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Space—time fractional KdV—Burgers equation for dust acoustic shock
waves in dusty plasma with non-thermal ions
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The KdV-Burgers equation for dust acoustic waves in unmagnetized plasma having electrons, singly charged non-
thermal ions, and hot and cold dust species is derived using the reductive perturbation method. The Boltzmann distribution
is used for electrons in the presence of the cold (hot) dust viscosity coefficients. The semi-inverse method and Agrawal
variational technique are applied to formulate the space—time fractional KdV-Burgers equation which is solved using the
fractional sub-equation method. The effect of the fractional parameter on the behavior of the dust acoustic shock waves in

the dusty plasma is investigated.
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1. Introduction

Dusty plasma is ubiquitous in most astrophysical
space environments, such as lower and upper mesosphere,
cometary’s tails, planetary rings, planetary magnetosphere, in-
terplanetary spaces, interstellar media, etc. Dusty plasma ap-
plications range from astrophysics to strongly coupled dusty
plasmas and dusty plasma crystals.!'®! Zhang and Xue!?! in-
vestigated the propagation of linear dust acoustic waves in in-
homogeneous dusty plasmas due to spatial gradients of dust
charge. They found that, the inhomogeneity and non-adiabatic
dust charge fluctuation have strong influence on the frequency
and the damping rate of waves. The nonlinear dust acous-
tic waves in collisional self-gravitating dusty plasma using the
damped KdV equation have been explained.*! Furthermore,
the effects of the dust size distribution on the ultracold and
multicomponent dust grains in cold quantum dusty plasma
have been studied.!*> Ren et al. [ studied the effects of impu-
rity on eigenmodes in one-dimensional dusty plasma lattices.
Akhtar et al.’) investigated the Sagdeev’s pseudo potential in
two types of unmagnetized dust fluids (one cold and one hot)
in the presence of Boltzmann ions and electrons. Nonther-
mal ions from the Earth’s bow shock and foreshock have been
detected by satellites.®*! Elwakil er al.['! studied the effect
of nonthermality of ions on the nature of dust-acoustic waves
(DAWSs) for two types of dust fluid in unmagnetized, colli-
sionless dusty plasma consisting of electrons, charged non-
thermal ions, and hot and cold dust grains. The dusty plasma
medium with dissipative properties supports the existence of
shock waves instead of solitons. The dust fluid dissipation
can be caused by dust—dust collision, Landau damping, dust
charge fluctuation, and dust fluid viscosity, which would mod-
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ify the wave profile structures.!!'=13] Nakamura et al.!'3 ob-
served shock solitary waves in unmagnetized dusty plasma.
They showed that the development of the wave shock is due to
the KdV-Burgers (KdV-B) equation. Mamun and Tasnim !4
have studied the dust-ion-acoustic shock and solitary waves in
dusty electronegative plasma and discussed the basic proper-
ties of the shock and solitary waves, which are associated with
the presence of positive ion dynamics and dust charge fluctua-
tion. The effects of both the dissipation due to kinematic vis-
cosity and the dispersion caused by the charge separation as
well as the quantum tunneling associated with the Bohm po-
tential on the formation of dust ion-acoustic shock waves has
been studied by Misra.!!'3] The behavior of the dust acoustic
shock waves caused by dust fluid viscosity in the dusty plasma
has been investigated in two types of dust fluid in unmagne-
tized, collisionless dusty plasma consisting of electrons, singly
charged ions, and hot and cold dust grains.!°!

The dusty plasma has dispersive and/or dissipative forces,
which are non-conservative. The classical description of the
forces with regular differential equations is not convenient to
treat the effect of these forces. The most successful mech-
anism used to represent dispersion and energy dissipation is
that of fractional order derivative, which can describe the non-
conservative forces. During the last few years, several interest-
ing models have been developed by using fractional calculus
to study the physical processes in almost every field of sci-
ence, engineering and mathematics. Some of the areas where
fractional calculus has been applied include viscoelasticity and
rheology, electrical engineering, electrochemistry, biology,
biophysics and bioengineering, signal and image processing,
mechanics, mechatronics, physics, and control theory.[!7-20]
There are many definitions of fractional derivatives such as
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Riemann-Liouville, Griinwald—Letnikov, and Riesz fractional
derivatives, which are mostly used in fractional systems.!?!->?]
Recently, Jumaire derived a fractional derivative called mod-

23,24

ified Riemann-Liouville,! 1 which was used to describe

25-27

many different problems.>>-?’ Based on Riewe’s work, ?%2°]

3031 ysed a variational technique to formulate the

Agrawal!
fractional equations of motion in terms of Riemann—Liouville
fractional derivatives. Some other researchers!*>-38! used the
Euler-Lagrange equations to investigate different real prob-
lems.

