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We discuss the symmetric quantum discord (SQD) for an arbitrary two-qubit state consisting of subsystems A and
B and give the analysis formula of the symmetric quantum discord for the arbitrary two-qubit state. We also give the
optimization process of the symmetric quantum discord for some states and obtain the symmetric quantum discord. We
compare the quantum discord (QD) with the symmetric quantum discord, and find that the symmetric quantum discord is
greater than the quantum discord. We also find that the symmetric quantum discord can be unequal to the quantum discord
when the right quantum discord (measure on subsystem B) is equal to the left quantum discord (measure on subsystem A).
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1. Introduction

Quantum correlation has recently been identified as a gen-
eral resource in quantum information protocols. Aguilar has
shown that a witness of quantum correlation for a quite general
class of states can be estimated through measurements corre-
sponding to a single physical observable.!!! In addition, Silva
has reported an experimental measurement of bipartite quan-
tum correlations of an unknown two-qubit state.[*!

After Ollivier and Zurek defined the quantum discord, *!
Modi gave a unified view of quantum and -classical
correlations,*! and presented the relations among entangle-
ment, quantum discord, quantum dissonance, classical corre-
lations, and mutual information. The quantum discords for
some given states have been obtained. For example, Giorda
and Paris have evaluated the quantum discord for bipartite
Gaussian states,”! Adesso and Datta have calculated the quan-
tum discord of all two-mode Gaussian states./®! For the no-
continuous variables, Luo has calculated the quantum discord
of a two-qubit Bell diagonal state,!”) Ali and Rau have com-
puted the quantum discord of a general two-qubit X state.!8!
Girolami and Adesso have discussed the quantum discord for
general two-qubit states.”! Yan and Wang have discussed the
quantum discord for a qutrit—qutrit system.!'%! Xu et al. have
evaluated the quantum correlations of a three-particle W class
state.[!1]

For a two-qubit state, quantum discord just measures one
subsystem. So quantum discord is a one-side measurement,
which means that it is asymmetric and satisfies the inequality
Dj (AB) # Dy (AB) in general, where Dg (AB) is the right
quantum discord (measure on subsystem B) and Dy (AB) is
the left quantum discord (measure on subsystem A). In the
past few years, some symmetric measures of correlations were
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proposed. ! As we know, a local measurement on one subsys-
tem, say subsystem B, does not disturb the other subsystem,
say subsystem A; however, the total system is certainly influ-
enced. The symmetric quantum discord is a two-side mea-
surement and measures the two subsystems. It is natural to
be symmetric. So it may be advantageous to use the symmet-
ric quantum discord. Recently, the symmetric quantum dis-
cord was employed in an experiment to investigate the quan-
tumness of correlations in a spin system.!'? The symmetric
quantum discord has been widely investigated for some given
states. Maziero calculated the symmetric quantum discord for
a two-qubit Bell diagonal state and showed that the symmetric
quantum discord could be more convenient to quantify quan-
tum correlations.!!3! In this paper, we discuss the symmetric
quantum discord for an arbitrary two-qubit state and give an
analytical solution. By comparing the symmetric quantum dis-
cord with the quantum discord for some special states, we find
that the symmetric quantum discord is larger than the quantum
discord and observe that the symmetric quantum discord can
be unequal to the quantum discord when the right quantum

discord is equal to the left quantum discord.

This paper is organized as follows. In Section 2, we
briefly introduce the definitions of quantum discord and sym-
metric quantum discord. In Section 3, the symmetric quan-
tum discord for an arbitrary two-qubit state is discussed. In
Section 4, we will discuss the relationship between quantum
discord and symmetric quantum discord. Finally, some con-

clusions and discussion are presented in Section 5.
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2. Quantum discord and symmetric quantum
discord

Quantum discord (QD), which has been introduced in
Ref. [3], is defined as the difference between the mutual in-
formation and the classical correlation. The quantum discord
is given as

D(AB) =1(pag) —J (PaB), ¢))

where pap is the density operator of a bipartite system AB
composed of subsystems A and B. The mutual correlation
I(paB) can be expressed as

1(paB) = S(pa)+S(ps) —S(paB), (2)

where pa = trgpaB, PB = trapap, and S(p) = —tr(plog, p)
is the von Neumann entropy of density matrix p. The corre-
sponding classical correlation is defined as!®!

