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Signal reconstruction in wireless sensor networks
based on a cubature Kalman particle filter”
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For solving the issues of the signal reconstruction of nonlinear non-Gaussian signals in wireless sensor networks
(WSNs), a new signal reconstruction algorithm based on a cubature Kalman particle filter (CKPF) is proposed in this paper.
We model the reconstruction signal first and then use the CKPF to estimate the signal. The CKPF uses a cubature Kalman
filter (CKF) to generate the importance proposal distribution of the particle filter and integrates the latest observation, which
can approximate the true posterior distribution better. It can improve the estimation accuracy. CKPF uses fewer cubature
points than the unscented Kalman particle filter (UKPF) and has less computational overheads. Meanwhile, CKPF uses
the square root of the error covariance for iterating and is more stable and accurate than the UKPF counterpart. Simulation
results show that the algorithm can reconstruct the observed signals quickly and effectively, at the same time consuming
less computational time and with more accuracy than the method based on UKPF.
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1. Introduction

Wireless sensor networks (WSNs) are a recent hot re-
search topic. They have great applications in many areas. !>}
A WSN system is composed of a large number of nodes via
wireless communication. It can process complicated signal
processing jobs through the cooperation of nodes. A node is
a small unit which is limited in energy, communication band-
width and computational ability.[>* Thus, we need to consider
these limitations when designing an application. There are al-
ready some researches on signal reconstruction. For example,
in Ref. [5], the authors used an extended Kalman filter (EKF)
to realize signal construction. In Ref. [6], the authors esti-
mated the dynamic stochastic process via iteration and realized
the signal reconstruction. In Ref. [7], the authors use UKF for
signal reconstruction. A Kalman filter is the optimal estima-
tor for a Gaussian signal, but for nonlinear and non-Gaussian
signal estimation, we usually use a particle filter.[®) A par-
ticle filter is a Monte Carlo estimation algorithm.!!%! It uses
a set of random samples (particles) with associated weights
to represent the required posterior density function and com-
putes estimates based on these samples and weights. Gener-
ating the importance proposal distribution is the key part of a
particle filter. A generic particle filter uses state evolution to
generate the importance proposal distribution. The particles
will not track the state variable well when the measurement
is changed dramatically, and this will deteriorate the perfor-
mance of the filter.[''] Many studies tried to solve the issue
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of particle degeneration and sample impoverishment. Differ-
ent techniques were used to solve this problem and many im-
proved algorithms were proposed. A cubature Kalman particle
filter (CKPF) is such an improved particle filter, which uses a
cubature Kalman filter!'>!3! to generate the importance pro-
posal distribution and integrates the latest observation. Thus,
it can approximate the posterior distribution better and im-
prove the performance of the filter. In this paper, we use the
CKPF for signal reconstruction, and propose a new signal re-
construction algorithm. It has fewer cubature points than the
unscented Kalman particle filter!!*-!3! (UKPF) when generat-
ing the importance proposal distribution, and has less compu-
tational overheads. The algorithm also uses the square root
of the error variance for iterating and has the merit of stability
and accuracy. Computer simulation is used to evaluate the per-
formance of our algorithm in the last section. The results con-
firm that the algorithm can reconstruct the signal quickly and
effectively. Meanwhile it has fewer computational overheads
and is more accurate than the unscented Kalman particle filter
counterpart.

2. Signal reconstruction model

Consider a scenario that has N nodes, all the nodes ob-
serve a source signal s and send the observations to a fusion
center for signal reconstruction. The observation of node n can
be expressed as

xn(k) = aps(k) +vu(k), n=1, 2,...,N, €))
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where x, (k) is the observation of node n, s(k) is the source
signal, a,, is the constant coefficient, v, (k) is the additive white
Gaussian noise, and k is the discrete time instant.

As the bandwidth is limited, the observed signal needs to
be quantified before sending it to the fusion center. It is as-
sumed that the probability distribution function of the signal is
unknown, we use the uniform quantization here. The quanti-

zation noise is g, (k), the signal in the fusion center is!®!

yn(k):a"ls(k)‘i»vn(k)*qn(k)v I’lil, 23"'7N~ (2)

For rounding quantization, the mean and the variance of

the quantizing noise are as follows:[!7]
my, =0, 3)
o, =A?/12, )

where A is the step of the quantization and A = L/(2M"); L is
the amplitude of signal; M), is the number of quantization bits.
Equation (2) can be rewritten as

Y =As+U, )

where Y = [y1,y2,...,yn]%, A = [a1,az,...,ay]T and U =

Vi—q1,v2 =g, ,vn —aqn]"
Assume that the chaotic function is already known as

s(k) = f(s(k=1)). (6)

With state equation (6) and observation equation (5), we
can use some kind of adaptive filter to realize the signal recon-
struction.

