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Global entanglement in ground state of {Cu3} single-molecular
magnet with magnetic field*
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We investigate global entanglement in the ground state of single-molecular magnet Na9[Cu3Na3(H2O)9(α-
AsW9O33)2]·26H2O with an external magnetic field. The concurrence, tangle, and measure function Q, which characterize
the pairwise entanglement, 3-party entanglement and total entanglement, respectively, are calculated numerically at zero
temperature. The results show that the magnitude and direction of the applied magnetic field play a significant role in
the properties of three kinds of entanglement measures. We give a physical interpretation of the variation of the global
entanglement with the magnetic field. Finally, the phase diagram of the global entanglement characterized by the critical
magnetic fields is presented.
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1. Introduction
Entanglement is a fundamental feature of the quantum

mechanics. In recent years, entanglement has been regarded
as a potential valuable resource for quantum information and
quantum computing processing, which has attracted much at-
tention from both theoretical and experimental aspects. The
3-qubit entanglement states have shown their superiority over
the 2-qubit states in quantum teleportation,[1] dense coding[2]

and quantum cloning.[3] There are different inequivalent en-
tanglement classes not only under deterministic local op-
erations and classical communication, but even under their
stochastic analog.[4,5] Many criteria have been proposed to
distinguish separable from entangled pure states for the 3-
qubit system. Coffman et al.[6] introduced the concept of the
residual entanglement to represent the genuine 3-party entan-
glement derived from an inequality. Meyer et al.[7] firstly
defined a polynomial measure that not only can be applied
to tripartite but also to multipartite entanglement consisting
of spin-1/2 particles. Later Brennen[8] rewrote the polyno-
mial measure in another form which characterizes the total of
contributions from various kinds of entanglement. Rungta et
al.[9] proposed the so-called i-concurrence that exhibits the
entanglement property between the subsystem of i-th qubit
and other qubits. Up to now, the properties of quantum en-
tanglement in different qubit systems have been investigated
extensively.[10–19]

It is significant to find a kind of practical material for the
implementation of quantum information and quantum com-
puting. Nanoscale molecular magnets have attracted con-

siderable attention due to their novel quantum effects.[20–26]

Furthermore, single-molecular magnets are viewed as a
promising candidate for realizing encoding and manipula-
tion of quantum information.[27–32] Among the different fam-
ilies of single-molecular magnets, Na9[Cu3Na3(H2O)9(α-
AsW9O33)2]·26H2O (hereafter abbreviated as {Cu3}) has
also attracted much research interest recently. {Cu3} has a
sandwich-type structure with D3h symmetry.[33] The central
belt, separated by two [α-AsW9O33)2]9− subunits, consists of
three CuO4(H2O) square pyramids linked by Na+ ions.[23] In
the unit cell, there are two triangular rings of Cu2+ ions. Static
susceptibility suggests that Cu2+ ions are antiferromagneti-
cally coupled.[22] Choi et al.[23] observed the half step magne-
tization in {Cu3}. Stowe et al.[24] reported its high-frequency
electron paramagnetic resonance spectroscopy. Moreover, it
is a perfect material performing as a quantum logical gate for
its effective two-level behavior.[34] {Cu3} can be viewed as a
triangular spin-1/2 ring (i.e., a 3-qubit system) in which every
Cu2+ ion is equivalent to a qubit. The structure of the {Cu3}-
type triangular spin ring is actually an isosceles triangle. The
distances between the neighbor Cu2+ ions are d12 = 4.689 Å
and d23 = d13 = 4.696 Å, respectively.[23] Hou et al.[35] stud-
ied the thermal entanglement in a {Cu3}-type molecular spin
ring, however, the molecule was merely considered as an ideal
model. Recently, Li et al.[36] investigated the pairwise ther-
mal entanglement in {Cu3} with an external magnetic field
by using the realistic material parameters. On the other hand,
further research of the global entanglement in {Cu3} at zero
temperature is required.
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In this paper, we will give a theoretical analysis on the
properties of global entanglement in the ground state of {Cu3}
with an external magnetic field. The concurrence, tangle, and
measure function Q, which characterize the pairwise entangle-
ment, 3-party entanglement and total entanglement, respec-
tively, are calculated numerically at zero temperature when
the magnetic field is applied in different directions. We also
present the phase diagram of global entanglement character-
ized by the critical magnetic fields.

