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The energy preserving average vector field (AVF) method is applied to the coupled Schrödinger–KdV equations. Two
energy preserving schemes are constructed by using Fourier pseudospectral method in space direction discretization. In
order to accelerate our simulation, the split-step technique is used. The numerical experiments show that the non-splitting
scheme and splitting scheme are both effective, and have excellent long time numerical behavior. The comparisons show
that the splitting scheme is faster than the non-splitting scheme, but it is not as good as the non-splitting scheme in preserving
the invariants.
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1. Introduction
Nonlinear phenomena play a crucial role in applied math-

ematics and physics, many of which can be modeled by
the coupled partial differential equations, for example, KdV–
mKdV equations, KdV–ZK equations, KdV–Burgers equa-
tions, and Schrödinger–KdV equations.[1] In this paper we
consider one of the coupled Schrödinger–KdV equations
(CSKE)[2]


i𝜖Et +

3
2

Exx−
1
2

NE = 0, (x, t) ∈ R× (0,T ],

Nt +
Nxxx

2
+

1
2
(N2 + |E|2)x = 0, (x, t) ∈ R× (0,T ],

(1)

with the initial value and periodic boundary conditions of

E(x, t) = E(x+ l, t), N(x, t) = N(x+ l, t),
(x, t) ∈ R× (0,T ],
E(x,0) = E0(x), N(x,0) = N0(x),

(2)

where E0(x) and N0(x) are known l-periodic functions, l >
0, E is a complex function describing the electric field of
Langmuir oscillations, N is a real function describing low-
frequency density perturbation, and 𝜖 > 0 is a constant. In the
CSKE (1), the first equation is called the electric field equation
and the second is the density equation. The initial value and
periodic boundary condition problem for the CSKE (1) has the
following invariants:[2]

(i) number of Langmuir plasmons:

I1(t) =
∫

Ω

|E|2 dx =
∫

Ω

|E0|2 dx = I1(0), t ≥ 0, (3)

(ii) number of particles:

I2 =
∫

Ω

N dx =
∫

Ω

N0 dx = I2(0), t ≥ 0, (4)

(iii) oscillation energy:

I3 =
∫

Ω

3|Ex|2 + |E|2N +
N3

3
− 1

2
(Nx)

2 dx

= I3(0), t ≥ 0. (5)

In numerical simulation these invariants can be used to test the
conservation properties of the schemes.

This problem has drawn much attention for decades and
has motivated a series of studies in physics and mathematics.
The analytical solutions of the CSKE have been studied in
Refs. [3]– [7]. Recently, several methods have been proposed
to solve the CSKE (1). Abdou et al.[8] introduced a variational
iteration method for the CSKE, Kaya[1] developed a decompo-
sition method, and Labidi et al.[9] applied the ansatz method
to solve this problem. In order to give numerical solutions for
the CSKE, Appert et al.[2] used the explicit three-time-level
Zabusky–Kruskal scheme for the density equation and a stan-
dard Crank–Nicholson scheme for the electric field equation,
Bai et al.[10] proposed the finite–element method (FEM) for
the CSKE, Golbabai et al.[11] used the radial basis function
method, and Liu et al.[12] studied an element-free Galerkin
method to solve the CSKE.

For the PDEs which have such invariants, it is widely
believed that structure preserving methods, for example, nu-
merical methods that preserve the invariants, generally yield
qualitatively better numerical results,[13] in recent years much
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work has been devoted to finding unified frameworks. For ex-
ample, Furihata[14] proposed the discrete variational deriva-
tive (DVD) method, Celledoni et al.[15] proposed the average
vector field (AVF) method in difference context, Matsuo[16]

proposed the discrete partial derivative (DPD) method in finite
element context, and Yaguchi et al.[17] proposed four conser-
vative numerical schemes based on the Hamiltonian structure
and the variational structure of the PDEs. To our best knowl-
edge, only Bai et al.[10] proposed a finite–element method to
preserve invariants of the CSKE (1). Therefore, it is still very
challenging to develop an energy preserving scheme for the
CSKE.