3. Signal reconstruction algorithm

The particle filter algorithm is based on sequential Monte
Carlo methods and the optimal recursive Bayesian filtering.
It uses a set of particles with associated weights to approxi-
mate the posterior distribution. The most common strategy for
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o] |1 0
a=<121.1°].]°
0/ \o 1

We can now use these cubature points and weights to cal-
culate the time update and measurement update, obtaining the
cubature Kalman filter. Here we use it to generate the impor-
tance proposal distribution of the particle filter.

From the state evolution function (6) and measurement
function (5) obtained above, we apply the CKPF to realize sig-

nal reconstruction. The process of the algorithm is as follows.

a particle filter is to sample from the probabilistic model of
the state evolution. This will fail when the new measurement
changes greatly. Such a situation does indeed arise in several
areas of application. In Ref. [15], the authors use an unscented
Kalman filter to generate the importance proposal distribution.
It allows the filter to integrate the latest measurement and im-
prove the approximation of the posterior distribution. Thus it
can make the estimation more accurately. The CKPF follows
the same approach, but replace the UKF proposal by a CKF
proposal. The CKPF has fewer cubature points than the UKPF
and has fewer computational overheads. It uses the square root
of the error covariance for iterating and is more stable and ac-
curate.

Consider a weighted integral function

1) = [ fxwi)ds, ™
where f(+) is a nonlinear function, R" is the domain of integra-
tion, w(x) is the weighted function. This integral is typically
intractable and we need to find a suboptimal solution. We can
use numerical integration to approximate this integral. Equa-
tion (7) can be approximated by

m
Imw;@ﬂm, ®)
j=
where (; is the integral point, ®; is the corresponding weight,
m is the number of integral points.

The third-degree spherical-radial cubature rule provides
an effective method to calculate the integral points and
weights. The integral points and corresponding weights are
set as

©))

.oy m=12n,,

&j \/1”w[1]j’
W; = —, J: 1725
‘ m

where n,, is the dimension of the vector, [1]; is the j-th ele-
ment of the integral point set [1], which is defined as

- 0 0
0 1 0
O 110 |,....|° . (10)
0 0 -1

1) Initialization
Draw the states (particles) sf) (1 <i < N) from the prior
Py
50 = Elso, (1)
Sp = sart{ P} = sqrt{E[(sy — 5) (so — 5p) "1}, (12)

where E[] is the expectation, sqrt{-} is the square root oper-
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ation; s"(') is the initial value, .S’(") is the square root of the error
covariance.

2) Importance sampling

Update the particles with the CKF using the measurement
yy. For particle sj'(, the updating process is:

2.1) Calculate cubature points and propagated cubature

points
Wikt = Sitjk—157 + S tjk-1 (13)
k-1 =S W) (14)
where W;’kil‘kil are the cubature points, W;}‘kq are the
propagated cubature points, j = 1,2,...,m, m = 2n,,. The n,,

is the dimension of the state vector. The ; is defined as in
Egs. (9) and (10).
2.2) Update the state vector and the square root of covari-

ance
Sl _ 1 & %
Skk—1 = ;Z Jiklk—1> (15)
j=1
i* _ 1 i* =i i*
Xklk—1 = ﬁ[ Lkk—1 — Skjk—1 =" YW klk—1
= S (16)
Slic\kq = qr{[X;‘c*\kfl\/Qkfl]}a a7

where Q_ is the covariance of the process equation, qr{-}
is the QR decomposition, xﬁ,ﬁl is the weighted, centered
(prior mean is subtracted off) matrix with dimensions n,, X
2n,; \/m is the square root of measurement error co-
variance, its dimension is n,, X n,,. We denote matrix B =
[x;jk_l /Qi_1], its dimension is n,, x 3n,. Let R be an
upper triangular matrix obtained from the QR decomposition
on BT, the expression in Matlab is [Q R] = qr(B’,0), then
S’il 1 = R" is obtained, it is a lower triangular matrix with
dimensions n,, X n,,.

2.3) Calculate the measurement cubature points, propa-
gated measurement cubature points and update the measure-

ment
Wi i1 = St G+ St (18)
Y1 =AW +U, (19)
. 1 m
Y1 = " Zl Y i (20)

Jj=

2.4) Calculate the square root of covariance and cross-

covariance
i 1 i i i
k-1 = ﬁ[}fl.ldk—l k-1 Yokt
— Gepi)s @1
Sixr = ar{ [Z VR 22)
. 1 . . .
X;c\k—l = W[Wll7k\k—l *Si\k—l Wr:z,k\k—l

= Sl (23)
' j iT
P;y,k|k—1 = X;c\k—l klk—17 (24)

where qr{-} is the QR decomposition, it is the same as that in
Eq. (17).
2.5) Update the Kalman gain, state vector and square root

of covariance
i i iT i
Gi = (Px_y,k\k—l/s)li,k|k—1)/Sy.k|k—l’ (25)
St = Skk—1 T Gr(We = Tigp—1) (26)

Sli\k = qr{ {Xi\k—l - Gi¢1€|k—1 Gi\/ﬂ } . @D

where Gf{ is the Kalman gain, 55{‘ i is the estimated state vector,

S,

position; it is the same as that in Eq. (17).

