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Motivated by recent experimental realization of synthetic spin—orbit coupling in neutral quantum gases, we consider
the quasi-two-dimensional rotating two-component Bose—Einstein condensates with anisotropic Rashba spin—orbit cou-
pling subject to concentrically coupled annular potential. For experimentally feasible parameters, the rotating condensate
exhibits a variety of rich ground state structures by varying the strengths of the spin—orbit coupling and rotational frequency.
Moreover, the phase transitions between different ground state phases induced by the anisotropic spin—orbit coupling are

obviously different from the isotropic one.
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1. Introduction

Spin—orbit coupling (SOC), the interaction between the
spin and the momentum of a quantum particle, plays a cru-
cial role in many important condensed matter phenomena and
applications, such as anomalous and spin Hall effects, topo-
logical insulator, spintronic devices, etc.l'™* The recent ex-
perimental breakthrough on the realization of SOC for ul-
tracold quantum gases provides us with a completely new
platform for exploring SOC physics in Bose—Einstein con-
densates (BEC).’-') A major merit of such a system lies
in the unprecedented level of experimental control of the
system’s parameters, which thus stimulates a corresponding
wave of activity focused on their ground states and collective
excitations.[!1-13]

So far, most of the theoretical studies on SO coupled BEC
have been restricted to a free space or harmonic potential, with
or without rotation.['*33 In a recent work, the ground state
properties and phase transition of a SO coupled Bose—FEinstein
condensate confined in concentrically coupled annular traps
were investigated in detail, where various phase transitions can
be induced by varying the strength of SOC.3# Later, the com-
bined effects of SO coupling and rotating are investigated for
both pseudo spin-1/2 and spin-1 Bose gas in the same external
potential by the same authors.>>3¢1 Nevertheless, so far only
a few papers have studied the effect of anisotropic SOC on the
ground state properties for a boson condensate, especially for
the system confined in concentrically coupled annular poten-
tial.
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Based on the studies mentioned above, the present paper
reports the results of a detailed numerical analysis of the com-
bined effects of anisotropic spin—orbit coupling and rotation
on the ground state structures of a Bose—Einstein condensate
confined in concentrically coupled annular potential. Based
on the mean-field Gross—Pitaevskii (GP) equation, the ground
state solutions are obtained by minimizing the GP energy func-
tion of the system under study. Our results show that, the in-
troduction of anisotropic SOC leads to more rich ground state
structures as compared with the case of isotropic SOC, and a
number of interesting phenomena have been predicted to occur
in the present system under study.

The rest of the paper is organized in the following way.
‘We first formulate our theoretical model in Section 2, in which
we also obtain the GP energy function for a Bose—Einstein
condensate with anisotropic SO coupling and rotation con-
fined in concentrically coupled annular potential. In Section 3,
we investigate the ground state properties of the system as a
function of the anisotropic spin—orbit coupling, and of the fre-
quency of rotation. Finally, in Section 4, the main results of
the paper are summarized.

2. Theoretical model

Our starting point is a two-component BEC with Rashba
SO coupling subject to a rotation along the z direction. Within
the framework of zero-temperature mean-field theory, where
the collisions between the condensate atoms and the thermal
cloud are neglected, and viewed from the frame of reference
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corotating with the trap potential, the Hamiltonian of such a
system can be written as[33)

A = Ay + Hin+ B, + Ao, (1

where the single-particle Hamiltonian
flo= [ dxdylr! [-12V/(2m) + Ve ()]

with ¥ = [§4(r), ¥ (r)]" denotes collectively the spinor
Bose field operators, and m is the atomic mass (the same
for both components). The interaction Hamiltonian Hipy =
f dxdy[g“ﬁ% —|—g22ﬁi + 2g12ﬁ¢ﬁi], where g;; and 8ij ac-
count, respectively, for intra- and inter-component interac-
tions. Without loss of generality, we assume that all the
interactions are repulsive and further set g;; = g = g >
0. The rotating Hamiltonian H; = [ dxdyy'[-Q - L]{ with
Q being the rotational frequency and L the angular mo-
mentum operator. The Rashba SOC Hamiltonian Hy, =
[ dxdy§'[—iAso(kcdy6y — Ky0x6y)| ¥ with &, being the
Pauli matrices, k, and k; denote the strengths of SOC in the
x- and y-directions, respectively. Note also that, the SO cou-
pling terms are usually classified as ones of the Rashba and
Dresselhaus types, or mixtures of both. In the present work,
we consider the Rashba type SO coupling. So far, the con-
figuration of SO coupling realized experimentally is a spe-
cial one as an equal weight combination of Rashba-type and
Dresselhaus-type SO couplings. Thus it is effective just in one
dimension.!”l Although we choose a Rashba-type SOC, our
conclusions are equally valid for the Dresselhaus-type one.