This paper is organized as follows. In Section 2, we de-
scribe the average vector field method. In Section 3, the av-
erage vector field method is applied to the Hamiltonian form
of the CSKE and the non-splitting and splitting schemes are
constructed. In order to make a comparison, we also give a
symplectic Fourier pseudospectral scheme of the Hamiltonian
form (14). In Section 4, numerical experiments of the CSKE
are presented to show the effectiveness of the proposed aver-
age vector field methods. Section 5 ends with conclusion.

2. Average vector field method
Many evolution PDEs, such as the KdV equation, can be

written as infinite Hamiltonian systems of the form[18]

u̇ = D
δH
δu

, (6)

where u depends on (x, t) ∈ Rd × R, u belongs to a Hilbert
space B with values u(x, t) ∈ Rm, D is a constant linear dif-
ferential operator, and u̇ = ∂u/∂ t. For example, if d = m = 1,
B = L2(Ω), the Hamiltonian H and the variational derivative
are

H [u] =
∫

Ω

H(x;u,ux,uxx, . . .)dx, (7)

δH

δu
=

∂H
∂u
−∂x

(
∂H
∂ux

)
+∂

2
x

(
∂H
∂uxx

)
−·· · , (8)

where Ω is a subset of R×R, and u satisfies u|∂Ω = 0.
When D is a skew-adjoint operator, we denote it by 𝑆.

We use a suitable way to discretize 𝑆 and the Hamiltonian H

in space direction. Let L = xR−xL be the length of the interval
[xL,xR], then discretize it by uniform grids with a space step
size of ∆x = L/N, where N is the number of nodes. We denote
the finite discretization of x and u by x̄ = [x0,x1, . . . ,xN−1] and
ū = [u0,u1, . . . ,uN−1], then we obtain the semi-discrete system

ūt = 𝑆̄∇H̄ (ū), ū ∈ RN . (9)

Here, 𝑆̄ is the N ×N skew-symmetric structure matrix cor-
responding to 𝑆, H̄ ∆x is an approximation to H , and the
variational derivative (δ/δu)(H̄ ∆x) is given by ∇H̄ .

References [15] and [19] have proved that the average
vector field method preserves the Hamiltonian H . This is an
extension of the implicit middle point method. The average
vector field integrator of (9) has the form of

ūn+1− ūn

∆t
=
∫ 1

0
𝑆̄∇H̄ ((1− τ)ūn + τ ūn+1)dτ. (10)

Reference [15] proved that

H̄ (ūn+1) = H̄ (ūn). (11)

For ˙̄u = 𝑆̄∇H̄ (ū), we have

˙̄H = (∇H̄ )T𝑆̄∇H̄ = 0. (12)

Hence, H̄ is preserved by the flow of u̇ = 𝑆̄∇H̄ (u).

3. Numerical schemes
3.1. The non-splitting scheme

The CSKE (1) can be written by decomposing E = p+ iq
in real and imaginary components as

𝜖pt =−
3
2

qxx +
1
2

Nq,

Nt =−
1
2

Nxxx−
1
2
(p2 +q2 +N2)x,

𝜖qt =
3
2

pxx−
1
2

N p,

(13)

as an infinite-dimensional Hamiltonian PDE in the phase space
𝑧 = [p,N,q]T,

𝑧̇ = 𝑆
δH

δ z
, (14)

with the Hamiltonian H and the skew-symmetric operator 𝑆

H = I3

=
∫

Ω

3|Ex|2 + |E|2N +
N3

3
− 1

2
(Nx)

2 dx

= IH(0), t ≥ 0,

𝑆 =


0 0

1
4𝜖

0 −1
2

∂x 0

− 1
4𝜖

0 0

 . (15)

We can find that the Hamiltonian H is the energy of the os-
cillations I3.