Ik is the square root of covariance, qr{-} is the QR decom-

2.6) Sample particle

P = SiSiji: (28)
8~ a(silsu—ry12) = NGy Bl 29

Here 8, = (s{y_;,$}) and P(;:k|k 2 (P(;:k—l’Pli\k)'
3) Evaluate the importance weights up to a normaliz-

ing constant and normalize the importance weights

p(ykl8)p(3,]s;_,)

o= _ CR , (30)

k *l Q(S;C‘Sé);kfpy]:k)

. . N . _1

o= | Y o (31)
j=1

where a),i are the importance weights, (I),i are the normalized
importance weights.

4) Selection

Multiply or suppress particles (8}, Pi,) according to
their importance weights a"),’( respectively and obtaining N ran-
dom particles (&), 5 ).

5) Update the state vector

N
kil =) @8, 32
i=1
where § is the reconstruction signal.

4. Simulation results

In this session, we use a computer simulation to evaluate
the performance of our algorithm. The parameters are set as

below. The source signal is a logistic map!'®]

s(k) =1-25*(k—1). (33)

The constant coefficient matrix A is generated randomly
and is uniform distributed. We assume that quantization bits
and the SNR (signal-to-noise ratio) are the same for all nodes
to facilitate the simulation. The number of particles is set to
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200. MSE (mean squared error) is used here to evaluate the
performance of our algorithm!!*!

J
MSE (dB) = 101g<z |sj—s‘j2/J>, (34)
j=1
where J is the length of the signal. As the mixing coefficient
matrix A and source signals are randomly generated in every
simulation, the MSE will vary under the same conditions, so
we simulate 200 times for each condition and take the average.
Figure 1 shows the source signal, reconstruction signal
and error at the condition N = 3, M; = 4 and SNR = 15 dB.
The reconstruction signal is similar to the source signal, which
demonstrates that our algorithm can reconstruct the source sig-
nal effectively.
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Fig. 1. Source signal and reconstruction signal. (a) s(¢), (b) r(¢), and

(c) err(t).

Figure 2 shows the MSE versus number of nodes at the
condition M; = 4 and SNR = 15 dB. The performance gets
better when the number of nodes increases, but the perfor-
mance gains little when N > 30. An explanation of the result
is that more sensors provide more information of the source,
but excessive information by no means contributes to the per-
formance. The CKPF algorithm is better than the UKPF coun-
terpart at the same condition.

—20

0 20 40 60 80 100
Number of nodes

Fig. 2. MSE versus number of nodes.

Figure 3 shows MSE versus number of quantization bits
M; at the condition N = 3 and SNR = 15 dB. The performance
gets better as the quantization bits increase. More quantization
bits will bring greater overheads of communication, computa-
tion and storage. Improving performance via increasing the
number of quantization bits is at the cost of consuming more
resources of nodes. The CKPF algorithm has better perfor-
mance when quantization bits are few.

2 3 4

Number of quantization bits

Fig. 3. MSE versus number of quantization bits.

Figure 4 shows the MSE versus SNR at the condition N =
3 and M; = 4. The performance generally increases with SNR.
The CKPF algorithm performs better when SNR< 20 dB.
When SNR> 20 dB the two algorithms have the same perfor-
mance. The performance gains little when SNR is high. The
reason behind this observation is that when SNR is high, the
effect of noise is dominated by the signals mixing.
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Fig. 4. MSE versus SNR.

Figure 5 shows the time consumed at the condition N = 3,
M; =4 and SNR = 15 dB. The average time consumptions
are 7.6814 ms and 7.1874 ms respectively for the two algo-
rithms. The CKPF algorithm uses less cubature points than
the UKPF algorithm, and has less computational overheads. It
takes 93.57% of the time of the UKPF counterpart.
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Fig. 5. Time consumption.

5. Conclusions

A new signal reconstruction algorithm based on the
CKPF has been proposed in this paper. This new algorithm
aims at solving the signal reconstruction problems of non-
linear non-Gaussian signal in wireless sensor networks. It
uses the cubature Kalman filter to generate the importance
proposal distribution of the particle filter, integrating the lat-
est observation and approximating the posterior distribution,
which improves the performance specifically when the obser-
vation changes greatly. The CKPF algorithm uses less cuba-
ture points than the UKPF and has less computational over-
heads. Meanwhile, it uses the square root of the variance for

iterating and has the merit of stability and accuracy. Simula-
tion results confirm that our algorithm can reconstruct source
signals effectively, and the algorithm is more accuract and
quicker than the UKPF counterpart.
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