Several methods have been used to solve fractional dif-
ferential equations such as, the Laplace transform method, the
Fourier transform method, the iteration method, and the oper-

21.22] Recently, there have been various papers

ational method. |
dealing with the existence and multiplicity of solutions of the
nonlinear fractional differential equation using techniques of
nonlinear analysis.3**! The semi-inverse method was pro-
posed by He to establish generalized variational principles for
physical problems.!*>46] Tt has been successfully applied to
many nonlinear equations arising in mathematical physics and
nonlinear sciences. [474]

Our motive here is to derive the space—time fractional
KdV-Burgers (STFKdV-B) equation using semi-inverse
method*>#%] and Agrawal’s variational technique.3%-3!! The
derived equation is solved by using the fractional sub-equation
method.#%*!1 Moreover, the effects of the space—time frac-
tional parameter on the electrostatic structures for a system of
unmagnetized collisionless dusty plasma with nonthermal ions

are studied.

2. Basic equations

We consider homogeneous unmagnetized plasma having
electrons, singly charged ions, and hot and cold dust species.
The electrons and ions are assumed to follow Boltzmann’s dis-
tributions with T¢, T; > T}, where T; and 7; are respectively the
temperatures of the electrons and ions, and 7}, is the temper-
ature of the hot dust. The hot dust is assumed to be heated
adiabatically. The one-dimensional continuity and momentum
equations for cold and hot dust are respectively given by

%4—%(”0”0) =0, (1a)
] e o, (1b)
% + %(”h“h) =0, (22)
2
For adiabatic hot dust, we have
Py = By (nn/Nno)”, €)

where Y= (N +2)/N and N is the number of degrees of free-
dom. For the present work, N = 1, and hence y = 3 and
B0 = NinoTh. The Poisson equation can be written as
%0
ox?

In equilibrium we have

=4me(ne —ni + Zcne + Znny). (4a)

nig = nep + Zc Neo + Zn Npo. (4b)

The Boltzmann distributed electrons follow the density equa-
tion

ne = neo exp(ed/Te), ©)

where ¢ is the electrostatic potential and Z. (Z) is the cold
(hot) charge number for negatively charged dust, u (uy,) is the
cold (hot) dusty plasma velocity, n¢, 1y, fe, 1i, Neos Nnos e,
and njg are the perturbed and equilibrium number densities of
the species, and 1 (12) is the cold (hot) dust viscosity coeffi-
cient. To study the effect of non-thermal ions on the nonlinear
dust acoustic waves, we choose a more general class of ion

distributions which accounts for non-thermal ions as well, that
- [31-33]
is,

) =[(14v*8)/(1438)]exp(—?/2)/V2r,  (6)

where the velocity v is normalized by the mean ion thermal
speed vy, and O is a parameter governing the population of
non-thermal ions in our plasma model. The effect of electro-
static disturbances of the equilibrium ion distribution can be
easily introduced by replacing v? in the exponent of Eq. (6)
by v +2¢. Integrating the resulting distribution function over
the entire velocity space yields

ni=nio[l+ 1 (e¢/T;) + u (e¢/T;)* exp(—e /T;), (Ta)
1 =48/(1+38). (7b)

According to the general method of reductive perturbation

[50]

theory,”" we introduce the slowly stretched coordinates as

T:gz’/zt’ CZSI/Z(X—)J), (83)

where € is a small dimensionless expansion parameter mea-
suring the strength of nonlinearity, and A is the wave speed.
As the viscosity coefficients of the dust species are medium
characteristics, they can be stretched into the following form:

m=e"ne, m=e"’n. (8b)

All physical quantities in Egs. (1)—(7) are expanded as power
series in € about their equilibrium values as%31]