In order to discretize the Hamiltonian PDE (14) in space
direction, we choose the Fourier pseudospectral method. Ref-
erences [20]– [22] have shown that when the Fourier pseu-
dospectral method is applied to the multi-symplectic form of
PDEs, it can preserve the multi-symplectic conservation laws,
hence we think that it may also preserve the Hamiltonian en-
ergy of (14).

The key point of the Fourier pseudospectral method is to
approximate the partial differential operators. Reference [20]
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indicated that the Fourier spectral differential matrix 𝐷k can
replace the k-order partial differential operator ∂ kx. We
present D1 and D2 as follows:

(D1) j+1,l+1 =


1
2
(−1) j+l µ cot

(
µ

x j− xl

2

)
, j 6= l,

0, j = l,

(D2) j+1,l+1 =


1
2
(−1) j+l+1µ2 csc2

(
µ

x j− xl

2

)
, j 6= l,

−µ2 2(N/2)2 +1
6

, j = l,

where j, l = 0,1, . . . ,N−1, µ = 2π/L, L is the length of space
interval, and the even integer N is the number of the subinter-
vals. It can be proved that 𝐷1 is an N×N skew-symmetric
matrix. For more details, see Ref. [20] and references therein.

Then we can discretize the skew-symmetric matrix 𝑆 and

the Hamiltonian H as

𝑆̄ =


0 0

1
4𝜖

𝐼

0 −1
2
𝐷1 0

− 1
4𝜖

𝐼 0 0

 ,

H̄ = ∆x
N−1

∑
i=0

(3((D1𝑝̄)
2
i +(D1𝑞)

2
i )

+ (p2
i +q2

i )Ni +
N3

i
3
− 1

2
(D1N)2

i ), (16)

where 𝐼 is an (N ×N)-dimensional identity matrix. By ap-
plying the average vector field method to (14) and using the
Fourier pseudospectral method in space direction discretiza-
tion, we can obtain the scheme



𝜖
𝑝̄n+1− 𝑝̄n

∆t
= −D2

3(𝑞n+1 +𝑞n)

4
+

𝑞n+1N̄n+1 +𝑞nN̄n +(𝑞n+1N̄n +𝑞nN̄n+1)/2
6

,

N̄n+1− N̄n

∆t
= −D1D2

N̄n+1 + N̄n

4
−D1

((N̄n+1)2 + N̄n+1N̄n +(N̄n)2)

6

−D1
(𝑝̄n+1)2 + 𝑝̄n+1𝑝̄n +(𝑝̄n)2 +(𝑞n+1)2 +𝑞n+1𝑞n +(𝑞n)2

6
,

𝜖
𝑞n+1−𝑞n

∆t
= D2

3(𝑝̄n+1 + 𝑝̄n)

4
− 𝑝̄n+1N̄n+1 + 𝑝̄nN̄n +(𝑝̄n+1N̄n + 𝑝̄nN̄n+1)/2

6
.

(17)

Here, we denote 𝑝̄n = [pn
0, pn

1, . . . , pn
N−1]

T, 𝑝̄n𝑝̄n+1 =

[pn
0 pn+1

0 , pn
1 pn+1

1 , . . . , pn
N−1 pn+1

N−1]
T, and others are similar, re-

spectively.

Although the fixed point iteration method can be used
to solve the nonlinear system (17), the cost of this implicit
method has been criticized. Here, we propose a splitting
method for the CSKE (1) which can be solved easier and more
efficient than (17).

