parameters are the same as those in Fig. 2.

random pattern displayed by Fig. 2(a). The dynamical states
of the nodes in each domain at any time steps are in the same
trajectory of the same period-5 orbit, and the only possible
change is that the dynamics in different domains may be in
different steps (or different fixed-points) of the same period-5
orbit. Thus, the synchronization occurs only inside the same
domain but not necessarily among different domains, which
results in partial synchronization. Therefore, the system has
different order parameters at different time steps, and the or-
der parameter changes with time in the same period as that
of the system dynamics. While in Figs. 3(b) and 3(c), there
are only two domains and two boundaries that are moving op-
positely with respect to time. The synchronized states in two
domains fall in the same period-5 cycle of the isolated map,
but the trajectory for one domain is one step ahead of or be-
hind that for the other one (or in adjacent fixed-points of the
same period-5 orbit). Since one of the domains expands and
the other shrinks, one observes that the order parameters in
Fig. 3(b) before the complete synchronization and Fig. 3(c)
in all time fall in five separate concave curves instead of the
straight ones in Fig. 3(a). Figure 3(d) represents a very trivial
result that the system is in the non-synchronized chaotic state.
Amongst the four plots in Fig. 3, we are only interested in the
situation appearing in Fig. 3(b) in which a peculiar prelude dy-
namics emerges before the system reaches the complete syn-
chronization. We will discuss this prelude dynamics in the

following section.

4. The peculiar prelude dynamics to periodic
synchronization
In order to understand the special behavior of the or-

der parameters in the above section, the space–amplitude dia-
grams near temporal points A, B, and C corresponding to the
third curve from the bottom of Fig. 3(b), are plotted in Fig. 4
for every five time steps, respectively. Clearly, the spatial sites
are catalogued into a pair of clusters, i.e., the lower one and
the upper one, and only very few sites are on the boundaries
between the pair of clusters. The dynamical variables of the
nodes in each cluster synchronize to the same period-5 orbit
of the isolated map, but the trajectory of the lower cluster is
one step ahead of that of the upper one. If we arrange the tra-
jectories of the period-5 cycle according to an ascending order
and assume that the trajectory of the lower cluster is at an ar-
bitrary n-th step of a time sequence, then the trajectory of the
upper cluster is the same as the trajectory at the (n+1)-th step.
From Fig. 4(a) to Fig. 4(d), the boundaries of the two clusters
move in opposite directions, which results in the shrinking of
the lower cluster and the expanding of the upper one. For con-
venience, we call the lower cluster the contracting cluster and
the upper one the expanding cluster. Thus the trajectory of
the contracting cluster of the pair is at the n-th time-step, and
that of the expanding clusters of the pair is the same as the
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trajectory at the (n+ 1)-th time-step. In Fig. 4(e), the lower
cluster vanishes, the upper cluster occupies nearly all of the
nodes in the system, and leaves only the boundary sites non-
synchronized. Very soon after this instant, the boundary sites
also synchronize to the upper cluster and the system reaches
the complete period synchronization, as shown in Fig. 4(f).
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Fig. 4. (color online) Space-amplitude plots at temporal points from A
to C and corresponding to the third curve from the bottom of Fig. 3(b).
The spatial sites are catalogued into a pair of clusters: a contracting
and expanding cluster, the contracting cluster of the pair is at the n-th
time-step, the expanding clusters of the pair is the same as the trajec-
tory at the (n+1)-th time-step. (a)–(d) The lower cluster shrinks and the
upper cluster expands at different moments. (e) In the collision point,
the lower cluster vanishes and the upper cluster occupies nearly all of
the nodes in the system. (f) All of the nodes synchronize to the upper
cluster, and the system reaches the complete period synchronization.