2. Model and method
The effective spin Hamiltonian of {Cu3}-type triangu-

lar spin ring with external magnetic field can be written as
follows:[23]

ℋ =
3

∑
l=1

∑
α=x,y,z

Jα
ll+1𝑆l ·𝑆l+1 +

3

∑
l=1

𝐷ll+1 · [𝑆l ×𝑆l+1]

+µB

3

∑
l=1

𝑆l · 𝑔̃ll+1 ·𝐻l , (1)

with the exchange coupling constant J, the magnetic field
vector 𝐻 , the spin operator 𝑆, the Bohr magnetron µB,
the Landé g-factor tensor 𝑔̃ and the Dzyaloshinkii–Moriya
(DM) vector 𝐷. Choi et al.[23] reported the fitting val-
ues for all the parameters of the effective spin Hamilto-
nian (1) through an electronic spin resonance (ESR) exper-
iment, magnetization measurements and symmetry analysis
of the system, J is given by the magnetization measure-
ment, Jx,y

12 = 4.50 K, Jz
12 = 4.56 K, Jx,y

23 = Jx,y
31 = 4.03 K

and Jz
23 = Jz

31 = 4.06 K,
∼
𝑔 is determined by the ESR exper-

iment, gx,y
11 = 2.25, gx,y

22 = 2.10, gx,y
33 = 2.40, and gz

ii = 2.06
(i = 1,2,3). A fitting to the angular dependence of the reso-
nance fields demonstrates Dx,y

12 = Dz
ii+1 = 0.53 K (i = 1,2,3).

The in-plane component of the DM vectors obeys approxi-
mately C3 symmetry:[23] (Dx

23,D
y
23) =ℛ(2π/3)× (Dx

12,D
y
12)

and (Dx
31,D

y
31) =ℛ(4π/3)× (Dx

12,D
y
12), where ℛ(θ) denotes

a rotation of the triangle by θ .
The measure function Q for the pure state of a multipar-

tite was firstly put forward by Meyer and Wallach,[7] and was
later presented in the following form by Brennen[8]

Q(|ψ⟩) = 1
N

N

∑
i=1

IC2
i , (2)

where ICi is the so-called i-concurrence that is related to
the reduced density matrix ρi for the subsystem i. The i-
concurrence is given by[9]

ICi =
√

2[1−Tr(ρ2
i )]. (3)

For the special case of a 3-qubit system, Coffman et al.[6] in-
troduced the tangle, also called the residual entanglement. The

tangle is defined as

τ = IC2
1 −C2

12 −C2
13 = IC2

2 −C2
12 −C2

23

= IC2
3 −C2

13 −C2
23, (4)

where Ci j is the concurrence of the i-th and j-th qubits and can
be denoted by[37,38]

Ci j = max{λ1 −λ2 −λ3 −λ4,0}, (5)

where {λ1,λ2,λ3,λ4} are the square roots of the eigenvalues
of operator Ri j arranged in descending order, and the operator
Ri j can be written as

Ri j = ρi j(σ
y
i ⊗σ

y
j )ρ

*
i j(σ

y
i ⊗σ

y
j ), (6)

where ρi j is the reduced density matrix of the pair compris-
ing of i-th and j-th qubits, and σ

y
i refers to the y-component

of the Pauli matrix. It is seen that Q is the sum of squared
concurrences plus tangle for tripartite

Q =
2
3
(C2

12 +C2
23 +C2

13)+ τ. (7)

The total entanglement measured by Q consists of different en-
tanglement contributions, i.e., the pairwise entanglement mea-
sured by the concurrence and the 3-party entanglement mea-
sured by the tangle.[39] Noted that each measure emphasizes a
specific feature of entanglement in a many-body system.

3. Results and discussion
In principle, the problem of 3-qubit spin models can be

solved analytically. However, due to the anisotropy of the
magnetic parameters of the {Cu3}-type triangular spin ring
considered in this paper, the analytical expressions of eigen-
functions and the corresponding eigenvalues of the effective
spin Hamiltonian (1) are too complex to be compactly given.
Thus in order to obtain explicit physical results, we resort
to a numerical calculation method based on the material pa-
rameters of the {Cu3} single-molecular magnet given above.
First, we obtain the eigenvalues and eigenfunctions of the
{Cu3}-type triangular spin ring by numerical diagonalization
of Hamiltonian (1). Then, according to the standard process
given in the references to calculate numerically the concur-
rence Ci j, the tangle τ and the measure function Q at zero tem-
perature when the magnetic field is applied in different direc-
tions. Energy level diagrams of the Hamiltonian (1) are shown
in Fig. 1. At zero field, the upper four levels refer to ST = 3/2
states and the lower four refer to ST = 1/2 states.[23] We con-
sider the ground state of the system. The eigenenergy of the
ground state is presented as E0 in Fig. 1, and the corresponding
eigenfunction is written as |ψ0⟩= ∑

qi∈{0,1}
αq1q2q3 |q1q2q3⟩.

