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TOPICAL REVIEW — Statistical physics and complex systems

Nonequilibrium thermodynamics and fluctuation
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In this review, we give a retrospect of the recent progress in nonequilibrium statistical mechanics and thermodynamics
in small dynamical systems. For systems with only a few number of particles, fluctuations and nonlinearity become sig-
nificant and contribute to the nonequilibrium behaviors of the systems, hence the statistical properties and thermodynamics
should be carefully studied. We review recent developments of this topic by starting from the Gallavotti–Cohen fluctuation
theorem, and then to the Evans–Searles transient fluctuation theorem, Jarzynski free-energy equality, and the Crooks fluc-
tuation relation. We also investigate the nonequilibrium free energy theorem for trajectories involving changes of the heat
bath temperature and propose a generalized free-energy relation. It should be noticed that the non-Markovian property of
the heat bath may lead to the violation of the free-energy relation.
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1. Introduction
Statistical mechanics is one of the most charming fields in

physics, in which one faces an extremely large number of in-
dividual particles in real systems and tries to reveal the macro-
scopic law that governs the behaviors and the properties of the
system. Because the macroscopic property of a system is not
directly reflected by the laws of microscopic mechanics, one
can simplify the situation by using statistical mechanics as the
bridge between the microscopic and macroscopic worlds. Sta-
tistical mechanics was first built by Ludwig Boltzmann in the
late 19th century and developed by Gibbs in the early 20th
century.[1,2] Since then, statistical mechanics has made great
success in other related regions, such as phase transitions, crit-
ical phenomena, and the renormalization group theory.[3,4]

The statistical theory for nonequilibrium cases, however,
is quite difficult, where complicated processes such as en-
ergy and matter transport, entropy productions, and even a
dissipative structure become dominant.[5] Boltzmann first re-
alized the importance of dynamics and made an attempt to
develop his kinetic theory called the Boltzmann equation for
the time evolution of the single-particle distribution function
and proposed the H theorem to describe the irreversible pro-
cess from nonequilibrium to equilibrium states for the long-
standing issue about the second law (the time arrow).[6] Other
attempts to understand non-equilibrium situations grew out af-
ter Boltzmann’s, however, there still lacks a universal and el-
egant framework for understanding the non-equilibrium situa-

tion. The linear response theory and the Green–Kubo fluctu-
ation dissipation theorem[7,8] were the first attempts to under-
stand the non-equilibrium properties and describe the relation
of the energy dissipation and the correlation or the fluctuation
of the system variables under a small perturbation from the
thermal equilibrium situation.

In the last two decades, thanks to the computer simulation
and nano-scale technology, the properties of non-equilibrium
systems can now be studied in detail, and some new under-
standings of the general properties in the non-equilibrium sit-
uation under the name of fluctuation theorem have been ob-
tained. Evans, Cohen, and Morriss[9] in 1993 numerically
found a relation about the entropy production in the steady
state of a viscous flow, then Gallavotti and Cohen made a
dynamical description about the statistic probability in the
chaotic hypothesis from the viewpoint of the Sinai–Ruelle–
Bowen distribution,[10,11] and developed a fluctuation theorem
(FT) to describe the probability of positive and negative en-
tropy productions in one single process of the non-equilibrium
stationary state in 1995.[12,13] Evans and Searles in 1994 es-
tablished a transient fluctuation theorem (TFT), which has the
same form of the FT but describes an ensemble measurement
of the entropy production over many trajectories initially from
a given distribution.[14] Jarzynski in 1997 found a free energy
equality (JE) which describes the relationship between an en-
semble average of the non-equilibrium work and the equilib-
rium free energy change.[15,16] Crooks in 1998 tried to prove
the JE in the stochastic process and derived a fluctuation re-
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lation (CFR) which describes the non-equilibrium work dis-
tribution in the forward and time reversed processes.[17,18] All
the above four relations can be applied to the systems far from
equilibrium.

In the present review, it is our task to give a mini-
summary of the recent progresses in statistical mechanics and
thermodynamics of small dynamical systems. For systems
with only a few particles and in the nano scale, fluctuations and
nonlinearity become significant and contribute to the nonequi-
librium behaviors. Some fascinating new progresses in re-
cent years, such as the Gallavotti–Cohen fluctuation theorem,
the Evans–Searles transient fluctuation theorem, the Jarzynski
free-energy equality, and the Crooks fluctuation relation, are
extensively discussed. We further investigate the nonequilib-
rium free energy theorem for trajectories involving changes
of the heat bath temperature and propose a generalized free-
energy relation. This generalization not only extends the previ-
ous relations to non-steady nonequilibrium processes, but also
gives a hint in reducing measurement errors in experiments of
free energy detections. The non-Markov property of the heat
bath may lead to the violation of the free-energy relation, and
this violation is important in the case of temperature modula-
tions.

2. The Sinai–Ruelle–Bowen invariant measure
The dynamical foundation of equilibrium statistical me-

chanics is based on the ergodic theory starting from Boltz-
mann and developed by Poincare et al.[19] However, similar
foundations for nonequilibrium cases still remain an unsolved
topic. Referred to as the equilibrium case, for the steady
nonequilibrium state, Gallavotti and Cohen proposed the so-
called chaotic hypothesis,[12,13] which states that a reversible
dissipative macroscopic system in a nonequilibrium stationary
state can be regraded as a transitive Anosov system for the
calculation of its macroscopic properties.