Nne = Neo + €nct + €2ner + €13 + -+ , (9a)
U = EU| + 82uC2 + 83u03 + - (9b)
nh = Noo + €npy + Enpp + Exmp3 + -+, 9¢)
up = €upy + & upy + Eupz + -+ (9d)
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d=ed+EPp TP+ . (%)

We impose the boundary conditions that as |{| — e, n. = Neo,
ny = Npo, Ue = up = 0, and ¢ = 0. Substituting Egs. (8) and
(9) into Eqgs. (1)-(7) and equating coefficients of like powers
of €, then from the lowest-order equations in &, we obtain

nel = — e Neo Ze/ (meA?)] 1, (10a)
U1 = — e Ze/(meA)] ¢, (10b)
nn = {e[mcA (nioTe(u — 1) = neo i) + neo T TiZ7
/(M AT TLZy) oy, (10¢)
uny = {eA[mcA*(nioTe(u — 1) — neoTs) + neo T TZZ]
/(M AT T, Z0Nno) } 91 (10d)

Poisson’s equation gives the linear dispersion relation for the
wave speed A as

M AN Te TLZE + (mnA*Nno — 3po)

x {me AP nioTe( — 1) = neoTi] + neo L TLZE} = 0. (1)

Proceeding to order of €2, we obtain

onecy ancl ducy Ines ducs o
0T + Ui 9C Ncl 9C -2 aC + Neo ac —07 (123)
onpy onpy dupy Onpy dun,
97 + Uni 14 +nn1 3¢ —-A ac + Mo ac =0,(12b)
Juc1 Juc1 8uC2 Ze.e 0
gc T ge ~A 5 T ac®
2

Szt =0 (12¢)
dup; 3Py " onyy 3Py dnp y dup;
It mpN3, 9L maNZ, 9C Mg

dup EZh 3¢2 9%uni
) 5t et =0 (12d)
92 e i
&gg 4756( N2 — Zhnh2 27'[6’ <no_no
t4rme? Tio—%(l—u) @} —0. (12¢)

Eliminating the second-order perturbed quantities ngp, npp,
U, Up2, and ¢, we obtain the desired KdV-Burgers equation
for the first-order perturbed potential as

596,70 +A9(C, T) ¢(¢;7)

C

BTCM(CJHC TG‘P(C’T):O’ (13)

where ¢(§,7) = ¢;({,7), and the nonlinear coefficient is
given in the form

A = 4w C{3(mpA*Nuo + po)[meA? (mioTe (1 — 1)
+ o Te TZ2]* — Nio (mnA* Nio — 3po)

_neOTi)

X [mgl4(nig Te2 — neoTiz) - 3ncOTezTing]Zh}

/[m2 A4 Nuo (mnA>Noo — 3p0) T2 T2 2], (14a)

while the dissipative coefficient is represented by
B = —4rn eZC{mhlzNho [mclz(nioTC(u — l) — ne()Ti)T]h

+ 1o TeTLZ2 (M — Me)] + 3ponco T TLZ21c }

/[meA> (myA>Nuo — 3po) T i), (14b)
and the dispersion coefficient is

C =
X [nioTe(tt — 1) —neoTi] +3poncoTe TLZ2}}.

7m013 (mhlzNho — 3p()) RE}/{Sezﬂ{mcmhlé‘Nho
(14¢)

The nonlinear KdV-B equation (13) can be converted
into space—time fractional form using the semi-inverse
method*>#] and the variational technique of Agrawal3%-3!]
in terms of the modified Riemann-Liouville fractional

derivative?>241 (see below).

3. Semi-inverse formulation of STFKdV-B
equation

Using a potential function U({,7), where ¢(&,7) =
U¢ (&, 7), gives the potential equation of the regular KdV-B
equation in the form

Urg(8,7) + AU (8, 7)Use (§,7) + B (€, 7)
+CU§§CC(§’T):O’ (15)

where the subscripts denote the partial differentiation of the
function with respect to the parameter. The Euler—Lagrange
equation of the regular KdV-B equation can be derived using
the semi-inverse method!+34%! as follows.

