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Optimal 1→𝑀 phase-covariant cloning in three dimensions∗
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In this paper, we derive the explicit transformations of the optimal 1→ 3, 4, 5 phase-covariant cloning in three
dimensions, and then generalize them to the cases of 1→ M = 3n, 3n+ 1, 3n+ 2 (n ≥ 1 integer) cloning. The clone
fidelities are coincident with the theoretical bounds found.
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1. Introduction
The no-cloning theorem[1] states that any quantum state

can not be cloned perfectly, and is the basis of the security of
quantum cryptography.[2] Perfect copies are forbidden, how-
ever imperfect clones can be allowed. Therefore, a question
arises: how well do the clones resemble the original states?
This problem was first investigated in a seminal paper.[3] Since
then, a vast of number of researches have been focused on
quantum cloning (see Ref. [4] for a review and the references
therein). In quantum cloning theory, there are many differ-
ent cloning machines. To clone a completely unknown quan-
tum state, the simplest case is to clone a pure input quantum
state in the form of |Ψ〉(in) = ∑

d−1
i=0 αi e iϕi |i〉, where αi ≥ 0

satisfying ∑
d−1
i=0 α2

i = 1 and ϕi ∈ [0,2π) are all unknown. If
the copy fidelity is maximal and independent of the ampli-
tudes and phase factors of the input state |Ψ〉(in), the cloner is
the so-called optimal universal quantum cloner (UQC).[3,5–9]

To clone the input state |Φ〉(in) = d−1/2
∑

d−1
i=0 e iϕi |i〉 without

knowing ϕi ∈ [0,2π), the cloner is the optimal phase-covariant
cloner (PCC).[10–16] Quantum cloning has an intimate relation
to the state estimation,[17–20] and PCC has an important appli-
cation in quantum cryptography.[2] Recently, these two clon-
ers have been realized in experiments.[21–25] There are other
cloners, such as entanglement state cloning[26,27] and orthog-
onal qubits cloning.[28,29] Many schemes for the realization of
different cloning machines have been proposed.[30–34] Quan-
tum cloning has more applications in quantum information
science.[35–38]

In this paper, we start with some unitary transformations
to derive the explicit transformations of the optimal 1→ 3,4,5
PPC in three dimensions, and then generalize to the cases of
1→M = 3n, 3n+1, 3n+2 PPC. In Ref. [13], the authors de-

rived the theoretical copy fidelities of the optimal 1→M = 3n,
3n+1, 3n+2 PCC for qutrits with n ≥ 1 being integer, how-
ever, they did not determine the explicit transformations. In
our derivations, we determine the cloning coefficients and cal-
culate the cloning fidelities. The fidelities obtained are coin-
cident with the previous contributions.[13] With explicit trans-
formation, one can realize PPC in experiments.

The paper is organized as follows. In Section 2, we briefly
review some previous results of UQC and PCC. Then in Sec-
tion 3, we present the explicit transformations of the optimal
1→ M = 3n, 3n+ 1, 3n+ 2 PCC of qutrits, as well as the
maximal fidelities. The paper ends with a summary.

2. Previous contributions
If one wants to clone an input state |ψ〉(in)1 = α|0〉1 +

β |1〉1, where α and β are unknown complex numbers satisfy-
ing |α|2+ |β |2 = 1, the optimal 1→ 2 UQC in two dimensions
(qubits) is defined by[7]

|0〉1|00〉2,a→
√

2/3|000〉1,2,a +
√

1/6(|01〉+ |10〉)1,2|1〉a,
|1〉1|00〉2,a→

√
2/3|111〉1,2,a +

√
1/6(|10〉+ |01〉)1,2|0〉a,

(1)

where the state |0〉2 is the blank state, and |0〉a is the ancillary
system. For all transformations acting on the initial input sys-
tem U |ψ〉(in)1 |00〉2,a = |ψ〉(out)

1,2,a , the UQC given by Eq. (1) is
optimal and symmetric. The UQC is qualified by the fidelity
defined as F(UQC)

1(2) = (in)
1〈ψ|ρ(out)

1(2) |ψ〉
(in)
1 , where ρ

(out)
1(2) denotes

the reduced density of clone 1 (2) by taking the partial trace
over particles 2 and a (1 and a). The fidelity of each clone,
F(UQC)