This chaoticity is based on the Anosov system,[20] which
exhibits strong dynamical stochasticity. A system with the
Anosov stochasticity indicates that a given point in the phase
space has two sub-manifolds with both shrinking and stretch-
ing directions. Moreover, all the points in the phase space
are hyperbolic, i.e., the shrinking and stretching directions are
dense everywhere in the phase space. A good example of the
Anosov system is the Arnold-cat map, see Fig. 1[21] for a pre-
sentation of one step of transformation(

xn+1
yn+1

)
=

(
1 1
1 2

)(
xn
yn

)
mod 2π. (1)

It has not been proved that all dissipative systems are tran-
sitive Anosov systems, however, they argued that the chaotic
hypothesis can be considered to play the similar role of the
harmonic oscillator in classical mechanics, which is not true
for most real systems but can give a good approximation.

Fig. 1. A sketch of one step of the Arnold-cat map. Each step can be de-
composed into the stretching and the folding substeps. It can be vividly
found that the cat’s face becomes strongly deformed with only one-step
operation, implying a strong randomness of dynamics of this map.[22]

By assuming that all the dissipative systems are transi-
tive Anosov systems using the chaotic hypothesis, Sinai[10,11]

has proved that for such a system, there exists a unique dis-
tribution µ , which is called the Sinai–Ruelle–Bowen (SRB)
distribution, and it can be used to compute the macroscopic
properties of the system in a non-equilibrium stationary state.
This implies that the time average of the macroscopic observ-
able can be obtained for sufficiently chaotic systems (Anosov
like) from the phase space averages, computed with the SRB
distribution µSRB

lim
T→∞

1
T

∫ T

0
F(x(t))dt =

∫
C

µSRB dxF(x). (2)

Here µSRB is the phase space density in the SRB distribution
for a non-equilibrium stationary state. This provides a way to
obtain the non-smooth distribution due to the typical chaotic
dynamics.

To obtain the phase space distribution, one needs to con-
sider a coarse-graining size in phase space cell E j, see Fig. 2.
In each cell E j, the probability of the system to visit the cell
can be considered as follows. The probability weight is based
on the characteristic phase space volume change in the time
interval from −τ/2 to τ/2 along a trajectory going through
center x j of the corresponding cell E j. The larger the phase
space volume changes, the less the system tends to stay in
this cell, so the instability of the system near x j is character-
ized. Based on the above understanding, the average value of
a macroscopic quantity will be given as

Fmac ≡ lim
T→∞

1
T

∫ T

0
F(x(t))dt

=
∫

C
µSRB dxF(x)

= lim
τ→∞

lim
E j→0

∑ j F(x j)Λ
−1
τ,µ(x j)

∑ j Λ
−1
τ,µ(x j)

, (3)

here the size of cell E j −→ 0 first before the long-time limit
τ −→ ∞, and Λτ,µ is the characteristic phase space volume
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change of cell E j from time −τ/2 to τ . Notice the subscript
µ is for the unstable direction, the key idea of the SRB distri-
bution is to describe the typical chaotic dynamics in the phase
space (the attractor) by the manifold of the unstable direction.

Fig. 2. The SRB distribution: trajectory segment of duration τ through
the center x j of cell E j of a Markov partition of the system in the phase
space.[26]

The SRB distribution describes the probability on the sys-
tem dynamics rather than on the equal a priori probabilities or
the ergodic hypothesis. In thermal equilibrium, the SRB dis-
tribution reduces to the Gibbs micro-canonical ensemble; and
in non-equilibrium chaotic cases, it gives the dynamical de-
scription to get the stationary state probability.

3. The Gallavotti–Cohen fluctuation theorem

The Gallavotti–Cohen fluctuation theorem (GCFT) was
first found in a numerical simulation of the steady state of
a viscous flow,[9] then Gallavotti and Cohen proved the the-
orem in 1995.[12,13] They used the SRB distribution[10,11] as
the statistical distribution in a transitive Anosov system, gave
the dynamical description of the statistical probability in the
nonequilibrium stationary state, and finally derived the fluctu-
ation theorem. The GCFT describes the probability of positive
and negative entropy productions in one single process of the
non-equilibrium stationary state and can be written as

πτ(a)
πτ(−a)

= exp(dNτa), (4)

where d is the dimension of space, N is the number of parti-
cles, and πτ(a) is the probability to find the phase space vol-
ume contraction rate a (or, equivalently an entropy production
rate a) over a trajectory time segment τ . It is clear that when
N −→ ∞ or τ −→ ∞, the ratio in Eq. (4) will be zero, this
implies that for a long time τ , the probability to find the un-
physical fluctuation of a goes exponentially fast to zero. This
fluctuation theorem is valid not only for small perturbations
near equilibrium, but also for large deviations far from equi-
librium.

4. The Evans–Searles transient fluctuation theo-
rem
The Evans–Searles transient fluctuation theorem (ES-

TFT) was also first found numerically in 1993,[9] but after
that, a different fluctuation theorem from the Gallavotti–Cohen
FT, called the transient fluctuation theorem, was proposed in
1994.[14,23–25] The ESTFT describes the relation between the
entropy productions in the forward process of the system and
in the time reversed process. As the physics law is time re-
versible for every trajectory, there is a conjugate, the time re-
versed trajectory is also a solution to the dynamics equation.
The ESTFT describes the transition probability of a forward
trajectory of a corresponding dissipation function which has
value A to its time reversed anti-trajectory with the dissipation
−A.