The functional of the potential equation can be repre-
sented by

1) = [ ag [ asv (o) eUe(C.7)
+ AU (8, 7)Ug¢ (8, 7) + 3B (E,T)
+C4CU§§§C(C,T)}, (16)

where ¢y, ¢, ¢3, and ¢4 are constant Lagrangian multipli-
ers. Integrating this equation by parts where Uy |g = Uz|r =
Ueelr =0and ¢r¢(C, 7) is considered as a fixed function and
applying the variation of this functional with respect to U ({, )
lead to

siw) = [ac [ dr{—clwcyr)avg(c,r)

UL D8UL(E, )] - Se2ATU (€ 18U (¢.7)
+ 3B (£, 7)0U(L,7)

+ 264C[Ucc(C,T)5U§§(C,T)}}.
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Integrating by parts using Uy [ = Uz|r = U ¢|r = 0 and opti-
mizing this variation, 8J(U) = 0, give

201Uy (€, 7) +3c2AU¢ (8, 7T)Ur¢ (8, 7) + 3B (€, 7)

+ 2C4CU§§§§(C,1) =0.
Comparing the above equation with Eq. (A1) gives the con-
stant multipliers as

1 1
CL=7 2=3; c3=1, =7

The functional relation yields directly the Lagrangian of the
potential equation as

L(Uvav U{v UC{)
= ML UL + AU (€ P

~ BU(Z,0)0g (£, 7) ~ 5ClU (8 7P

Similarly, the Lagrangian of the time—space fractional version
of the KdV-B equation could be written in the form

F(U,p%U, DPU, DPPU)

¢ ¢
= DU ODRU(E,7)+ gADRU(C O
~BUE DP9 7) DB U IR, a7)

where DY f(z) = DY[D!f(z)], while the fractional derivative
D!f(z) is the modified Riemann—Liouville (mRL) fractional
derivative?>?*! defined by

DEF) = gy, GEUD) - r@lx-8)7),

O<a<l, (18a)
DYf(x) = ;n D¥"f(x)},n<a<n+1,n>1. (18b)
X
In Eq. (17), as ¢({,7) = D[gU(C,T), the last term

(-C [Dlgﬁ U(&,7)]%/2) represents the fractional form of the ki-
netic energy of the system while the remaining terms represent
the negative of the fractional potential of the system.

The fractional functional of the STFKdV-B equation
takes the form

w(v) = [ (@9 [ (@0)PF.DEU. DU, DYU), (19)

where [7(d8)?f(§) = v/;dC(z—&)" ' f(§), and 0 < y <
1 123.24]

The variation of this functional with respect to U (&, 1)
leads to

s3(w) = [ (a0 [ <dc>ﬁ{(§§>6v

oF o oF B
+ (8D¥U>5DTU+ <8D€U)5D§U

JF
. ( ) 50/3%}. 20)
apffu) "t
Therefore, integrating this equation by parts using the defini-
tion given by (>34
b
[ (@it
a

= FU+7 WO,
b
- [[(@0eplse), 1@ s €la bl @D

and optimizing this relation, 8 Jg(U) = 0, the fractional Euler—
Lagrange equation for the STFKdV-B equation has the form

oF o JoF B JoF
<9U> —be (9D?‘U) —P (aD§U>

+ D§ﬁ< oF ) —0. 22)
8D€ﬁU

Substituting the Lagrange of the STFKdV-B (17) into this
Euler-Lagrange formula gives

~BDPo (¢, )~ DEIDEU(EL 7))~ SADEDEU (L, o)
—cpPpPu(g, T =o. (23)

Substituting ¢(&, 1) = DgU (¢, 1), using the fractional differ-

entiation of multiplication of two functions given by?>4]

Du(x)v()]
= D[u(x) (x) + u(x) DY), 0<y<1, (24)

lead to the space—time fractional Koreweg—de Vries—Burgers
equation for B = o as

D7 ¢(8,7)+A¢(L,7)DF9(E,7)+BDE*9(L,7)
+ CDgaa(P(Cv T) =0, (25)

where ¢ (&, 1) is the electrostatic potential, D2‘< 0 is the mod-

ified Riemann-Liouville fractional derivative with respect to
time (7) or space (§), and « is the space-time fractional or-
der.