1→2 (2) = 5/6, is maximal and independent of the coeffi-
cients of the input state, α and β , and hence the cloning ma-
chine is universal. The UQC has been generalized to N →M
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in two dimensions,[5] and to 1→ 2 in d dimensions,[7] as well
as to the asymmetric case.[8]

To clone an input state |φ1〉(in)1 = (|0〉+ e iϕ |1〉)1/
√

2,
where the angle ϕ ∈ [0,2π) is unknown, the optimal 1→ 2
PCC in two dimensions (qubits) is defined as[10]

|0〉1|00〉2,a→
√

1/2|000〉1,2,a +1/2(|01〉+ |10〉)1,2|1〉a,
|1〉1|00〉2,a→

√
1/2|111〉1,2,a +1/2(|10〉+ |01〉)1,2|0〉a.

(2)

The copy fidelity, F(PPC)
1→2 (2) = 1/2+ 1/(2

√
2) > F(UQC)

1→2 (2),
is maximal and independent of the phase factor ϕ . The
PCC can be regarded as an efficient eavesdropping to the
BB84 protocol.[39] The PPC was generalized to 1→M in two
dimensions[11] and to 1→ 2 in d dimensions.[12]

In Ref. [13], the authors investigated the optimal 1 →
M PCC for qubits and qutrits, and derived the optimal fi-
delities. In two dimensions, the optimal fidelity is coin-
cident with that in Ref. [11], which proves the optimality
of the transformation.[11] In three dimensions (qutrits), the
authors[13] also derived the formulation of the fidelity of the
optimal 1→M = 3n, 3n+1, 3n+2 PCC of qutrits

Fν1,ν2 =
1
9
[(rν1,ν2

0 )2 +(rν1,ν2
1 )2 +(rν1,ν2

2 )2

+ 2rν1,ν2
0 rν1,ν2

1 ΛM(M−ν1−ν2,ν1)

+ 2rν1,ν2
0 rν1,ν2

2 ΛM(M−ν1−ν2,ν2)

+ 2rν1,ν2
1 rν1,ν2

2 ΛM(ν1 +ν2,ν2)], (3)

where the notations involved in Eq. (3) can be referred to
in Ref. [13]. By inserting the explicit parameters given in
Ref. [13] into Eq. (3), the optimal fidelities can be explicitly
expressed as

F(PPC)
1→M=3n(3) =

1+7n+
√
(1+n)(1+9n)
18n

, (4)

F(PPC)
1→M=3n+1(3) =

1
3

(
1+

2n+2
3n+1

)
, (5)

F(PPC)
1→M=3n+2(3) =

5+7n+
√

(1+n)(17+9n)
18n+12

. (6)

Quantum cloning has an intimate relation to the state
estimation.[17–20] Werner derived the fidelity of the optimal
N→M UQC for qudits as[6]

F(UQC)
N→M (d) =

M−N +N(M+d)
M(N +d)

,

the estimation of the state |Ψ〉(in) = ∑
d−1
i=0 αi e iϕi |i〉 was given

as[17]

F(UQC)
N,est (d) =

N +1
N +d

≥ F(UQC)
N→M (d),

where the equality holds as M→ ∞. For the PPC, the estima-
tion of the state |Φ〉(in) = d−1/2

∑
d−1
i=0 e iϕi |i〉 was given as[18]

F(PPC)
1,est (d) =

2d−1
d2 .

For qutrits, from Eqs. (4)–(6), one can obtain

F(PPC)
1,est (3) = 5/9 = F(PPC)

1→M=3n,3n+1,3n+2(3)
∣∣∣
n→∞

> F(UQC)
1,est (3) = 1/2. (7)

To date, the explicit transformation of the PCC of qutrits has
not been presented. In the next section, we will derive the ex-
plicit transformation of the optimal 1→M = 3n, 3n+1, 3n+2
PCC of qutrits, where the fidelities are expressed as Eqs. (4)–
(6).