Fig. 3. A sketch map of deterministic trajectories and their correspond-
ing time reverse trajectories.[26]

A sketch map of the two corresponding processes is
shown in Fig. 3. Defining the probability density of tra-
jectories at duration time t in the phase space by select-
ing all the initial coordinates Γ0 for which the dissipa-
tion function Ωt takes on some value A, P(Ωt = A) =∫

dΓ0δ[Ωt(Γ0)−A] f (Γ0,0), and the conjugate probability den-
sity P(Ωt = −A) =

∫
dΓ ∗0 δ[Ωt(Γ

∗
t )−A] f (Γ ∗t ,0), we can ob-

tain the ESTFT

P(Ωt = A)
P(Ωt =−A)

= exp(At). (5)

The ESTFT can be considered as follows. If the system
is reversible and dissipative, then for a set of initial conditions
with the Liouville measure, the phase space trajectories over
any time t satisfy Eq. (5). It gives the precise mathematical ex-
pression for the probability with which the entropy will flow in
a direction opposite to that dictated by the second law of ther-
modynamics. Notice that this refers to an ensemble of many
trajectories starting from a special (Liouville) initial state, it
differs from the GCFT that describes a single trajectory in a
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non-equilibrium stationary state. A brief review of the ESTFT
can be found in Ref. [26], and some new achievements such
as the relation of heat flow under this theorem can be seen in
Ref. [27].

5. Jarzynski free energy equality
In thermodynamics, the free energy describes the useful

work obtainable from a system when a macroscopic parameter
of the system is changed: to obtain this maximum work, one
needs to follow a quasi-static process, and then the work done
in this process equals the free energy difference. The process
needs to be infinitesimally close to equilibrium and takes an
infinitely long time. Jarzynski claimed a more general rela-
tion than that for the equilibrium case, where the processes
do not need to stay quasi-static during the evolution except
initially chosen from an equilibrium distribution, i.e., general
nonequilibrium processes still satisfy an equality rather than
an inequality. This free energy equality (JE) was first derived
by Jarzynski in 1997.[15,16]

Consider an external parameter λ and change λ from λ0

to λ1 by a protocol λ (t) in the time interval [0,τ]. The JE
shows that the free energy difference between states of macro-
scopic systems can be measured by averaging a function of the
work done in change with arbitrary time dependencies includ-
ing rapid ones, which is written as

〈exp(−βW )〉= exp(−β∆F). (6)

Here β = 1/kBT is the temperature of the system in equi-
librium, ∆F = Ffinal−Finitial is the free energy difference be-
tween the final and the initial states, W is the work performed
on every single process, and 〈·〉 denotes an ensemble average∫

dΓ ρ(Γ ) over the phase space.
A simple proof of the JE on an adiabatic Hamiltonian sys-

tem was first made by Jarzynski. Consider a system with a
controllable external parameter λ . By changing the parameter
from λ0 to λτ following the protocol λ (t) in [0,τ], the work
done on each individual process is defined by

W (τ) =
∫

τ

0

∂H
∂λ

dλ

dt ′
dt ′. (7)

The system is initially set in an equilibrium distribution, which
in a given phase space region Γ is given by

Pλ (Γ ) = Z−1
λ

exp[−βE(Γ ,λ0)]. (8)

Note that the partition function Z is given by

Zλ =
∫

dΓ exp[−βE(Γ ,λ )], (9)

and that the free energy associated with an equilibrium state is
given by the relation

Fλ = β
−1 lnZλ . (10)

Then the JE can be derived as

〈exp(−βW )〉 ≡
∫

dΓ0Pλ0(Γ0)exp(−βW )

=
1
Z0

∫
dΓ0 exp(−βE0)exp(−βW )

=
1
Z0

∫
dΓ0 exp(−βEτ)

=
1
Zτ

∫
dΓ0 exp(−βEτ)

=
Zτ

Z0
= exp(−β∆F), (11)

where dΓ denotes a small region in the phase space near Γ .
The Liouvilles theorem is used for dΓ0 = dΓτ in the Hamilto-
nian system, and the energy conservation law is Eτ = E0 +W .

The JE provides a method to calculate the system’s free
energy difference between two configurations by an ensemble
average of the work performed on the system from one config-
uration to another, even these processes are non-equilibrium.
This is very useful in the measurements of non-equilibrium
processes, especially in small systems such as nano-scale ex-
periments, to get the free energy.[28] A recent brief summary
about this topic can be found in Ref. [29].

6. Crooks fluctuation relation
The Crooks fluctuation relation (CFR) was first derived

to give another proof of the JE[17,18,30] in the stochastic dy-
namics, then Crooks developed a general relation. The CFR
considers the probability of observing trajectories from two
different equilibrium states, one is the forward process and the
other is the reverse process, both processes are initially cho-
sen from the equilibrium distribution, then one can calculate
the probability distribution of work performed in the two pro-
cesses. The CFR is written as

PF(+W )

PR(−W )
= exp[β (W −∆F)], (12)

where PF(+W ) is the probability of getting work +W in the
forward process starting from an equilibrium distribution and
following a protocol λ (t), and PR(W ) is the probability of
getting W in the corresponding time reversed process under
λ (τ− t). Microscopical time reversible dynamics is needed in
this proof.

The JE can be derived from the CFR.[17] Consider the
forward process in which the external parameter follows the
sequence λ0,λ1, . . . ,λτ . We can describe one single path from

the initial state i0 to the final state iτ as i0
λ1→ i1

λ2→ i2
λ3→··· λτ→ iτ ,

and the corresponding reversed path is i0
λ1← i1

λ2← i2
λ3←·· · λτ← iτ .

For a Markovian heat bath, we may write the transition proba-
bility from i0 to iτ along the particular path as

P(i0
λ1→ i1

λ2→ i2
λ3→ ··· λτ→ iτ)
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= P(i0
λ1→ i1)P(i1

λ2→ i2) · · ·P(iτ−1
λτ→ iτ). (13)

Assume that the system satisfies the detailed balance, i.e., the
transition rate between two states for fixed λ is

P(i λ→ j)

P(i λ← j)
=

exp(−βE( j,λ )
exp(−βE(i,λ )

= exp(−βqλ ), (14)

where qλ = E( j,λ )−E(i,λ ) is the heat transferred from the
heat bath β at the fixed external parameter λ .