The STFKdV-B equation will be solved using the frac-

tional sub-equation method. 40411

4. Fractional sub-equation solution of STFKdV-
B equation

In this section, the STFKdV-B equation will be solved
using the fractional sub-equation method**#!1 as follows.

Considering traveling wave transformation ¢({,7) =
®(&), & = ¢ +vt, and the relation>324]

i) = o) () = pirt ($£). o)

070505-4



Chin. Phys. B Vol. 23, No. 7 (2014) 070505

equation (25) can be reduced to the fractional nonlinear ordi-
nary differential equation

VIDED(E) + AD(E) DED(E) + BDE (&)
+CDE* @ (&) = 0. 27)

The fractional sub-equation method**#!1 assumes the solution
of this equation as

n
P(8) =Y ae"(8), (28)
k=0
where (&) satisfies the following fractional Riccati equation:
m
&)= b,9’(5), (29)
j=0
where a; (k =0, ..., n) are constant coefficients to be deter-
mined later and b; (j =0, ..., m) are arbitrary coefficients.
Balancing the highest order derivative term and nonlinear
term in Eq. (27), the value of n can be determined, which has,

in this problem, the value n =2. We suppose that equation (27)
has the following formal solution:

D(&)=ao+a19(&) +ale(E)), (30)

where ag, ay, and a; are constant coefficients to be determined
and (&) satisfies the fractional Riccati equation

DE@(§) = bo+b200°(8), (31)

where b( and b, are arbitrary coefficients.

Using the generalized Exp-function method via Mittag—
Leffler functions, Zhang er al.'*°! obtained the following solu-
tion of fractional Riccati equation (31):

¢1(E) = —\/~botanhg(/~bo&), by <0, by =1, (32a)
@2(E) = —/—bocothg(v/~bok), by <0, by =1, (32b)
03(&) = V/botang (v/bo&), by >0, by =1, (32¢)
@4(&) = —v/bocota(\/bo&), bo>0,by=1,  (32d)
¢s(8)=-T'(1+a)/(E* +w),

by =0, b =1, ® = constant, (32e)

with the generalized hyperbolic and trigonometric functions

tanhg (x) = sinhg (x)/ coshg (x),

cothg (x) = coshy/(x)/sinhg (x), (33a)
sinhg () = [E ( Eq(=x)]/2,
cosha(X):[ a(¥) +Ea(—x)]/2, (33b)
tang (x) = sing(x)/ cosq (x),

cotg(x) = osa( )/ sing/(x), (33¢)
sing (x) = [Eq(ix) — Eq(—ix)]/(21),

cosg (x) = [Eq(ix) + Eq(—ix)]/2, (33d)

where i=/—1, and Eq(x) is the Mittag—Leffler function de-
fined by

()= Y. &4/ (1 +ka). (33e)
k=0

Substituting Eq. (30) along with Eq. (31) into Eq. (27) and set-
ting the coefficients of @¥(&) as zero lead to a set of algebraic
equations in terms of the coefficients ag, a;, az, bg, and b;.
Solving the algebraic set of equations by Maple gives the set
of coefficients of the solution of STFKdV-B equation is given
by

b B? b1 4 _ 3B*-25/%C
= T100cz” T*T 0T T2sac
12B 12C
Cll——577 612——77 (34)

where AC # 0. As the coefficient by is negative, therefore the
solutions corresponding to this set of coefficients are two so-
lutions only represented by forms 32(a) and 32(b). The frac-

[40,41]

tional sub-equation method gives the solutions of this

equation in the form

332—25v°‘C+ 6B nh B :
25AC 25AC ¥\ 10C

a 235?; [t (10c5>}2

3B* -25/*C  6B? B
(&) = the | ——
2(8) 35aC 2540 M (1oc5>

3B2 B 2
~ 22 oty [ —=£)] .
25AC[C° “(1oc5>}

These two forms represent the electrostatic potential of the

P (&) =

(35a)

(35b)

plasma system described in this work.