3.2. Splitting scheme

In Ref. [23], a splitting scheme was used to solve the
Schrödinger equation. Owing to this elicitation, we can also
apply the second-order strang splitting method to (13) by
adapting the linear and non-linear splitting

zt = L z+N z, (18)

where

L z =


0 0 − 3

2𝜖
∂x2

0 −1
2

∂x3 0
3
2𝜖

∂x2 0 0


 p

N
q

 ,

N z =


1
2𝜖

Nq

−1
2
(p2 +q2 +N2)

− 1
2𝜖

N p

 . (19)

Then we obtain the linear and non-linear equations as

𝑧t = L z, (20)

𝑧t = N z. (21)

The Hamilton form of Eqs. (20) and (21) can be written as

𝑧t = 𝑆
δH1

δ z
, (22)

𝑧t = 𝑆
δH2

δ z
, (23)

where

H1 =
∫

3|Ex|2−
1
2
(Nx)

2 dx, (24)

H2 =
∫
|E|2N +

N3

3
dx, (25)

𝑆 =


0 0

1
4𝜖

0 −1
2

∂x 0

− 1
4𝜖

0 0

 . (26)
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By applying the average vector field method to Eqs. (22) and (23), and using the Fourier pseudo-spectral method in space
direction, we can obtain the energy preserving average vector field splitting (AVFS) scheme

𝜖
𝑝̄n+1− 𝑝̄n

∆t
=−𝐷2

3(𝑞n+1 +𝑞n)

4
,

N̄n+1− N̄n

∆t
=−𝐷1𝐷2

N̄n+1 + N̄n

4
, 𝜖

𝑞n+1−𝑞n

∆t
=𝐷2

3(𝑝̄n+1 + 𝑝̄n)

4
, (27)

and 

𝜖
𝑝̄n+1− 𝑝̄n

∆t
=

𝑞n+1N̄n+1 +𝑞nN̄n +(𝑞n+1N̄n +𝑞nN̄n+1)/2
6

,

N̄n+1− N̄n

∆t
=−𝐷1

(𝑝̄n+1)2 + 𝑝̄n+1𝑝̄n +(𝑝̄n)2 +(𝑞n+1)2 +𝑞n+1𝑞n +(𝑞n)2

6
−𝐷1

((N̄n+1)2 + N̄n+1N̄n +(N̄n)2)

6
,

𝜖
𝑞n+1−𝑞n

∆t
=− 𝑝̄n+1N̄n+1 + 𝑝̄nN̄n +(𝑝̄n+1N̄n + 𝑝̄nN̄n+1)/2

6
.

(28)

In the splitting method, the solution of one subproblem is employed as the initial value of another. We denote the flow of
Eqs. (27) and (28) as ϕ1(τ) = exp(τL u) and ϕ2(τ) = exp(τN u), and then we choose the second-order composition method

ϕ(τ) = ϕ2

(
τ

2

)
ϕ1(τ)ϕ2

(
τ

2

)
= exp

(
τ

2
N u

)
exp(τL u)exp

(
τ

2
N u

)
. (29)

The nonlinear system of Eq. (28) can be solved by using the
simple fixed point iteration method.

3.3. The symplectic scheme

In Hamiltonian mechanics, it is of great significance to
preserve the symplectic or multi-symplectic structure of the
Hamiltonian systems. Various symplectic or multi-symplectic
approaches have been developed in Refs. [24]–[27]. One stan-
dard approach to obtain a symplectic method for an infinite-

dimensional Hamiltonian PDE is to first discretize the Hamil-

tonian PDE in space to obtain a finite-dimensional Hamilto-

nian system, and then evolve the semi-discrete system in time

by symplectic integrators. Here, we use the Fourier pseu-

dospectral method to discretize the Hamiltonian system (14) in

space and the implicit midpoint rule with respect to time, and

then the following symplectic Fourier pseudospectral (SFP)

scheme can be obtained as



𝜖
𝑝̄n+1− 𝑝̄n

∆t
=−𝐷2

3(𝑞n+1 +𝑞n)

4
+

𝑞n+1N̄n+1 +𝑞nN̄n +𝑞n+1N̄n +𝑞nN̄n+1

8
,

N̄n+1− N̄n

∆t
=−𝐷1𝐷2

N̄n+1 + N̄n

4
−𝐷1

((N̄n+1)2 +2N̄n+1N̄n +(N̄n)2)

8

−𝐷1
(𝑝̄n+1)2 +2𝑝̄n+1𝑝̄n +(𝑝̄n)2 +(𝑞n+1)2 +2𝑞n+1𝑞n +(𝑞n)2

8
,

𝜖
𝑞n+1−𝑞n

∆t
=𝐷2

3(𝑝̄n+1 + 𝑝̄n)

4
− 𝑝̄n+1N̄n+1 + 𝑝̄nN̄n + 𝑝̄n+1N̄n + 𝑝̄nN̄n+1

8
.