The assumption of detailed balance was introduced and
discussed in Crooks’ papers.[17,18] Since the principle of the
detailed balance describes the transition relation in an equi-
librium state, the application to the general non-equilibrium
processes should be considered carefully.[31] The applicability
of Eq. (14) in non-equilibrium processes can be heuristically
understood as follows. First, we divide every single evolution
sequence into two substeps, and we only need the transition
relation at the second substep, where λ is fixed and so the tran-
sition rate in Eq. (14) is only the transitions caused by the heat
bath. Second, since we assume that the heat bath is Marko-
vian, the particular transition rate, which is physically caused
by the interaction between the system and the heat bath, should
only depend on the current system state, no matter whether the
system is in equilibrium or not. This means that the transition
rate ratio in the non-equilibrium situation should be the same
as that in the equilibrium one.

Using the above assumptions, we find the ratio between
probabilities of a forward process from a particular initial state
and the corresponding reverse process

P(i0
λ1→ i1

λ2→ i2
λ3→ ·· · λτ→ iτ)

P(i0
λ1← i1

λ2← i2
λ3← ·· · λτ← iτ)

=
τ

∏
i=1

exp(−βqi)

= exp(−βQ), (15)

where Q = q1 + q2 + · · · is the total heat transferred from the
heat bath.

Now let us consider the forward and the reverse processes
both starting from their equilibrium distributions. We define
P(A→ B) as the probability of starting from an equilibrium
state A(i0,λ0) and ending in a final state B(iτ ,λτ); similarly,
P(A← B) is the probability starting from the equilibrium state
B(iτ ,λτ) and ending in the state A(i0,λ0). Thus the ratio be-
tween these two probabilities is

P(A→ B)
P(A← B)

=
ρeq(i0,λ0)P(i0

λ1→ i1
λ2→ i2

λ3→ ·· · λτ→ iτ)

ρeq(iτ ,λτ)P(i0
λ1← i1

λ2← i2
λ3← ·· · λτ← iτ)

=
Z(λτ ,β )

Z(λ0,β )
exp[β (EB−EA)]exp(−βQ)

= exp(−β∆F)exp(βW ), (16)

where the free energy F = −β−1 lnZ and the energy conser-
vation EB = EA+W +Q are used in the last step. If we rewrite

P(A→ B) and P(A← B) as P(W ) and P(−W ), respectively,
and integral all over the phase space, we will obtain the CFR:
PF(+W )/PR(−W ) = exp[β (W −∆F)].

The JE (6) can be derived from Eq. (16) using

〈exp(−βW )〉 ≡
∫

dA
∫

dBP(A→ B)exp(−βW )

=
∫

dA
∫

dBP(A← B)exp(−β∆F)

= exp(−β∆F), (17)

where a normalization of the probability is used in the last step.
Some recent progresses about the CFR such as the non-

Gaussian work fluctuations[32] and the length of time arrow[33]

can be found in the related papers.

7. The temperature-changing free-energy equal-
ity
The initial derivation of the JE[15,16] was for a system

isolated from the heat bath (heat interaction negligible) dur-
ing the dynamical process, the result was later[34] generalized
to a system that remains in contact with the initial heat bath.
In the latter case, heat can be transferred to or from the sys-
tem, but it does not appear in relationship (6). Most subse-
quent studies on non-equilibrium free energy theorems, e.g.,
the Crooks’ fluctuation relation,[17,18] are based on similar adi-
abatic or constant heat bath situations. A natural question is:
what happens if we change the heat bath temperature, and how
does the heat influence the free energy relation?

A few previous works have considered the change of the
environment’s temperature,[35–37] however, they needed to de-
fine a generalized “work”, which plays a similar role to the
work in the JE. This generalized work is abstract, depending
on the specific description of the system, and it is not easy
to understand the individual contributions from the true work
and the heat. Another shortage of this generalized work is that
more information is needed to form the ensemble average, for
example, every initial state energy is needed, which is usually
hard to access in experiments.

Here we show that there exists a simple relationship
among work, heat, and the free energy difference if we change
the inverse temperature of the heat bath from β1 to β2 during
the process. We call it the temperature-changing free-energy
equality (TCFE). The relationship is

〈exp(−β1W )exp[−(β1−β2)Q2]〉= exp(−β1∆F). (18)

Here β and W are the same as those defined in Eq. (6), ∆F is
the free energy difference of the system at inverse temperature
β1, and Q2 is the heat transferred from heat bath β2 to the sys-
tem. The contribution of the heat to the identity is apparent.
This also provides a scenario of more accurate measurement
of free energy changes in practice by reducing the estimation
error using the extra heat contribution.
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Let us consider an equilibrium system in contact with a
heat bath of temperature 1/β1. The external control parameter
λ evolves from the initial value λ0 to λτ following a protocol
λ (t) in a time interval [0,τ]. Usually for the JE, the system re-
mains in contact with the same heat bath β1 during the interval,
but now we consider a different situation. We start by keeping
the system in contact with the initial heat bath β1 for a time
period [0, ta] and then replace β1 by a different heat bath β2

for a time period [ta, tb]. After this period, the heat bath is set
back to β1, see Fig. 4. Under this scenario, we can show that
both the work performed on each process and the heat trans-
fer from heat bath β2 contribute to measuring the free energy
difference, which is given by the relation (18). If β2 = β1, the
relation (18) goes back to the original JE.

external parameter

system (equilibrium)

heat bath T1 heat bath T1heat bath T2

in an arbitrary time period [ta, tb]

λ↼t↽
λτλ0

Q1 Q2 Q1

Fig. 4. Scenario of changing heat bath temperature. The initial heat
bath β1 is replaced by a different bath β2 over an arbitrary time period
[ta, tb].