5. Results and discussion

The nonlinear propagation of DAWs in homogeneous un-
magnetized plasma having electrons with Boltzmann distribu-
tion, singly charged nonthermal ions, hot and cold viscous dust
grains have been studied. The effect of gravity in the system
is assumed to be neglected (rq4 < 1) in the absence of neu-
trals. The Saturn F-rings are one of the space plasma obser-
vations that satisfy the conditions: (i) there are no neutrals,
(i1) the ratio between the inter-grain distances between dust
particles to plasma Debye radius is less than one, (iii) cou-
pling parameter I is less than one, and (iv) rq is smaller than
1 um. Hence, numerical calculations have been carried out
using plasma parameters close to those values corresponding
to the Saturn F-ring’s, i.e., electron and hot dust equilibrium
and Nyo = 10 cm 3,
102-10° and
mp = me = 102m;, respectively. The STFKdV-B equation is

densities are respectively neo = 10 cm™>
and hot dust charge and mass are taken as Z, =

derived using the semi-inverse method*>#%! and is solved us-
ing the fractional sub-equation method.!**!1 The fractional
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sub-equation method gives two solutions. The solution 35(a)
is a monotonic-type shock pulse. Solution 35(b) leads to the
propagation of explosive shock pulses. Since one of our mo-
tivations is to study the space—time fractional effects on the
formation of shock waves, we have studied the effect of pa-
rameters like the energetic population parameter of ions &, the
cold and hot dust viscosity coefficients 1. and 1 on the ex-
istence of shock waves. For example, figure 1 considers the
effect of space—time fractional parameters (&) on the shock

wave height. It is shown that as ¢ increases the height of shock

3

—1.0 —0.5

@) _.004]
/

5 —0.06[

wave increases. To examine how the energetic population pa-
rameter of ions (8) modify the properties of the dust acoustic
shock waves, figure 2 shows that, positive and negative shock
wave are formed due to the variation of . Figures 3 and 4
show the effects of the kinematic viscosities of the cold (1)
and hot (1)) dust species on the structure of monotonic shock
waves. Steepness of shock wave decreases while the height in-
creases by increasing the kinematic viscosities of the cold and

hot dust species.

(b)

—0.02 [

—0.04

—0.08

—0.10 |

b e
—0.4—-0.3—-0.2—-0.1 0 0.1 0.2 0.3

3

Fig. 1. (color online) Electrostatic potential (a) @ (&) and (b) ®2(&) for v = 0.8, Z. = 500, Z; = 500, Neo = 8, Ny =35, e = 0.2, Ny = 0.2, § = 0.2, and

different values of o.

(@) 0.010+
U
B @/0.005~
; T O T
—1.0 —0.5 ) ———05—+t0

—5=0.15

1 8=0.20

+'0.010 §=0.25

......... 1 6=0.30

(b) ! 1
0.04 1 '\
\
\
\0
Se— =7
. 0:4
3
S 6=0.15
C - 5=0.20
5=0.25
—§=0.30

Fig. 2. (color online) Electrostatic potential (a) ®; (&) and (b) @, (&) for v = 0.8, Z. = 500, Z, = 500, Neo = 8, Npo =5, e = 0.2, Ny, = 0.2, & = 0.5, and

different values of &.

(a) L,
—-1.0 —0.6 —0.2 0.2 0.6
13
—0.0094 .
(/,’/"—’_
»/
- 0.0101
----- /@
© —n.=0.1
-0.0151 n.=0.2
. n.=0.3
.7 — =04

Fig. 3. (color online) Electrostatic potential (a) @; (&) and (b) ®,(&) for v = 0.8, Z. = 500, Z, = 500, Neo =8, Nyo =35, M = 0.2, 6 = 0.2, a = 0.5, and

different values of 1.
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3

—-1.5 —1.0 —-0.5 0

— m=0.15
, e ;,=0.20

Y = 0.30
JPRE S e

(b)

—-0.6

—190.03-

Fig. 4. (color online) Electrostatic potential (a) ®; (&) and (b) ®2(&) for v = 0.8, Z. =500, Z, = 500, Neop = 8, Npo =5, e = 0.2, § = 0.2, & = 0.5, and
different values of 1.

6. Summary

In summary, it has been found that the presence of space—

time fractional parameter and the population of non-thermal

ions,

and the cold and hot dust viscosity would modify the

properties of the dust acoustic shock waves. The results pre-

sented here should be useful in understanding salient features

of localized electrostatic perturbations in space and laboratory

plasmas.
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