The case that an applied magnetic field is along the Z
axis (i.e., H ⊥ the plane comprising the three copper ions)
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is considered first. The dependence of Ci j, τ , and Q in the

ground state of {Cu3} on the magnetic field Hz are plotted

in Fig. 2. When the magnetic field is absent, C12 = 0.813,

C23 = C13 = 0.543, τ = 0, and Q = 0.834, respectively. Nu-

merical results show that when |Hz| is changed from zero, Ci j

and Q are almost unchanged, that is, an approximate plateau

occurs at the low field. With increasing the magnitude of mag-

netic field Hz, they monotonically decrease to zero. Moreover,

C23 and C13 are strictly equal. Actually, the exchange cou-

pling constants between site 2 and site 3 have the same values

as those between site 1 and site 3 due to the isosceles-triangle

structure of the spin ring. Interestingly, it is noted that the 3-

party entanglement measured by τ vanishes. Thus, in this case

only the pairwise entanglement contributes to the total entan-

glement.
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Fig. 1. (color online) The dependence of energy levels for the Hamiltonian
(1) on an applied magnetic field. (a) The applied magnetic field along the Z
axis (i.e., perpendicular to the plane comprising the three copper ions); (b)
the applied magnetic field along the X axis (i.e., parallel to the plane).
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Fig. 2. Ci j , τ and Q in the ground state of {Cu3} versus the magnetic field
along the Z axis. (a) C12; (b) C23; (c) C13; (d) Q (the solid line) and τ (van-
ishes).

The properties of entanglement mentioned above origi-
nate from the configuration of the energy levels and the cor-
responding states. When |Hz| is smaller than about 4 T, the
ground state is the lowest ST = 1/2 state of which all the
measures remain unchanged nearly. The gradual decreas-
ing of measures arises from a tiny admixture of level 1 to
level 0 in the field interval of approximately 4–5.3 T. Further-
more, from Fig. 1, it is shown that the ground state transits
from the lowest ST = 1/2 state to the lowest ST = 3/2 one
with increasing the magnetic field.[23] To gain more insight,
we calculate the modular square of expansion coefficients
with respect to the standard basis in the ground state nu-
merically, shown in Fig. 3. Our calculation demonstrates
that the ground state is doublet at zero field and the two de-
generate states have the same values of entanglement mea-
sures. One of the doublets consists of {|100⟩, |010⟩, |001⟩},
while the other consists of {|110⟩, |101⟩, |011⟩} instead.
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Fig. 3. The modular square of the expansion coefficients with respect to the standard basis in the ground state versus the applied
magnetic field along the Z axis: (a) |α000|2, (b) |α001|2, (c) |α010|2, (d) |α011|2, (e) |α100|2, (f) |α101|2, (g) |α110|2, (h) |α111|2.
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When a positive low field is applied, the ground state is
mainly made up of three standard bases, i.e., |100⟩, |010⟩,
and |001⟩, which is similar to the generalized W state |W ⟩ =
α |100⟩+ β |010⟩+ γ |001⟩ that contains no genuine 3-party
entanglement measured by τ .[6,39] Under this circumstance,
Q can be described by the sum of the squared concurrences
[see Eq. (7)]. However, the standard basis |000⟩ has an ad-
mixture into the ground state with increasing the magnetic
field. Furthermore, when the stronger field is applied, the
ground state just consists of the standard basis |000⟩ which
is proved to be a separable state, thus all the values of en-
tanglement measures vanish. Similarly, when a negative field
is applied, the components of the ground state turn to |110⟩,
|101⟩, and |011⟩, which is similar to the generalized W state
|W ⟩ = α |011⟩+ β |101⟩+ γ |110⟩, then the ground state be-
comes |111⟩ with a stronger field.

The characteristics of entanglement with the applied mag-
netic field parallel to the plane of {Cu3}-type triangular spin
ring are essentially different from the case of the applied mag-
netic field perpendicular to the plane discussed above. Shown
in Fig. 4 are measures versus the magnetic field along the X
axis. It is noted that all the measures undergo a sudden change
at zero field. Thus, the in-plane magnetic field can induce the
quantum phase transition near zero field. Compared with C23

and C13, C12 shows an entirely different variation tendency.
When the magnetic field along the X axis is applied, C12 firstly
reduces sharply to 0.637 from 0.813 at zero field. With in-
creasing the magnetic field it increases to a maximum 0.958
at the field of 2.051 T, and then decreases. On the other hand,
C23 and C13 exhibit a more complex behavior. When |Hx| is
changed from zero, they decrease firstly both from 0.195 un-
til arriving at a local minimum, 0.101 and 0.042 at the mag-
netic field of 0.963 T and 0.885 T, respectively. Then they
increase again and stop to reduce gradually to zero after arriv-

ing at another local maximum. It is noted that the magnetic
field along the X axis can induce a nonzero 3-party entangle-
ment measured by τ . When the magnetic field along the X
axis is applied, τ firstly skips sharply to 0.261 from 0 at zero
field. Then τ monotonously decreases to zero with increasing
the magnetic field. On the other hand, Q reduces sharply from
0.834 at zero field to 0.582 when the magnetic field along the
X axis is applied. With increasing the magnetic field, it in-
creases to a maximum 0.648 at the field of 1.681 T, and then
decreases to zero.
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Fig. 4. Ci j , τ and Q in the ground state of {Cu3} versus the magnetic
field along the X axis. (a) C12; (b) C23; (c) C13; (d) Q (the solid line)
and τ (the dashed line).