7.1. Theoretical derivation

We can follow Crooks’ method to prove the relation
(18).[17] Consider the forward process {λ0, λ1, . . . , λa, . . ., λb,
. . ., λτ}. For t ∈ [ta, tb], as shown in Fig. 4, the heat bath tem-
perature is β = β2. Because one has both the bath temperature
β and the external parameter λ changing, the evolution over
each step in the sequence can be divided into two substeps: (i)
λ changes to a new value by performing work on the system;
(ii) λ is kept constant, and heat is transferred to or from the
bath. If the time interval of each step in the sequence is small
enough, this division describes the same dynamical evolution
as that in the real process where work and heat contribute
together. We can describe one single path from the initial

state i0 to the final state iτ as i0
λ1,β1−−−→ i1

λ2,β1−−−→ i2 · · · ia−1
λa,β2−−−→

ia · · · ib−1
λb,β2−−−→ ib · · · iτ−1

λτ ,β1−−−→ iτ , and the corresponding re-

verse path as i0
λ1,β1←−−− i1

λ2,β1←−−− i2 · · · ia−1
λa,β2←−−− ia · · · ib−1

λb,β2←−−−
ib · · · iτ−1

λτ ,β1←−−− iτ . The forward and the reverse paths are short-
ened as i0 99K iτ and i0 L99 iτ , respectively. We will consider
them both starting from their equilibrium distributions.

For a Markovian heat bath, the transition probability from
i0 to iτ along a given path satisfies

P(i0 99K iτ)

= P(i0
λ1,β1−−−→ i1)P(i1

λ2,β1−−−→ i2) · · ·P(ia−1
λa,β2−−−→ ia) · · ·

× · · ·P(ib−1
λb,β2−−−→ ib) · · ·P(iτ−1

λτ ,β1−−−→ iτ). (19)

Following the detailed balance condition, the transition rate
between two states at fixed λ is

P(i
λ ,β−−→ j)

P(i
λ ,β←−− j)

=
exp[−βE( j,λ )]
exp[−βE(i,λ )]

= exp(−βqλ ), (20)

where qλ = E( j,λ )−E(i,λ ) is the heat transferred from the
heat bath β at the fixed external parameter λ (work does not
appear here because λ is fixed in this substep).

By combining Eqs. (19) and (20), the ratio between prob-
abilities of a forward process and the corresponding reverse
process is

P(i0 99K iτ)
P(i0 L99 iτ)

=
τ

∏
i=1

exp(−β1qi)
b

∏
j=a

exp(−β2q j)

= exp(−β1Q1)exp(−β2Q2), (21)

where Q1 = q1 + q2 + · · ·+ qτ and Q2 = qa + · · ·+ qb is the
total heat transferred from heat baths β1 and β2, respectively.

Now let us consider the forward and the reverse pro-
cesses both starting from their equilibrium distributions. We
define P(A→ B) as the probability starting from an equilib-
rium state A(i0,λ0) and ending in a final state B(iτ ,λτ); simi-
larly, P(A← B) denotes the probability starting from the equi-
librium state B(iτ ,λτ) and ending in the state A(i0,λ0). Thus
the ratio between these two probabilities is

P(A→ B)
P(A← B)

=
ρeq(i0,λ0)P(i0 99K iτ)
ρeq(iτ ,λτ)P(i0 L99 iτ)

=
Z(λτ ,β1)

Z(λ0,β1)
exp[β1(EB−EA)]

× exp(−β1Q1)exp(−β2Q2)

= exp(−β1∆F)exp(β1W )exp[(β1−β2)Q2], (22)

where the free energy F = −β−1 lnZ and the energy conser-
vation EB = EA +W +Q1 +Q2 are used.

If we have positive work and positive heat (+W,+Q2)

during A→ B, the corresponding reverse process A← B will
have negative work and negative heat (−W,−Q2), and then
the relation (22) is a generalized CFR relation (GCFR) by in-
tegrating over the phase space

P(+W,+Q2)

P(−W,−Q2)
= exp(−β1∆F)exp(β1W )

× exp[(β1−β2)Q2]. (23)

The TCFE (18) can be derived from Eq. (22) by using

〈exp(−β1W )exp[−(β1−β2)Q2]〉

≡
∫

dA
∫

dBP(A→ B)exp(−β1W )exp[−(β1−β2)Q2]

=
∫

dA
∫

dBP(A← B)exp(−β1∆F)

= exp(−β1∆F). (24)

This gives us the TCFE (18) containing the influences of both
work and heat. Equation (18) is the microscopic approach to
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the macroscopic free energy difference. By using Jensen’s in-
equality

〈exp(x)〉 ≥ exp(〈x〉),

one has

〈W +(1−T1/T2)Q2〉 ≥ ∆F.

Remember that ∆F = ∆Ū − T1∆S at constant temperature T1

and ∆Ū = 〈W +Q1 +Q2〉, one obtains〈
Q1

T1

〉
+

〈
Q2

T2

〉
≤ ∆S. (25)

This gives the thermodynamic second law with ensemble aver-
ages. The equality in relation (25) only applies when the pro-
cesses are quasi-static, leading to the familiar expression for
the change in entropy in quasistatic processes. As in the JE,
relation (18) is more general, and does not require processes
remaining in equilibrium.