J(paB) = S(pa) =S (Pajp) ; 3)

where S (paj) = ming s, ¥ piS (Paji), With the minimiza-
R

tion being over all projection valued {IT®}. Here p; =
traB (I A ® HiB PaBIA ® HL-B) is the probability of obtaining out-
come i, and after the measurement, the system reduces to state
Paji = (Ia @ IIPpagIa @ TTP) / p;. Then, the quantum discord
(here we make measurements on subsystem B) has the follow-
ing form:

D (AB) = S(pg) — S (pas) + {IP'IIBH} Y piS(pai). @

i i
Braga et al. gave another expression for the quantum

discord,!'*! which is equivalent to the one given in Ref. [3].
It is given by

Dy (AB) = minll (pan) ~1 (®®(pas))], 5)

k

where

@ (pag) = Y (IA@IT) pas (Ia ® ITY) ,
x

k=0,1. (6)

The quantum discord defined in Egs. (5) and (6) is based on a
one-side measurement.
The symmetrized version of QD (SQD) is defined by!!>!

Ds(AB)= min [I(pa) —1(®"*(pan))l, (D

{mAIE}

where

DB (pag) = D (pas)

B

=Y (TP @ IR) pag (1T @ ITY)
1k

1=0,1, k=0,1. (8)
The definition of 7 (®*B(pap)) is given by

1(2*®(paB)) = S(Pa(pan)) +S(Ps(pas))
—S5(2**(pas)) ©)

where @a(pap) = trg P*®(pag), Pa(paB) = tra®*P(pan),
and S(p) = —tr(plog, p) is the von Neumann entropy of den-
sity matrix p.

Because the mutual correlation 7(pag) can always be
evaluated in principle, we just focus on /(®®(pap)) and
1(P*B(pag)) in this paper.

3. The symmetric quantum discord for an arbi-
trary two-qubit state

As mentioned above, the symmetric quantum discord is
defined by Eq. (7), and I(pag) can always be evaluated in
principle. So we just focus on / (@*B). We know that an
arbitrary two-qubit state can be brought through local unitary
to the following form:

1
PaB = 4<I4x4+a'0'®12x2+12x2®b'0'

3
+ ) cm@cj), (10)
j=1
where @ and b are the Bloch vectors, which means |a| < 1 and
|b| <1, o; are the Pauli operators, ¢; € R, and I is the identity
matrix.

Any von Neumann measurement for parities A and B can
be written as

P =1 eI1g, (1)

where I = VAl)aa(llVY (1=0,1) and IIP =
Vi [k)gB(k|VE™ (k=0,1). Here |I), a(l| and |k)g g (k| are the
projection operators on subsystems A and B, respectively, Va
and Vp are the unitary matrices acting on the two subsystems,
respectively, and V, Vg € SU(2). So they can be expressed
as Vap) = tAB T +iy*®Blo, where tA®) € R is a real num-

ber, yA®) = (y?m),y?(B),y?(B)

Va(s) € SU(2), we have the following equation:
AB))? L (ABN L (LABN L (JAB)
(@) + )+ (2®) + (™) =1 a2

By using the computation method given by Luo,[”! we

) is a vector. For unitary

can obtain

/P (pas) = I @ TP pppIT @ T1
= ValDaa(llVA @ Vi |k)gs (k| Vg pVall) s
x A(llVA ® Vs |k)g B (k|V5

1
=" [DaalllVY @ Ve lk)g s (k[Vg
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3
X <I+a~a®I+I®b~a+chcj®oj>
j=1

Vil A GV & Vi [0 IV
- j(Hj_il((

o1 ')

Vall aalllVi ©Ve K)g o {KIVy

= 1(1+(71)1H1+(71)kHz+(—1)1(71)kH3)

l)lajz?—k (—l)kbjz]]3

4
ValDaalllVE @ Vs lk)g s (kIVy, (13)
where
Zﬁm:2<ﬁam muﬁyy¢m07
A = 2 (ABAE A AE)),
®) _ (,A®B))> ®))2 ®))2 ®))>
A= () (A) = () - (5
’zA(B)’ —1, (14)
3
H=az = =Y ¢33 5)
j=1
Then, we can obtain
"B = Y @ (p)
1k
1
= 5 I+ HMA@I+1@ HyMp + HsMy @ Mg), (16)
where
Ma = Val0)4 a(0[VY = Vall) o a(1|Vy,
Mg = Vg [1)ps(1[Vy — Ve |1)pB(1[Vy (17)

The eigenvalues of Eq. (16) are 2AB /4, where AB is the so-
lution of the following equation:

H} +H} +Hf -2 (H3H} + H3H3 + H{H3)
—2(H3 +H} +H3) (A —1)* = 8H H Hy (A — 1) + A*
— A3+ —4L+1=0 (18)
So we can obtain
A= —H,—H +1,
M =H,—H —H3;+1,
As=H;—H,—H;+1,
A =H| +H,+H;+1. (19)

With the eigenvalues of Eq. (16), we can give the analysis
formula of SQD for an arbitrary two-qubit state. By using the
result of Eq. (19), we can obtain the von Neumann entropy of
®AB_ which can be expressed as

5 (@"P) = i mogz(l )

(20)

The reduced density operators can be obtained by tracing over
one subsystem

1
) = trg (PP) = 5 (L+HMy),
1
Pp = tra (P4B) = 5(1+H2MB). (1)
As a result, the von Neumann entropies of @A and B are
given by
1+H 1+H
T R
2 2
(1—-Hy) (1-H)
- 2 10g2 2 )
1+H 1+H
S(@y) = - U)o, (12 11)
2 2
(1-H>) (1-H>)
— > log, > (22)

Finally, we can obtain the classical correlations of SQD as

I(DP) = S(Pa) +5 (D) — S (PP). (23)

Then we obtain the analysis formula of SQD for an ar-
bitrary two-qubit state since I (pap) can always be evaluated
in principle. However, it is difficult to perform the optimiza-
tion process of SQD for an arbitrary two-qubit state, so we
just consider four special states: (i) a; =0, b; # 0, ¢; # 0, (ii)
bj=0,a;#0,c;#0, (iii)) a; =0, b; = 0, ¢; # 0 (Maziero
has considered this case),!'* and (iv) a; =b; =0, j=1,2 and
cr=0,k=2,3.

(i) For aj =0, b; #0, c; # 0, we obtain the analytical
solution of Eq. (18) as

A = 1+ (Hy+Hs),

MP = 1+ (H, - H;). (24)

We want to find the maximal values of (<1>AB) . In this
case, I (@*B) has the properties 0 [I (®*P)]/d|H,| > 0 and
d [1(@*B)] /0 |Hz| > 0. However, |H| and |H3| are not in-
dependent of each other. For convenience, we further as-
sume ¢; = ¢y = ¢3 = c. In this situation, H, = b- 2B and

A _B

H; = cz” - 2° can approach the maximal values simultane-

ously, that is, max|H| = |b|, max|H3| = |c| when b- 2B = £ |b]|

and 2z - 2B = £1. So the classical correlation is given by
(1+op), (140
In (tIJAB) =1- 5 log, 5
(1—1o)), ~ (1—1b])
— > log, >
1 1+|b|+
+—(1 —i—|b|—|—c)log2M
4 4
1 (146 —c¢)
+ 5 (1+[b] —)logy 1=
1 (I—1b|+¢)
+ 5 (1= bl +¢)log, =
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1 (1-b[=¢)
— @

+ 4 (1= 16| =) log,

This result is the same as the classical correlation of quantum
discord.
(ii) For b; = 0, a; # 0, c; # 0, we obtain

lﬁg = 14+ (H +H;),
Ay = 1+ (H, —H3). (26)
The result is similar to that in case (i). We assume ¢} = ¢y =
c3 = ¢, the maximal values of |H;| and |H3| are |H;| = |a| and
|H3| = |c|. Then, we can obtain Iy, (@*P) . This result is also
the same as the classical correlation of quantum discord.
(iii) For a; = 0, b; = 0, ¢; # 0, we obtain
A = 1+H;,
A% = 1—H;. 27)

|H3| = ¢ =
max (|cq],]ea],|e3]) - In fact, in this case, the SQD and the

An optimization process can give that

QD have been studied by Maziero!!' and Luo,!”! respectively.
Their results agree with each other.

(iv) Fora; =b; =0, j=1,2, and ¢, = 0, k = 2,3, the
states are the X-real states, the quantum discords of these
states have been given in Ref. [8]. Here we investigate the
SQD. By numerical analysis, for 0.4 > a3 >0, 0.4 > b3 > 0,
1> ¢; > 0.2, we obtain the maximal values of / (®*P) when
A=z =25=28=0and ! =8 = 1. So the classical cor-
relation of SQD can be obtained, which is not the same as that
of QD. We will discuss this case in detail in Section 4.

We find that the SQD is equal to the QD in cases (i)—(iii).
In order to give the difference between the symmetric discord
and the quantum discord, we consider case (iv) and give its
optimization process.