(30)

In the next section we will compare the non-splitting and
splitting schemes with this SF scheme.

4. Numerical experiments
In this section, we present some numerical examples to

show the accuracy and effectiveness of the proposed meth-
ods (17), (27), and (28). These examples are also provided
in Refs. [1], [2], [10], and [12] and have been integrated by
the Crank–Nicolson (CN) method, the finite-element method,
and the element free Galerkin (EFG) method.

In the following, we will compare the AVF and AVFS
schemes with the SFP scheme. In addition, we use the fixed-
point iteration method to solve the nonlinear schemes (17),
(28), and (30). The accuracies of the AVF, AVFS, and SFP

schemes are tested by using the error norm L2 and L∞

L2 = ‖u− ū‖2 =

(
∆x

N−1

∑
j=0

(u j− ū j)
2

)1/2

, (31)

L∞ = ‖u− ū‖∞ = max
0≤ j≤N−1

|u j− ū j|, (32)

where ∆x is the space step size, N is the number of points, u is
the exact solution, and ū is the numerical solution.

Example 1 A stationary traveling localized solution of
the CSKE (1) can be given by[28]

E(x, t) = −6
5

√
3αsech(ξ )tanh(ξ )

× exp
(

iα
(

3
20𝜖
− 𝜖α

6

)
t− 𝜖x

3

)
, (33)
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N(x, t) = −9
5

αsech2(ξ ), (34)

where ξ = (α/10)1/2(x+αt), and α is a free positive param-
eter.

We take the value of the exact solution (33) and (34) at
t = 0 as our initial conditions

E0 = −6
5

√
3αsech(ξ )tanh(ξ )exp

(
iα
(
−𝜖x

3

))
, (35)

N0 = −9
5

αsech2(ξ ), (36)

where 𝜖= 1, α = 0.45, and ξ = (α/10)1/2x.
To test the AVF scheme and the AVFS scheme, we choose

a time step ∆t = 0.01, a space interval [−30,30], and a space
step size ∆x = 0.5. We compute the solutions to t = 1. The
numerical results for the CSKE (1) with initial conditions (35)
and (36) are shown in Figs. 1 and 2. From these two figures,
we can see that both the AVF sheme and the AVFS scheme
perform well. In addition, these results are the same as that
obtained by Ref. [12].

In order to show the accuracies of the two methods, we
compute the numerical solutions to t = 10 with ∆t = 0.1, and
∆x = 0.5. The comparisons of L2 and L∞ errors between the
AVF scheme, AVFS scheme, and the SFP scheme are shown
in Table 1. From this table we can see that the two energy
preserving schemes have almost the same accuracy as the SFP
scheme, and the AVF scheme is a little better than the AVFS
scheme.

The corresponding errors of the three invariant I1, I2, and
I3 for the two proposed methods and the SFP method are also
shown in Figs. 3–5. From these figures, we can see that the
AVF, AVFS, and SFP schemes preserve the number of Lang-
muir plasmons, the number of particles, and the energy of the
oscillations, the SFP scheme is better than the AVF and AVFS
schemes in preserving the invariant I1. Nevertheless, com-
pared with the AVFS scheme, the AVF scheme performs better
in preserving the global invariants.

Table 1. Comparison of L2 and L∞ errors for the numerical solutions at
t = 10, ∆t = 0.1, and ∆x = 0.5.