7.2. A numerical test

We use the one-dimensional harmonic oscillator H =

λx2/2+ p2/2 as our model to test the validity of TCFE (18),
and the external parameter λ changes from λ0 to λ1. The os-
cillator contacts with a Gaussian heat bath

ẋ = p, ṗ =−λx− γ p+gw(t), (26)

where γ is the friction coefficient, gw(t) is the Gaussian
white noise, 〈gw(t)gw(t ′)〉 = 2Dδ(t − t ′), with D the noise
strength,[7] and the heat bath inverse temperature is β = γ/D.
We set γ = 0.03 for all our heat baths, and different β is re-
alized by choosing different D. The work done on the system
is measured by W (τ) =

∫
τ

0 dtλ̇ ∂H/∂λ , and the heat is mea-
sured by energy conservation Q(τ) = H(τ)−H(0)−W (τ).
We choose a zigzag λ change, as in Fig. 5(a): the half period
of one zigzag λ cycle is too short (τ1 = 0.1) to draw the sys-
tem out of equilibrium; many cycles of the interaction make
the total evolution time τ long enough to experience a signifi-
cant heat influence.

We set λ0 = 1, λ1 = 4, and ta = 1. The initial heat bath
temperature is chosen as β1 = 1 and the second heat bath tem-
perature is β2 = 2 in Fig. 5(b) and β2 = 0.5 in Fig. 5(c). We
measure the ensemble averages at different times (always at
the end of an increasing λ half cycle) from 1 to 200, and find
that the free energy relation is satisfied for both colder and
hotter second heat baths, and for a short time when the influ-
ence of the heat is weak and a long time when the influence
is strong. The total number of test systems used is 106, which
makes the 0.1% deviation from the known free energy differ-
ence reasonable. Thus the simulations verify the free energy
relation (18).

<e
↩
β
1
W
, 
e
↩
↼β

↩
β

↽Q


>

τ1 τa τb τ

β2=2

β2=0.5

Time

Fig. 5. Numerical test for the free energy relation with different heat
bath temperatures. (a) Zigzag λ change as λ (t) = λ0 + ct in one half
cycle of length τ1, and then back in the next half cycle. (b) and (c) Free
energy measurements with β2 = 0.5 in panel (b) and β2 = 2 in panel (c).
They both fit for the known free energy differences, which are shown as
the green lines.

7.3. Generalizations

The above TCFE can be well extended to more compli-
cated cases. Consider an arbitrary temperature protocol β (t).
For simplicity, we restrict to the temperature protocol always
returning to its initial value β1. We follow the argument of the
previous derivation by only modifying Eq. (22) to

P(A→ B)
P(A← B)

=
Z(λτ ,βn)

Z(λ0,β1)
exp(βnEB−β1EA)

×
n

∏
i=1

exp(−βiqi), (27)

where qi is the individual heat transfers from bath βi to the
system. Now consider

−
n

∑
i=1

βiqi =
n−1

∑
i=1

[
(βi+1−βi)

i

∑
j=1

q j

]
−βn

n

∑
j=1

q j. (28)

We define a time-dependent heat Q(t) = q1+q2+ · · ·+qt rep-
resenting the total heat transferred from the heat bath to the
system up to time t. By rewriting βi+1−βi as dβi and using
the energy conservation EB = EA +W +q1 +q2 + · · ·+qn, we
obtain from Eq. (27)

P(A→ B)
P(A← B)

= exp[−(βnFn−β1F1)]exp[(βn−β1)EA]

× exp(βnW )exp
[∫

τ

0
dβ (t)Q(t)

]
. (29)

Following the same procedure in Eq. (24) leads to〈
exp[−(βn−β1)E0]exp(−βnW )exp[−

∫
τ

0
dtβ̇ (t)Q(t)]

〉
= exp[−(βnFn−β1F1)]. (30)

Here E0 is the initial state energy of each process, Fn and F1

are the free energies of the system at (βn,λτ) and (β1,λ0), re-
spectively. Equation (30) gives the free energy relation with an
arbitrary heat bath temperature variation. If we keep the exter-
nal parameter constant, there is no work performed to the sys-
tem, relation (30) can be reduced to that of the Nose–Hoover
model studied in Ref. [35] (Eq. (18) therein).
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Usually the initial state energy is hard to detect experi-
mentally. By restricting the final heat bath temperature βn =

β1, equation (30) can be simplified to〈
exp(−β1W )exp[−

∫
τ

0
dtβ̇ (t)Q(t)]

〉
= exp(−β1∆F), (31)

where ∆F = F(β1,λτ)− F(β1,λ0) is the free-energy differ-
ence at temperature β1. This is again a microscopic descrip-
tion of the free energy difference, and the processes in the en-
semble do not need to be in equilibrium. The dependence on
the detailed information of every initial state, for example, the
energy, is eliminated; only the work done on each system and
the heat transferred to the system are needed. One limitation
to bear in mind is that the heat bath needs to be always kept in
equilibrium throughout the temperature changes.

8. Failure of the free energy relation: non-
Markovian effect
The proofs of both the JE and the TCFE require the

Markovian assumption, which is an idealization of the real
physical world. It gives a good approximation only when the
time scale of the heat bath is much shorter than that of the
system.[7,8] However, the time scale of the heat bath is not nec-
essarily shorter than that of the system. This naturally brings
forth the question of the validity of the JE and the TCFE in
non-Markovian processes.[38]

The existence of a long-time stationary distribution that
needs to be exactly the equilibrium distribution is the crucial
point for the previous investigations on the JE validity under a
non-Markovian heat bath,[39–43] where it is found that the JE
is valid. However, the influence of the initial preparations has
not been considered. For the JE, this consideration is neces-
sary because the initial equilibrium distribution is reached by
connecting the system and the heat bath for a sufficiently long
time, and the effect of the initial preparation vanishes after this
long-time relaxation.