3. Optimal phase-covariant cloning of qutrits
In order to clone an input state in the form of |φ2〉 =

(e iϕ0 |0〉+ e iϕ1 |1〉+ e iϕ2 |2〉)/
√

3 without knowing ϕ0, ϕ1,
ϕ2 ∈ [0,2π), we first consider the formulation of the maxi-
mal fidelity. For the input state |Φ〉(in), if the reduced density
matrix ρ = (A)i j of a clone is Ai j = ai j e i(ϕi−ϕ j), the fidelity is
easily calculated as

F(PPC)
N→M (d) = (in)〈Φ |ρ|Φ〉(in) = 1

d

d−1

∑
i, j=0

ai j.

We use unitary transformations so the mapping is a completely
positive trace-preserving one, i.e., ∑

d−1
i=0 aii = 1. Therefore, in

the case of ai j = akl (i, j,k, l = 0,1, . . . ,d−1), the fidelity can
be explicitly expressed as

F(PPC)
N→M (d) =

1
d
[1+d(d−1)ai j].

This is to say that the higher the valves of the off-diagonal
elements of ρ = (A)i j are, the higher the fidelity is. In three
dimensions, as N = 1, the formulation of the fidelity is reduced
to

F(PPC)
1→M (3) =

1
3
(1+6ai j). (8)

In the following, we will construct some explicit unitary trans-
formations, which should produce more items ai j in order to
enhance the values of the off-diagonal elements.

3.1. Optimal 1→M = 3n PPC

For the 1→ 3 PCC, according to the symmetry, we can
write the most general transformation as

|i〉 → a1|(iii)〉|Riii〉+a2|(ii j)〉|Rii j〉+a3|(i j j)〉|Ri j j〉, (9)

where i, j,k = 0,1,2 (i 6= j 6= k). In Eq. (9), the first three
particles |(· · ·)〉 are the three clones, and the fourth |R···〉 is
the ancilla. The state |(ii j)〉 denotes a completely symmet-
ric state with two particles in the computational state |i〉 and
one in | j〉, for example, |(001)〉 = |001〉+ |010〉+ |100〉. The
cloning coefficients must satisfy the normalization condition
a2

1 + 6a2
2 + 6a2

3 + 6a2
4 = 1. In order to determine the explicit

070304-2



Chin. Phys. B Vol. 23, No. 7 (2014) 070304

transformation, the first step is to determine the form of the
ancilla, and the second is to calculate the fidelity F = f (al)

as a function of the coefficients al (l = 1,2,3,4). The third
is to maximize the fidelity under the normalization condition.
Among the three steps, the first is crucial. If the choice of the
form of the ancilla is not suitable, the items to produce the off-
diagonal elements are not many, and thus the fidelity can not
reach maximal. For simplicity and to avoid tedious calcula-
tions, we present some inclusive calculations.

For the 1→ 3 PCC, we consider the following unitary
transformation:

|0〉 → x1[(|001〉+ |010〉+ |100〉)|1〉a
+ (|002〉+ |020〉+ |200〉)|2〉a]
+ y1(|012〉+ |021〉+ |102〉+ |120〉
+ |201〉+ |210〉)|0〉a,

|1〉 → x1[(|110〉+ |101〉+ |011〉)|1〉a
+ (|112〉+ |121〉+ |211〉)|0〉a]
+ y1(|102〉+ |120〉+ |012〉
+ |021〉+ |201〉+ |210〉)|2〉a,

|2〉 → x1[(|220〉+ |202〉+ |022〉)|2〉a
+ (|221〉+ |212〉+ |122〉)|0〉a]
+ y1(|201〉+ |210〉+ |012〉
+ |021〉+ |102〉+ |120〉)|1〉a, (10)

where the first three particles in the right-hand side of Eq. (10)
are the clones and the fourth is an ancilla. Equation (10) can
also be rewritten in a compact form as

|i〉 → x1

2

∑
j=0
i6= j

|(ii j)〉|i⊕ j〉a + y1|(i jk)〉| j⊕ k〉a, (11)

where j⊕k in the ancilla state | j⊕ k〉modulo 3. In the follow-
ing, we set i, j,k = 0,1,2 and i 6= j 6= k.