Method Error p q N

SFP
L2 7.1295×10−3 7.7965×10−3 3.3059×10−4

L∞ 2.9475×10−3 5.9897×10−3 1.1302×10−4

AVF
L2 7.1292×10−3 7.7966×10−3 3.2685×10−4

L∞ 2.9475×10−3 5.9895×10−3 1.1297×10−4

AVFS
L2 7.1598×10−3 7.8143×10−3 5.0509×10−4

L∞ 2.9902×10−3 6.0078×10−3 1.7098×10−4

Table 2 shows the CPU time and the numerical errors
at t = 10, which are all implemented in Matlab 2010b on a
personal computer (CPU: Intel(R) I5 2520, 2.5 GHz, RAM:
8 GB). We can see that the AVFS scheme has the same accu-
racy as the the AVF scheme, but is more efficient than the AVF
scheme.

-30 -20 -10 -30 -20 -100 10 20 30

-0.4

-0.2

0

0.2

0.4

x

p

 

 

AVF method
exact solution

0 10 20 30

0

0.1

0.2

0.3

0.4

x

q

 
AVF method
exact solution

0

0.1

0.2

0.3

0.4

0.5

x

 

 
AVF method
exact solution

-1.0

-0.8

-0.6

-0.4

-0.2

0

x

NE


 

 

AVF method
exact solution

(a) (b)

(c) (d)

-30 -20 -10 0 10 20 30 -30 -20 -10 0 10 20 30
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Fig. 3. Global errors of (a) I1, (b) I2, and (c) I3 obtained by the AVF
scheme at t = 10, ∆t = 0.1, and ∆x = 0.5.

          
-

-





          

          






-1.0

-0.5

0

G
lo

b
a
l 
I

  

er
ro

r/
1
0

-
7

G
lo

b
a
l 
I

  

er
ro

r/
1
0

-
1
2

G
lo

b
a
l 
I

  

er
ro

r/
1
0

-
9

Time

Time

Time

(a)

(b)

(c)

Fig. 4. Global errors of (a) I1, (b) I2, and (c) I3 obtained by the AVFS
scheme at t = 10, ∆t = 0.1, and ∆x = 0.5.

0 1 2 3 4 5 6 7 8 9 10
-2

-1

0

0 1 2 3 4 5 6 7 8 9 10
-1.0

-0.5

0

0 1 2 3 4 5 6 7 8 9 10
-4

-2

0

G
lo

b
a
l 
I

  

e
rr

o
r/

1
0

-
8

G
lo

b
a
l 
I

  

e
rr

o
r/

1
0

-
1
2

G
lo

b
a
l 
I

  

e
rr

o
r/

1
0

-
1
3

Time

Time

Time

(a)

(b)

(c)

Fig. 5. Global errors of (a) I1, (b) I2, and (c) I3 obtained by the SFP
scheme at t = 10, ∆t = 0.1, and ∆x = 0.5.

Table 2. Comparison of CPU time (in units of s) and L2 errors between
the AVF and AVFS schemes from t = 0 to t = 10.

Method AVF L2 error of N AVFS L2 error of N

∆t = 0.1,∆x = 0.5 0.7543 3.2685×10−4 0.2386 5.0509×10−4

∆t = 0.1,∆x = 0.25 3.2751 2.9604×10−4 0.7671 4.5821×10−4

∆t = 0.01,∆x = 0.5 4.5601 3.6671×10−4 0.9698 3.6568×10−4

∆t = 0.01,∆x = 0.25 19.7027 3.2043×10−4 2.7464 3.3157×10−4

Example 2 In this example, we consider the CSKE in
the following form:[12] iEt = Exx +NE,

Nt +6NNx +Nxxx = (|E|2)x.
(37)

070208-6



Chin. Phys. B Vol. 23, No. 7 (2014) 070208

The initial and boundary conditions are the same as Eq. (2). In
Ref. [29], Fan gave the exact solutions

E(x, t) = eiθ (−
√

2(2c2±δ )+6
√

2c2sech2(
√

c2ξ )),(38)