We consider the motion of a Brownian particle described
by a generalized Langevin equation

ẍ(t) =− dV (x)
dx
−
∫ t

0
dt ′γ(t− t ′)ẋ(t ′)+G(t). (32)

Here V (x) = −λx2/2 is the harmonic potential, with λ taken
as the external parameter by changing from λ0 to λτ follow-
ing a protocol λ (t) in the time interval [0,τ]. The term G(t)
is a colored Gaussian noise with a zero mean and an exponen-
tial correlation function, as already studied in the Ornstein–
Uhlenbeck process

〈G(t)〉= 0, 〈G(t)G(t ′)〉= D
τc

e−|t−t ′|/τc , (33)

with τc being the noise correlation time. The term γ(t) repre-
sents the friction coefficient. The noise and the friction obey

Kubo’s fluctuation dissipation theorem[7,8]

〈G(t)G(t ′)〉= kBT γ(t− t ′). (34)

For numerical simplification, we replace this colored noise
model by an additional one-dimensional white noise model

ẋ(t) = p(t),

ṗ(t) =−λx(t)+ y(t),

ẏ(t) =− 1
τc

y(t)− βD
τc

p(t)+

√
2D
τc

Γ (t),

(35)

with y the auxiliary variable and Γ the Gaussian white noise
that satisfies

〈Γ (t)〉= 0, 〈Γ (t)Γ (t ′)〉= δ(t− t ′). (36)

In an interval of the total evolution time [0,τ], we design a
modulation scheme by periodically changing the external pa-
rameter λ (t) in a zigzag manner shown above. We measure
the ensemble average at every time when the periodic external
parameter λ (t) reaches a specific value. The detection requires
the measurements of the work and the heat in every individual
process, which is given by

W (t) =
∫ t

0

∂H
∂λ

dλ

dt ′
dt ′, (37)

with H = λ

2 x2 + 1
2 p2 being the energy of the system. The heat

is given by the energy conservation as

Q(t) = H(t)−H(0)−W (t). (38)

We fix β1 = 1, β2 = 2, λ0 = 1, and λτ = 2 in numerical
tests. We choose the correlation time τc = 3, 0.3, and 0.03,
which respectively represent the non-Markovian effect from a
strong one (τc = 3) to a nearly Markovian case (τc = 0.03).
Noise strength D is not crucial for the non-Markovian mem-
ory and is fixed to D = 0.3. The half period of the zigzag
λ (t) is chosen to be τ1 = 0.1 as a shorter time compared to the
above time scales. The initial state of the system is randomly
chosen from an equilibrium distribution at β1 = 1 for N = 106

realizations to measure the ensemble average. For the non-
Markovian heat bath, we need to keep the evolution with the
initial heat bath β1 for a sufficiently long time. The total evo-
lution time before the measurement is taken to be 100, and a
longer time makes no distinct differences for the steady distri-
bution. After this preparation, the zigzag λ (t) starts at t = 0.
We measure the ensemble average at each time when λτ = 2.
The exponential free energy difference is

√
λ0/λτ ≈ 0.707,

as shown by the green line in Fig. 6(a). The correlations
for τc = 3 (blue triangles), 0.3 (red circles), and 0.03 (black
squares) are tested in time interval [0,10], which show a per-
fect validity of the TCFE (and the JE) in the vanished non-
Markovian initial preparation situation.
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τc=0.03

τc=0.3

τc=3

τc=0.03

τc=0.3

τc=3
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(b)
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Fig. 6. The validity of the TCFE and the JE under non-Markovian heat
bath. (a) The measurement after a long-time initial relaxation, the TCFE
and the JE fit under the initial heat bath β1 region [0,10] but fail at the
new bath β2 region [10,100], at τc = 3 (blue triangles), 0.3 (red circles),
and 0.03 (black squares). (b) The measurement that skips the initial
long-time relaxation but puts the system in an equilibrium distribution
by hand and tests the JE validity immediately. The green lines are the
expected free energy difference, and the insets show the results in the
enlarged time scales.

After t = 10, the initial heat bath β1 = 1 is removed and
the new heat bath β2 = 2 starts to contact the system without
any previous memory. The initial preparation effect appears,
and a clear deviation of the ensemble average from the ex-
pected free energy difference (green line) can be observed in
the interval [10,100], as shown in Fig. 6(a). The inset picture
in Fig. 6(a) is an enlarged view in the interval [10,30]. The cor-
relation time τc represents the non-Markovian memory effect,
and determines the strength and the length of the initial prepa-
ration effect. As can be seen from Fig. 6(a), the τc = 3 case
(blue triangles) has the largest and longest deviation, while the
τc = 0.03 case (black squares) is almost Markovian and the
violation is almost vanished, which agrees with the validity
of the TCFE in the Markovian process.[44] The fast oscilla-
tion in Fig. 6(a) comes from an oscillating work distribution,
which depends on the characteristic oscillation of the system
under the period λ (t) change with a matched time scale. The
longer-time relaxation originates from the non-Markovian ef-
fect, which implies how the initial preparation influences the
TCFE validity.

It is clear that the crucial reason for the deviation of the

TCFE comes from the non-Markovian memory effect, not
from the switching of the heat bath. If we test the JE valid-
ity under one unique heat bath β1 by skipping the long-time
initial relaxation process from an initial equilibrium distribu-
tion, a similar violation of the JE can be observed, which is
shown in Fig. 6(b) with an enlarged view of the time interval
[10,20] in the inset, where the initial preparation effect appears
again. For the TCFE, as the heat bath is changed to a new one
during the dynamical process, the initial preparation effect of
the switched heat bath is unavoidable.

τc=0.03
τc=0.3

τc=3

Time

<E
>

ln
P
<E
>

E

t/
t/.