The assumption of a very strong confinement along the z
axis, i.e., i@, being much larger than any other energy scale in
the problem is assumed, which allows us to treat the problem
as quasi-two-dimensional (2D). In this work, the external po-
tential in the following shape is assumed to be equal to these
two components

V(r)= min{ %mwg(u —Ro)?, %mw%(u —Rl)z} + %ma)zzz.

2
Here, r; = (x,y) is the position vector on the x—y plane. The
two parabola in V(r) with frequencies @y and ®; (here we
set @ = @y/4 and @;/wy = 5/4 to make the product of the
“width” of each annulus times the radius of each annulus to
be comparable to each other) are centered at the positions
r. =Ry =2ap and r| = R; = 4ag with ag = [li/(m)]'/? be-
ing the oscillator length.[*-3°! Under these conditions, V()
describes a concentrically coupled annular trap, as shown in
Fig. 1.

To obtain the ground state solutions of such a system, it
is particularly important to write down the Gross—Pitaevskii
energy function of the system, which under the mean-field ap-
proximation can be given by

s
- / dxdy{ R 107 (—ike0y + 1,09,

m

+ @] (—iKcdy — Ky0x) 1]

n? n?
+ 01 (~ 3V V() 01407 (-5 V2 V() )0y
+ S0P+ 10,2+ 5 (191>~ [0,])
a2 I
+ih29; [xa—y —ya]%ﬂm% [xa—y —yax}m}.@)

The ground state solutions can be obtained by minimiz-
ing the GP energy Eq. (3). In the numerical simulations, we
employ the normalized gradient flow with backward Euler and
second-order centered finite difference discretization within an
imaginary-time propagation approach.[*>*!l The propagation
continues until the fluctuation in the norm of the wave func-
tion becomes smaller than 1076, One should keep in mind that
all the parameters used in the following numerical simulations
are all dimensionless. For the contact interaction, it is scaled
by hwag = h? /m; while A, = ag/ay, = (m/h3)/?Ax /©'/? for
the SO coupling with ay = 7/ (mAg).

(a)

Fig. 1. (color online) (a) Schematic illustration of the concentrically
coupled annular trap. (b) The corresponding one-dimensional plot of
the external potential. Here, ® = @y /4, ®;/wy = 5/4, Ry = 2ay, and
R\ = 4ap with ag = [h/(m®)]'/? being the oscillator length.

3. Numerical results and discussion

Now we perform a detailed numerical study of the com-
bined effects of anisotropic spin—orbit coupling and rotation
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on the ground state properties of the system under consid-
In the absence of SOC and rotation, three differ-
ent phases: (i) coexistence of the two components, (ii) az-

eration.

imuthal separation, and (iii) radial separation are identified
through varying the intra-component interaction.*® Follow-
ing this line, we also select three typical sets of parameters for
the contact interaction: (i) g1 =55 and g =5, (ii) g1 = 55
and g = 15, and (iii) g1» = 55 and g = 60, to find out the com-
bined effects of anisotropic SO coupling and rotation. Mean-
while, we define the overlap between the two condensate wave
functions to distinguish phase separation and phase mixing. In
what follows, we will find that these overlaps are close to 0
and 1, corresponding to phase separation and phase mixing,
respectively. [4243]

We first investigate the ground state of the system for
fixed contact interactions gj» = 55 and g = 5. In the absence
of SOC and rotation, the system is in azimuthal phase separa-
tion, as shown in the upper left corner of Fig. 2, which shows
the typical density profiles of a pseudo spin-1/2 SO coupled
condensate for variable SOC and rotation. For each fixed ro-
tational frequency, the strength of SO coupling in the x-axis
direction, Ky, is increased from zero up to 1; while k; is set to
zero. Shown in the first row of Fig. 2 is the numerical result

1] |py)?

for the limiting case without rotation, where a phase transition
from azimuthal phase separation to phase coexistence occurs
with the strength of SOC increasing. On the contrary, if an
isotropic SOC (k; = K, # 0) is considered, no phase transition
occurs. In the latter case, some high energy atoms are repelled
to the outer ring and form an alternative arrangement of the
two components, hence the system remains in the azimuthal
phase separation.** Typical example of such phase transition
is shown in Figs. 2(b)-2(d) of the first row.

In the opposite limit of k, = 0, the rotation can be ab-
sorbed by a change of the reference frame. In this case, the
atoms feel an outward centrifugal force due to the presence of
a centrifugal potential as —mQ? (x> +y*)/2. Thus more high
energy atoms are repelled to the outer ring and form an alter-
native arrangement of the two components, as shown in the
left column of Fig. 2. Actually, this observation also holds for
the left column of Fig. 3. When both the SOC and rotation
are taken into account, again we find a similar result to our
previous work. [35] That is, the rotation determines the location
of an atom without changing the type of ground state phase,
and the system eventually develops to phase coexistence with
further increasing the SOC and rotational frequency.