We also numerically calculate the modular square of
expansion coefficients with respect to the standard basis in
ground state when the magnetic field along the X axis is ap-
plied. The results are shown in Fig. 5. In fact, at a low mag-
netic field, the ground state exists as α001 |001⟩+α010 |010⟩+
α011 |011⟩+α100 |100⟩+α101 |101⟩+α110 |110⟩. While |Hx|
is large enough, the ground state becomes (|0⟩± |1⟩)⊗3 /

√
23,

thus all the values of entanglement measures vanish.
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Fig. 5. The modular square of coefficients of the standard basis constituting the ground state versus the applied magnetic field along the X axis:
(a) |α000|2, (b) |α001|2, (c) |α010|2, (d) |α011|2, (e) |α100|2, (f) |α101|2, (g) |α110|2, (h) |α111|2.
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In Fig. 6, we plot the dependence of Ci j, τ , and Q on the
applied magnetic field along the Y axis. The sudden changes
of all the measures at zero field also occur like the case of
the field along the X axis. The variation tendency of C12 ver-
sus the field along the Y axis is similar to the case that along
the X axis, as well as τ and Q. This results from the special
symmetry of the triangular spin ring. It is noted that x compo-
nents and y components of the exchange coupling constant J
are the same, as well as the Landé g-factor tensor 𝑔̃. A slight
oscillation occurs when C23 and C13 vary with the field along
the Y axis, which is consistent with the thermal entanglement
at very low temperature.[36] The differences in variation ten-
dency mainly arise from the differences in components of the
DM vector 𝐷. Remarkably, this kind of difference affects the
concurrence for a specific pair of qubits when the direction of
the in-plane magnetic field changes. Nevertheless, numerical
results show that values of τ for the two cases with the field
along the Y axis and along the X axis are in excellent agree-
ment. Furthermore, the behavior of Q in the case with the
field along the Y axis is qualitatively similar to the case with
the field along the X axis, in fact only for a small range of
magnetic field (2.1 T ≤ H ≤ 4.2 T) a little variance (smaller
than 0.05) occurs.
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Fig. 6. Ci j , τ , and Q in the ground state of {Cu3} versus the magnetic
field along the Y axis. (a) C12; (b) C23; (c) C13; (d) Q (the solid line)
and τ (the dashed line).

The phase diagram of the global entanglement character-
ized by the critical magnetic fields is plotted in Fig. 7. Only
in the area surrounded by the critical curve does the global
entanglement exist (we take the values smaller than 10−3 for
zero here). It is obvious that the nonzero regime of Q is larger
than that of τ . When the magnetic field is beyond a certain
critical value, the entanglement vanishes. For instance, when
|Hz| maintains larger than 4.21 T, one cannot gain the 3-party
entanglement by applying the magnetic field along the X axis.
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Fig. 7. Phase diagrams of Q and τ in the ground state of {Cu3} when
the magnetic field consists of an x component and a z component. The
solid line represents Q and the dashed line represents τ (here, it is as-
sumed that Q and τ with the value less than 10−3 correspond to the
entanglement measures disappearing. The value of Q vanishes outside
of the regime surrounded by the solid line, and the value of τ vanishes
outside of the regime surrounded by the dashed line).

4. Conclusions
In summary, three kinds of entanglement measures in the

ground state of the {Cu3} single-molecular magnet with the
applied magnetic field are calculated numerically based on the
material parameters. These three kinds of measures character-
ize the pairwise entanglement, the 3-party entanglement and
the total entanglement, respectively. The characteristics of en-
tanglement with the applied magnetic field parallel to the plane
of the {Cu3}-type triangular spin ring are essentially different
from the case of an applied magnetic field perpendicular to the
plane. When the magnetic field is perpendicular to the plane,
the values of pairwise entanglement and total entanglement
measure have approximate plateaus within a low field range,
while the 3-party entanglement vanishes. However, in the case
of a magnetic field parallel to the plane all the measures un-
dergo a sudden change at zero field. Moreover, different from
the case of the magnetic field perpendicular to the plane, the
in-plane magnetic field can induce the 3-party entanglement.
Finally, the phase diagram of global entanglement character-
ized by the critical magnetic fields is presented.
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