β=2

β=2.2

(a)

(b)

Fig. 7. The time scale of the initial preparation effect. (a) The evolution
of the average energy when the system has an equilibrium distribution
at β = 2 and evolves by contacting with a non-Markovian heat bath at
the same temperature. The heat bath correlation time τc is chosen as 3
(blue triangles), 0.3 (red circles), and 0.03 (black squares) respectively.
The inset is the results in the enlarged time scale of [0,20], and the green
line is the expected equilibrium average energy. (b) The energy distri-
butions at t = 0 (black squares) and t = 2 (red circles) for τc = 3 in panel
(a).

The time scale of the initial preparation is shown in Fig. 7.
We detect the evolution of the statistical distribution of the sys-
tem for λ = 2 and β = 2. It can be found that the system dis-
tribution keeps the Gaussian shape. Therefore, the average of
the system energy can be a good parameter to represent the
distribution evolution with an expected equilibrium average
value 1/β = 0.5, as shown by the green line in Fig. 6(a). We
take correlation time τc = 3 (blue triangles), 0.3 (red circles),
and 0.03 (black squares) to represent different time scales of
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the initial preparation under the non-Markovian heat bath in
Fig. 7(a), and the inset is the results in an enlarged time scale of
[10,20]. The distribution keeps in Gaussian shape during the
evolution and makes the energy distribution be P(E) ∝ e−βE

with only a time changing β value. This is shown in Fig. 7(b):
a distribution under the τc = 3 case at time t = 2 compared
to the initial distribution at t = 0. The energy distribution at
t = 2 has the index β = 2.2, corresponding to an average en-
ergy of about 0.455, which fits the t = 2 point (blue triangle)
in Fig. 7(a).

The time scale of the TCFE violation in Fig. 6(a) agrees
with that of the distribution violation in Fig. 7(a), with the cor-
responding correlation time τc. This indicates that these two
different violations come from the same origin, i.e., the mem-
ory effect of the initial preparation under the non-Markovian
heat bath. This effect drives the system distribution out of
equilibrium to make the JE and the TCFE invalid. Neverthe-
less, as soon as this effect vanishes, the JE and the TCFE be-
come valid again. This suggests that a suitable JE or TCFE
measurement should be put on the total evolution time longer
than the efficient initial preparation effect time. Whether the
recovery of the validity works for the specific simple model
we are discussing or for a more general case is still an open
question.

9. Concluding remarks
Heat transfer is as important as other thermodynamic pro-

cesses such as internal energy change and work, and it may
play a significant role in the free-energy relation and the fluc-
tuation theorem. Nanotechnology has been rapidly developed
in recent years, and some devices are now of the size of only a
few hundred Å. Studies of the thermal properties have been
extended to such systems. For the small systems, nonlin-
earity and fluctuations become significant in influencing the
nonequilibrium properties. The stochasticity of nanoscopic
devices is caused by the thermal motion at the atomic level.
Nanosystems and their environment form a high-dimensional
chaotic system due to the strong nonlinearity of the inter-
atomic forces. Due to their nature as averages, the thermo-
dynamic laws cannot be directly applied to the small systems
in which the motion of single atoms is relevant. On the other
hand, the classical thermodynamics is limited in application
to large systems where intensive thermodynamic functions do
not change their values if the system size is increased.

In the last few decades, several new theorems have been
proven that revolutionize our understanding of thermodynam-
ics. Firstly, these new theorems loose the need for taking the
thermodynamic limit. Therefore, the application of the ther-
modynamic concepts can be extended to finite, and even nano
systems. Secondly, these new theorems can be applied to sys-
tems far from equilibrium. It is very important that one has

equilities rather than inequilities. Thirdly, and for the first
time, these theorems explain how the macroscopic irreversibil-
ity appears naturally in systems that obey time reversible mi-
croscopic dynamics. In this case, the second law should be
rechecked and small systems can violate this law in a single
process.

In this paper, we give a retrospect of recent progresses in
statistical mechanics and thermodynamics in small dynamical
systems. For few-body systems, fluctuations and nonlinear-
ity become significant and contribute to the nonequilibrium
behaviors of the systems. We review by starting from the
Gallavotti–Cohen fluctuation theorem, to the Evans–Searles
transient fluctuation theorem, Jarzynski free-energy equality,
and the Crooks fluctuation relation.

we also investigate the role of heat transfer in the case
with heat bath temperature changes. A new thermodynamic
relation (18) among the work, the heat, and the free-energy
difference is analytically derived. The influence of the heat in
each individual process can be considered to be a microscopic
contribution to the entropy, giving rise to a contribution to the
macroscopic free-energy difference. The index of heat appear-
ing in the exponential average is different from that of work
in relation (18). In practical situations, this suggests possible
ways in finding an optimized heat-bath temperature β2 to help
reduce the statistical errors in the ensemble average, yielding
a more accurate estimate for the free-energy difference. The
free-energy relation can be naturally generalized to cases of
arbitrarily modulations of the heat bath temperature (relation
(31)). In this case, no energy information of the initial state is
needed in the ensemble average: the work and the heat trans-
fer are sufficient to form the needed averages, which should be
simpler for experiments.

Finally, we find that the validity of fluctuation relations
sensitively depends on the non-Markovian memory effect or
the initial preparation effect. This memory effect drives the
system distribution out of the initial equilibrium state, which
leads to the violation of the JE and the TCFE. For the JE, this
violation can be avoided by adding a sufficiently long-time
relaxation to the equilibrium distribution before the measure-
ment. For the TCFE, we find a different scenario. As the heat
bath is changed at some time during the evolution, there is no
time for the relaxation to eliminate the initial preparation effect
with the switched heat bath. A careful consideration should
be made during this non-Markovian process. It is valuable to
extend the discussion to other dynamical systems. When the
measurement time is longer than the initial-preparation time,
it is interesting to observe that the JE and the TCFE again be-
come valid. Whether this recovery of validity can be found for
other systems is still an open question.
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