T T Joo
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Fig. 2. (color online) Typical density profiles of a pseudo spin-1/2 SO coupled condensate for contact interactions gj» = 55 and g =5,
and for the rotational frequency 2 = 0,0.2,0.7, corresponding to the first to third rows, respectively. Note that for each row, the strength
of spin—orbit coupling ky, = 0 and k, = 0,0.2,0.7, 1, corresponds to panels (a)—(d), respectively.

Figure 3 shows the typical density profiles of the system
for fixed contact interactions g1» = 55 and g = 15, where the
system is in radial phase separation in the absence of SO cou-
pling and rotation. Another interesting observation is that, in
the absence of rotation, if and only if an anisotropic SOC with
Ky = 0 is considered, the system can eventually develop to the
azimuthal phase separation. It is obviously different from our
previous results, where the system undergoes a phase transi-
tion from radial to azimuthal phase separation, but eventually
returns to the initially radial phase separation.**! Similar to
our previous case, the system again develops to the phase co-

existence phase with increasing both the SO coupling and ro-
tation, as shown in the lower right of Fig. 3.

Note also that, our results are to some extent similar to
the previous results obtained by Merhasin et al., where lin-
ear coupling (without spatial derivatives) also induced a mix-
ing transition.[*”! In that study, the stationary solutions are
also obtained numerically by the well-known method of the
imaginary-time integration. Hence we conclude that besides
the s-wave interactions, both the SOC and the linear coupling
can be used to obtain the desired ground state phases.
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Fig. 3. (color online) Typical density profiles of a pseudo spin-1/2 SO coupled condensate for contact interactions gj» = 55 and g = 15,
and for the rotational frequency £ = 0,0.2,0.7, corresponding to the first to third rows, respectively. Note that for each row, the strength
of spin—orbit coupling k, = 0 and k, = 0,0.2,0.7, 1, corresponds to panels (a)—(d), respectively.
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Fig. 4. (color online) Typical density profiles of a pseudo spin-1/2 SO coupled condensate for contact interactions gj» = 55 and g = 60,
and for the rotational frequency 2 = 0,0.2,0.7, corresponding to the first to third rows, respectively. Note that for each row, k; is fixed to
1 and x; = 0,0.2,0.7, 1, corresponding to panels (a)—(d), respectively.

Finally, we discuss the situation where the system is ini-
tially in phase coexistence for fixed contact interaction gip =
55 and g = 60. With the same procedure as before, our results
show that the system is always in phase coexistence no mat-
ter the SOC and rotation are opened respectively or jointly. In
our previous work, [**! where an isotropic SO coupling is taken
into account, phase transition between phase coexistence and
azimuthal phase separation occurs. However, for our system,
if the SO coupling is only in the y axis, no phase transition
occurs, as shown in the first column of Fig. 4.

Last but not least, we would like to note that while
we have chosen the above particular parameter sets, we also
have conducted extensive numerical simulations over a range
of different parameter sets, and find that the parameter sets
used in this work illustrate well the possible ground states
and their phase transitions. As concerns the physical pa-
rameters adopted in the numerical simulations, we choose
the pseudo-spin-1/2 BEC of 8Rb with atomic mass m =

1.4442 x 1072 Kg, which can be realized by selecting two
internal “spin” states from a spin-1 Bose gas of 8’Rb atoms
with the F = 1 ground electronic manifold. The interactions
between atoms can be controlled by means of the Feshbach
resonance, which makes it possible to change the scattering
lengths for collisions between atoms in the BEC by dint of an
external magnetic field, or properly tuned optical signal.[?]
Moreover, the strength of the SO coupling can be precisely
controlled by optics means-from no coupling at all to strong
coupling, which scales with the laser’s intensity.

4. Conclusion

To summarize, we have investigated the ground state
properties of a pseudo spin-1/2 SO coupled condensate con-
fined in concentrically coupled annular potential for fixed con-
tact interactions. The ground state solutions are studied as a
function of the anisotropic SO coupling, as well as the rota-
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tion, showing a rich ground state structure. Compared with the
isotropic SOC, the anisotropic one can be used to induce more
different phase transitions among azimuthal and radial phase
separation, and phase mixing. Since these different ground
state phases can be described starting from a simple theoreti-
cal framework, and the phase transition can be readily manip-
ulated in real experiments, our results promise to shed insight
on the topic of orbital physics in ultracold quantum gases.
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