N(x, t) = −1
3
(γ +6c2±δ )+6c2sech2(

√
c2ξ ), (39)

where ξ = x + 2γt, θ = γx + (γ + 3γ2 ± δ )t/3, and δ =√√
2c1c3 +4c2

2. The c1,c3, and c2 > 0 are arbitrary constants.
For simplicity, c1 = c3 = 0 are used. For the CSKE (37), the
first two invariants are the same as I1 and I2, but the third in-
variant is

I′3 =
∫ 1

2

(
−|Ex|2 + |E|2N +

1
4

N2
x −

N3

2

)
dx. (40)

First, we give the Hamiltonian form of the CSKE (37)
with state variable 𝑧 = [p,N,q]T, and the Hamiltonian func-
tion and the skew-symmetric operator are

H =
∫ 1

2

(
−p2

x−q2
x +(p2 +q2)N +

1
4

N2
x −

N3

2

)
dx,

𝑆 =


0 0 1

0 2∂x 0

−1 0 0

 . (41)

Applying the AVF integrator to the CSKE (37), we can
obtain the scheme



𝑝̄n+1− 𝑝̄n

∆t
=𝐷2

𝑞n+1 +𝑞n

2
+

𝑞n+1N̄n+1 +𝑞nN̄n +(𝑞n+1N̄n +𝑞nN̄n+1)/2
3

,

N̄n+1− N̄n

∆t
=−𝐷1((N̄n+1)2 + N̄n+1N̄n +(N̄n)2)−𝐷1𝐷2

N̄n+1 + N̄n

2

+𝐷1
(𝑝̄n+1)2 + 𝑝̄n+1𝑝̄n +(𝑝̄n)2 +(𝑞n+1)2 +𝑞n+1𝑞n +(𝑞n)2

3
,

𝑞n+1−𝑞n

∆t
=−𝐷2

𝑝̄n+1 + 𝑝̄n

2
− 𝑝̄n+1N̄n+1 + 𝑝̄nN̄n +(𝑝̄n+1N̄n + 𝑝̄nN̄n+1)/2

3
.

(42)

In this example, we only test the AVF scheme and the
computations are done with a time step ∆t = 0.01, a space in-
terval [−30,30], and a space step size ∆x = 0.25. In Fig. 6, we
present the evolution of the numerical solutions of p, q, |E|,
and N, from t = 0 to t = 1 with c2 = 0.01 and γ = 0.1. In

Fig. 7, we plot the corresponding absolute errors of the invari-
ants I1, I2, and I′3. In Fig. 8, we show the numerical solutions
obtained by the AVF scheme with c2 = 0.01 and γ = 1. In
Fig. 9, we plot the corresponding errors of the invariants from
t = 0 to t = 1.

-30 -20 -10 0 10 20 30

1.0 1.0

0.5 0.5

8

6

4

2

0

-2

8

6

4

2

0

4

2

0

-2

-4

0.02

0

-0.02

-0.04

-0.06

0 0

x

p
/
1
0
-
3

E
/
1
0
-
3

q
/
1
0
-
3

t t

N

1.0

0.5

0

t

-30 -20 -10 0 10 20 30

x

-30 -20 -10 0 10 20 30
x

-30 -20 -10 0 10 20 30

x

(a) (b)

(c) (d)

Fig. 6. (color online) Evolution of the AVF solutions ((a) p, (b) q, (c) |E|, and (d) N) from t = 0 to t = 1, ∆t = 0.01, ∆x = 0.25, c2 = 0.01, and γ = 0.1.
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From Figs. 6–9 we can find that the AVF scheme pre-

serves the three invariants globally and the numerical solutions

do not oscillate.

5. Conclusions

In this paper, we propose two energy-preserving methods

to solve the CSKE. From the results of numerical experiments,

we can see that both the AVF method and the AVFS method

are effective. The AVF method, nevertheless, has better per-

formance in preserving the three discrete invariants. However,

the AVFS method is much more efficient than the AVF method

under the same spatial grids.
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