Let us briefly explain the choice of the unitary trans-
formation given by Eq. (10). Mathematically, a complete
transformation should conclude the item a1|(iii)〉|Riii〉a =

a1|iii〉|Riii〉a = a1|i〉|ii〉|Riii〉a. However, no matter what the
form |Riii〉a of the ancilla is, after tracing out the common
reducible state |ii〉|Riii〉a, the reduced matrix of the state
a1|(iii)〉|Riii〉a only contains the diagonal elements, which
has no contributions to the clone fidelity. On the other
hand, the existence of the coefficient a1 will inevitably de-
crease the values of x1 and y1 due to the normalization con-
dition. So we have to choose the form of the clones as
|(ii j)〉 and |(i jk)〉. Therefore, not selecting the states |(iii)〉
is not an important step. For the first step to produce more
off-diagonal elements, the valid form of the output state is
(ae iφ0 |0〉+be iφ1 |1〉+ ce iφ2 |2〉)|··〉|R〉a, where the common
reducible state |··〉|R〉a of three particles, two clones and one

ancilla can be reduced. In our choice of the form of the ancilla,
the number of reducible states is the largest.

We next calculate the clone fidelity. The state |(ii j)〉 con-
tains two states |i〉, one state | j〉, and zero state |k〉. The num-
bers of the basis in states |(ii j)〉 and |(i jk)〉 are easily calcu-
lated as Nx1 [ii j] = C2

3C1
1C0

0 = Cn+1
3n Cn

2n−1Cn−1
n−1 = 3, Ny1 [i jk] =

C1
3C1

2C1
1 =Cn

3nCn
2nCn

n = 6, for n = 1, where

Cn
m =

m!
(m−n)!n!

.

Thus, the normalization condition is

6x2
1 +6y2

1 = 1 or 2Nx1x2
1 +Ny1y2

1 = 1. (12)

With the help of Eq. (10), we can obtain the reduced density
matrix (A)i j of each clone; so it is sufficient to calculate the fi-
delity of the first particle. Furthermore, due to the symmetry of
Eq. (11), that is, the distributing basis, |(ii j)〉 and |(i jk)〉, and
the corresponding coefficients, x1 and y1, are symmetric, the
modules of the off-diagonal elements are equal, i.e., ai j = akl .
Therefore, it is sufficient to calculate one off-diagonal element.
The off-diagonal element a01 is calculated as follows. For the
parameter x1, two computational bases x1|0〉(|01〉+ |10〉)|1〉a
with respect to x1〈1|(〈01|+ 〈10|)〈1|a can contribute to a01, in-
cluding the item 2x2

1; two states x1 e iϕ0 |0〉(|02〉+ |20〉)|2〉a
with respect to y1 e−iϕ1〈1|(〈02|+ 〈20|)〈2|a and two
states y1 e iϕ0 |0〉(|12〉+ |21〉)|0〉a with respect to
x1 e−iϕ1〈1|(〈12|+ 〈21|)〈0|a can contribute to a01, includ-
ing the item 4x1y1 e i(ϕ0−ϕ1). So we can obtain A01 =

a01 e i(ϕ0−ϕ1) = (2x2
1 +4x1y1)e i(ϕ0−ϕ1)/3, where 1/3 and

e i(ϕ0−ϕ1) are introduced by the amplitude 1/
√

3 and the phase
factors ϕ0, ϕ1 of the input state, respectively. The number of
the state |(ii j)〉 contributing to the off-diagonal elements is

Noff[x2
1] = Noff[i j] =C1

2C1
1C0

0 =Cn
3n−1Cn

2n−1Cn−1
n−1 = 2,

and the number of the state |(i jk)〉 is

Noff[x1y1] = Noff[i j]+Noff[ jk]

= 2C1
2C1

1C0
0 = 2Cn

3n−1Cn
2n−1Cn−1

n−1 = 4 for n = 1.