Similar behaviors are also observed in the situations cor-
responding to the other four curves in Fig. 3(b). For compari-
son, we have drawn in Fig. 5 the space–amplitude plots within
a period-5 cycle somewhere between points A and C accord-
ing to an ascending order. The trajectories of the contracting
clusters are at the n-th, (n+ 1)-th, (n+ 2)-th, (n+ 3)-th, and
(n+4)-th time-steps, which are respectively the fixed points of
the period-5 orbit of the isolated map. While the trajectories
of the corresponding expanding clusters are the same as those
at the (n+1)-th, (n+2)-th, (n+3)-th, (n+4)-th, and (n+5)-
th time-steps. Clearly, one may find that the five plots show
the same pattern and the size of the pair of contracting and ex-
panding clusters remains unchanged in one period. Hence, the
size of the clusters varies for every five-steps. In order to de-
termine the variation of the size of the cluster pair, we employ
the direction phase proposed by Hu and Liu,[41] which reads

Pn( j) =
{

1, if xn( j)/xn+1( j)> 1,
0, otherwise, (5)

where j denotes the nodes, and xn( j) is the dynamical variable
for the j-th node at time step n. Shown in Fig. 5, the expanding
and the contracting clusters in the first three time-steps have
the same phase order, while those in the last two time-steps
have the opposite phase order. Therefore, we can distinguish
the expanding and the contracting clusters and then calculate
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Fig. 5. (color online) Space-amplitude plots for the period-5 cycle near
point B in Fig. 3, and arrange the trajectories of the period-5 according
to the ascending order, the trajectories of the contracting clusters are
at the n-th, (n+ 1)-th, (n+ 2)-th, (n+ 3)-th, and (n+ 4)-th time-steps,
the trajectories of the corresponding expanding clusters are the same as
those at the (n+ 1)-th, (n+ 2)-th, (n+ 3)-th, (n+ 4)-th, and (n+ 5)-th
time-steps.

the size of the clusters in terms of the phase order by tracing
the iteration of the trajectories of the dynamics on the nodes
when those in the contracting cluster reach the fourth or fifth
fixed point of the isolated map. For the latter case, one may see
that Pn( j) = 0 for each node in the contracting cluster, while
Pn( j) = 1 for each node in the corresponding expanding clus-
ter. Then, the size of the contracting cluster can be represented
by the number fraction ρ

(0)
n = (1/N)∑

N
j=1(Pn( j) = 0), and the

size of the expanding one by ρ
(1)
n = (1/N)∑

N
j=1(Pn( j) = 1).

As discussed previously, almost all of the lattices belong to
the pair of clusters and only a tiny number of the sites are on
the boundaries. Hence, equation (3) can be rewritten as

zn ≈ ρ
(0)
n exp(2π ix∗n)+ρ

(1)
n exp(2π ix∗n+1), (6)

where x∗n and x∗n+1 are two adjacent fixed points of the five
fixed points of the single map defined in Eq. (2). Simple
derivation gives the analytical expression of the order parame-
ter, i.e.,

Rn = {(ρ(1)
n )2 +(ρ

(0)
n )2

+ 2ρ
(1)
n ρ

(0)
n cos [2π(x∗(n+1)− x∗(n))]}

1/2. (7)

Shown in Fig. 6 are the analytical results of the order pa-
rameter calculated by Eq. (7) and its numerical counterpart.
The circles denote the numerical result, and the lines repre-
sent the analytical one. Obviously, the analytical and numer-
ical results agree with each other very well. To this end, one
may conclude that the specular prelude dynamics has been
completely understood. We have to point out that the ana-
lytical method can also be used to analyze the dynamically
synchronous patterns, which will be discussed elsewhere.
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the numerical result, and the blue line represents the analytical one.

5. Conclusion

In summary, we have studied the periodic synchronized
patterns in a coupled discontinuous and non-invertibility map
lattices with local coupling, and found three periodic peri-
odic synchronized patterns: the static partial periodic syn-
chronized pattern, the dynamical periodic synchronized pat-
tern, and complete periodic synchronized patterns. The results
show that spatial sites of the coupled system are catalogued
into a few clusters, only very few sites are on the boundaries
between the pair of clusters, and the interplay between syn-
chronization clusters is responsible for these characteristic pat-
terns. Moreover, a peculiar prelude dynamics, which is shown
by five separated concave curves in the time series plots of or-
der parameters, is identified. The analysis shows that one of
the two synchronized clusters contracts and the other expands,
which result in the peculiar prelude dynamics. Nevertheless,
an analytical expression of the order parameter of the peculiar
prelude dynamics is given. The analytical result is found to be
in good agreement with the numerical one.

In the present work, the periodic synchronized patterns
synchronization in the next nearest neighbor coupling regular
network is found. The obtained result depends on the network
characteristics. In future works, more performance require-
ments for the periodic synchronized patterns of a coupled dis-
continuous system will be considered in various topological
structures.
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