4. The relationship between SQD and QD

Quantum discord and symmetric quantum discord have
the same mutual correlations, so we just pay attention to the
classical correlations. In this section, we will discuss the dif-
ference between SQD and QD. When a;,b;,c; # 0, it is diffi-
cult to give the optimization process of SQD. So we consider
the four cases above. Because we obtain Dg = Dq for cases
(1)—(iii), we will discuss case (iv) to show the difference. To
compare the symmetric discord with the quantum discord, we
give the difference as

Dy = Ds(AB) — D (AB)

(1(p) = In (@%7)) = (1 (P) = Im (@)
= In (P®) — I (*P). (28)

Here we consider the case witha; =b; =0, j=1,2; ¢ =0,
k=2,3;04>a3=a>0;04>b3=b>0;1>c;=c>0.2.

The quantum discord of these states has been given in Ref. [8].
We obtain the classical correlation of SQD in the following

equation:
1+¢ 1+4¢ 1-—c¢ 1—c
In (@*B) =2+ 5 log, Tt log, T (29)
Then, D, is given by
(14+a) (14a) (1—a) (1—a)
Dy = — 1 - 1
A 2 27 2 8
1++vVa?+c? 14++vVa*+c2
+ > log, )
1—+Va?+c? 1—+vVat+c?
+ log,
2 4
1+¢ l+¢c 1-—c¢ —c
— 5 logy — = — ——logy ——— 1, (30)

and plotted in Fig. 1 for c = 0.5 and ¢ = 0.9.

Fig. 1. (color online) The difference between SQD and QD
(DA ((,) = Ds —DQ), where ay =a; = bl = bz =Cy=C3= 0, asz =da,
b3 =b,c1 =c;and (a) c=0.5, (b) c=0.9.

We obtain Dy > 0, that is, Ds(AB) > D¢, (AB). We also
obtain dD, (¢)/dc > 0, which means Dy (¢) is a monotone in-
creasing function by considering ¢ as an independent variable
and b does not influence Dx. When a = 0, we obtain Dy (¢) =
0, then we have Ds (AB) = D (AB). We find that the classical
correlation obtained from the one-side measurement is greater
than that obtained from the two-side measurement. Because
symmetric quantum discord and quantum discord have the
same mutual correlations, we can obtain Ds(AB) > D¢, (AB).
Non-selective von Neumann measurements can destroy quan-
tum correlations, so we have Ds(AB) > Dy (AB). Our calcu-
lations support this result.
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We also give the difference between the symmetric quan-
tum discord and the average of the right quantum discord and
the left quantum discord as
D§ (AB)+Dg (AB)

Dia = Ds(AB) — —2 > <
= (1(p) = Im (@"7))

(I(p) ~ I (P°)) + (I(P) — I (%))
2

B A
@)@
where D (AB) is the right quantum discord and Dy’ (AB) is
the left quantum discord. The D, is plotted in Fig. 2. As
we know, when a = b, we can obtain D, (AB) = Dy (AB).
We have Ds(AB) > Dg (AB) = Dy (AB) when a = b # 0.
This means that even the right quantum discord is equal to the

left one, the symmetric quantum discord can be unequal to the
quantum discord.

Fig. 2. (color online) The difference between the symmetric quan-
tum discord and the average of the right quantum discord and the left
quantum discord (D1s = Ds(AB) — (D§ (AB) + D (AB))/2), where
ai=ay=by=by=cy=c3=0,a3=a,b3=b,ci =c=0.8.

5. Discussion and conclusion

In this paper, we discussed the symmetric quantum dis-
cord for an arbitrary two-qubit state and obtained the analysis

formula of SQD for an arbitrary two-qubit state. However,
it is difficult to give the optimization process of SQD for an
arbitrary two-qubit state, so we just considered some special
states: (i)a; =0,b;#0,c; #0, (1) b; =0,a; #0, c; # 0, (iii)
aj=0,b;=0,c; # 0 (Maziero has considered the case),l13J
and (iv) a; =b; =0, j=1,2 and ¢ = 0, k = 2,3. Maziero
has investigated case (iii). To our knowledge, the other three
cases have not been considered. For the four special states, we
found the optimization process and gave the classical correla-
tion I, (@*P) for the symmetric quantum discord. As a result,
we obtained Ds(AB) = D, (AB) for some states in cases (i)-
(iii). We found that the symmetric quantum discord is greater
than the quantum discord in case (iv). We also observed that
the symmetric quantum discord can be unequal to the quan-
tum discord when the right quantum discord is equal to the
left quantum discord.
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