Thus, the reduced density matrix, (A)i j, of each clone can be
expressed as

Ai j =
1
3
(2x2

1 +4x1y1)e i(ϕi−ϕ j)

or

ai j =
x2

1Noff[x2
1]+ x1y1Noff[x1y1]

3
. (13)

According to Eq. (8), the fidelity can be obtained as

f (PPC)
1→3 (3) =

1
3
[1+2(x2

1Noff[x2
1]+ x1y1Noff[x1y1])]. (14)

We want to obtain the maximal fidelity given by Eq. (14) un-
der the normalization condition given by Eq. (12). After some
algebras, we determine the cloning coefficients as

x1 =
1
2

√
1

15
(5+
√

5), y1 =
1
2

√
1

15
(5−
√

5). (15)
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The fidelity is then given by

F(PPC)
1→3 (3) =

1
9
(4+
√

5), (16)

which is covered by Eq. (4).
We generalize Eq. (11) to the 1→M = 3n case, the trans-

formation is defined as

|i〉 → X1

2

∑
j=0
j 6=i

|(ii j(012)⊗(n−1))〉|i⊕ j〉

+ Y1

2

∑
j,k=0

i 6= j 6=k

|(i jk(012)⊗(n−1))〉| j⊕ k〉, (17)

where the notation (012)⊗(n−1) denotes

012, · · · ,012︸ ︷︷ ︸
3(n−1)

. The

numbers of the states in Eq. (17) are

NX1 [ii j(012)⊗(n−1)] =Cn+1
3n Cn

2n−1Cn−1
n−1 ,

NY1 [i jk(012)⊗(n−1)] =Cn
3nCn

2nCn
n ,

Noff[X2
1 ] = Noff[(i j(012)⊗(n−1))] =Cn

3n−1Cn
2n−1Cn−1

n−1 ,

Noff[X1Y1] = Noff[(i j(012)⊗(n−1))]+Noff[( jk(012)⊗(n−1))]

= 2Cn
3n−1Cn

2n−1Cn−1
n−1 . (18)

Similar to Eqs. (12) and (14), the normalization condition and
the fidelity are obtained as

2NX1X2
1 +NY1Y 2

1 = 1, (19)

f (PPC)
1→M=3n(3) =

1
3
[1+2(X2

1 Noff[X2
1 ]+X1Y1Noff[X1Y1])]. (20)

When the cloning coefficients are

X1 =
1

2
√

NX1

√
1+

√
1+n

1+9n
,

Y1 =
(
√

1+9n−
√

1+n)
√

1+9n+
√
(1+n)(1+9n)

4
√

n(1+9n)
√

NY1

, (21)

the fidelity given by Eq. (4) is optimal.

3.2. Optimal 1→M = 3n+1 PPC

In the 1→ 4 case, the PPC is economical,[13,14] which
works without an ancilla. We define the following transforma-
tion:

|0〉 → 1√
12

(|0012〉+ |0021〉+ |0120〉+ |0102〉+ |0210〉

+ |0201〉+ |1002〉+ |1020〉+ |1200〉+ |2001〉
+ |2010〉+ |2100〉),

|1〉 → 1√
12

(|1012〉+ |1021〉+ |1120〉+ |1102〉+ |1210〉

+ |1201〉+ |0112〉+ |0121〉+ |0211〉+ |2110〉
+ |2101〉+ |2011〉),

|2〉 → 1√
12

(|2012〉+ |2021〉+ |2120〉+ |2102〉+ |2210〉

+ |2201〉+ |0212〉+ |0122〉+ |0221〉+ |1202〉
+ |1220〉+ |1022〉), (22)

or in a compact form

|i〉 → x2|(i012)〉. (23)

The number of the basis in the state |(i012)〉 is Nx2 [i012] =
C2

4C1
2C1

1 = 12, so the normalization condition is

Nx2x2
2 = 1⇒ x2

2 = 1/12. (24)

The number of the items to produce the off-diagonal elements
is Noff[x2

2] = Noff[012] =C1
3C1

2C1
1 = 6, and thus the fidelity can

be directly calculated as

F(PPC)
1→4 (3) =

1
3
(1+2x2

2Noff[x2
2]) =

2
3
, (25)

which is covered by Eq. (5). In the 1→M = 3n+1 case, the
transformation directly takes the form

|i〉 → X2|(i(012)⊗n)〉. (26)

For the state |(i(012)⊗n)〉, we have

NX2 [i(012)⊗n] =Cn+1
3n+1Cn

2nCn
n , NX2X2

2 = 1,

Noff[X2
2 ] = Noff[(012)⊗n] =Cn

3nCn
2nCn

n . (27)

The fidelity reads

F(PPC)
1→M=3n+1(3) =

1
3
(1+2X2

2 Noff[X2
2 ])

=
1
3

(
1+

2n+2
3n+1

)
, (28)

which is given by Eq. (5).

3.3. Optimal 1→M = 3n+2 PPC

The optimal 1→ 5 PCC transformation is defined as

|0〉 → x2[|(01012)〉|1〉+ |(02012)〉|2〉a]+ y2|(00012)〉|0〉a,
|1〉 → x2[|(10012)〉|0〉+ |(12012)〉|2〉a]+ y2|(11012)〉|1〉a,
|2〉 → x2[|(21012)〉|1〉+ |(20012)〉|0〉a]+ y2|(22012)〉|2〉a.

(29)

It can be rewritten as

|i〉 → x3

2

∑
j=0
j 6=i

|(i j012)〉| j〉a + y3|(ii012)〉|i〉a. (30)

Note that equation (30) has a formulation similar to that of
Eq. (11), so the formulations of the normalization condition
and the fidelity are the same as the 1→ 3n PPC. The constants
needed are calculated as follows:

Nx3 [i j(012)] =C2
5C2

3C1
1 , Ny3 [ii(012)] =C3

5C1
2C1

1 ,

070304-4
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Noff[x2
3] = Noff[i(012)] =C2

4C1
2C1

1 ,

Noff[x3y3] = Noff[ j(012)]+Noff[i(012)] = 2C2
4C1

2C1
1 . (31)

The normalization condition and the fidelity are

60x2
2 +20y2

2 = 1 or 2Nx3y2
3 +Ny3x2

3 = 1, (32)

f (PPC)
1→5 (3) =

1
3
[1+2(x2

3Noff[x2
3]+ x3y3Noff[x3y3])]

=
1
3
[1+2(12x2

3 +24x3y3)]. (33)

The cloning coefficients are determined as

x2 =
1√
120

√
1+

1√
13

, y2 =
1√
40

√
1− 1√

13
. (34)

The fidelity then is

F(PPC)
1→5 (3) =

1
15

(6+
√

13), (35)

which is covered by Eq. (6). From Eq. (30), the transformation
of the 1→M = 3n+2 PPC can be generalized as

|i〉 → X3

2

∑
j=0
j 6=i

|(i j(012)⊗n)〉| j〉a +Y3|(ii(012)⊗n)〉|i〉a. (36)

The constants needed are calculated as follows:

NX3 [(i j(012)⊗n)] =Cn+1
3n+2Cn+1

2n+1Cn
n ,

NY3 [(ii(012)⊗n)] =Cn+2
3n+2Cn

2nCn
n ,

Noff[X3
3 ] = N(3n+2)

off [(i(012)⊗n)] =Cn+1
3n+1Cn

2nCn
n ,

Noff[X3Y3] = N(3n+2)
off [(i(012)⊗n)]+N(3n+2)

off [( j(012)⊗n)]

= 2Cn+1
3n+1Cn

2nCn
n . (37)

Similar to Eqs. (32) and (33), the normalization condition and
the fidelity are obtained as

2N(3n+2)
X3

X2
3 +N(3n+2)

Y3
Y 2

3 = 1,

f (PPC)
1→M=3n+2(3) =

1
3
[1+2(X2

3 Noff[X2
3 ]+X3Y3Noff[X3Y3])]. (38)

The fidelity is optimal as given by Eq. (6) when the cloning
coefficients are

X3 =
1

2
√

NX3

√
1+

1+n√
(1+n)(17+9n)

,

Y3 = [
√

(1+n)(17+9n)−1−n]

×
√

17+9n+
√
(1+n)(17+9n)

× [4
√

NY3

√
(17+9n)(1+n)(2+n)]−1. (39)

We here present the explicit transformation of the optimal
1→M = 3n, 3n+1, 3n+2 PPC for qutrits. We do not give the
proof of the optimality, since it has been given in a previous
contribution.[13]

4. Conclusion
In summary, we have started with the explicit transfor-

mations of the optimal 1→ 3,4,5 PPC for qutrits, and then
generalized the PPC to the 1→M = 3n, 3n+ 1, 3n+ 2 case.
The fidelities are coincident with the previous results.
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