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Impulsive effect on exponential synchronization of neural networks
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We consider the impulsive effect on the exponential synchronization of neural networks with leakage delay under
the sampled-data feedback control. We use an appropriate Lyapunov—Krasovskii functional combined with the input delay
approach and some inequality techniques to derive sufficient conditions that ensure the exponential synchronization of
the delayed neural network. The conditions are formulated in terms of the leakage delay, the sampling period, and the
exponential convergence rate. Numerical examples are given to demonstrate the usefulness and the effectiveness of the

results.
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1. Introduction

In the past two decades, considerable attention has been
devoted to the stability analysis of time-delay systems. The
time delay is an import source of dynamical systems and it can
distabilize the networks (systems) as a whole and create an os-
cillatory behavior. Therefore, many researchers have paid at-
tention to analyze time-delay systems, for example, the fuzzy
model with time delay,!!! the FitzZHugh—Nagumo neuronal net-
works with time delay,?! the passivity analysis with discrete
time delay,l®! the adaptive control and H* filtering problem
with time delay.!*”] On the other hand, the chaotic synchro-
nization has become one of the major properties of dynamical
systems. It also possesses many applications in diverse ar-
eas such as secure communication, image processing, and har-
monic oscillation generation.®-'!1 Since the pioneering works

12,31 many researchers paid attention to

[14-25]

of Pecora and Carroll,!
the synchronization of dynamical systems.

Neural networks (NNs) have been widely studied, as they
have massive applications in signal processing, pattern recog-
nition, static image processing, associative memory, and com-
binatorial optimization. The occurrence of unpredictable be-
haviors including stable equilibria, periodic oscillations, bifur-
cation, and chaotic attractors mainly depends on the network’s
parameters and time delays. Accordingly, many researchers
gave attention to the study of the synchronization and chaotic
behaviors of NNs.[29-33] Meanwhile, the impulsive effects ex-
ist in a wide variety of developmental processes that subject to
instantaneous perturbations at certain moments of time. These
processes provide a natural description of observed evolution
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processes prevailing in several real world problems occurring
in many fields such as biology, physics, and engineering.?*3>!
Hence, it is necessary to investigate the impulsive effects to ad-
dress the synchronization problem of delayed NNs. 3011 For
instance, the exponential synchronization of a class of NNs
with mixed time-varying delays and impulsive effects has been
studied in Ref. [14]. The authors in Refs. [36] and [37] dis-
cussed the exponential synchronization of delayed NNs with
stochastic perturbations and impulsive effect.

Until now, most of the stabilization and synchronization
problems for delayed NNs are based on the state feedback
control and the adaptive control. These control methods are
highly enhanced to achieve appropriate stabilization or syn-
chronization. However, the control strategies must be continu-
ous in time and often do not adapt well to real time situations.
Since the middle of 1990s, due to the development of mod-
ern computer and communication networks, continuous time
controllers have been replaced with digital controllers. The
sampled-data control method, in which the control signals are
kept constant during the sampling period and are allowed to
change only at the sampling instant, has become more im-
portant than other control approaches.*>**! The synchroniza-
tion of delayed NNs based on the sampled-data control are
addressed in Refs. [42] and [46]-{49].

On the other hand, the time delay is called as the leak-
age delay when it exists in the negative feedback terms of the
NN. The leakage delay has a great impact on the dynamic be-
haviors of delayed NNs. >34 The synchronization of chaotic
NNs with time delay in the leakage term and parametric un-
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certainties based on the sampled-data control has been con-
sidered in Ref. [49]. The exponential state estimation for im-
pulsive NNs with time delay in the leakage term has been in-
vestigated in Ref. [55].
edge, there are no reports on the impulsive effect on the expo-

Howeyver, to the best of our knowl-

nential synchronization analysis of delayed NNs with leakage
delay under the sampled-data feedback control. Inspired by
the above discussion and to fill this gap, we try to perform a
synchronization analysis of delayed NNs with leakage delay
under the sampled-data feedback control. In this work, we
investigate the impulsive effect on the exponential synchro-
nization analysis of delayed NNs with leakage delay under
the sampled-data feedback control. By choosing an appropri-
ate Lyapunov—Krasovskii functional that involves double and
triple integral terms, combined with an input delay approach
along with some inequality techniques, sufficient conditions
that ensure the exponential synchronization of delayed NNs
have been derived. The conditions are expressed in terms of
the linear matrix inequality (LMI) that can be easily solved by
standard packages in the MATLAB LMI control toolbox. The
proposed double and triple integral terms in the Lyapunov—
Krasovskii functional play an important role in the obtained
results that have been confirmed by numerical simulations.
Notation We introduce the following notations. Let
R and Z, denote the set of real numbers and the set of
positive integers, respectively, R"” and R"*" denote the n-
dimensional Euclidean space and the set of all n x n real ma-
trices, respectively. The superscript T stands for the trans-
The notation X > Y (X > Y) means that X -Y
is positive semi-definite (positive definite), where X and Y

position.

are symmetric matrices. The || - | is the Euclidean norm in
R”", I denotes the identity matrix with appropriate dimen-
sions, A = {1,2,...,n}. For any interval J C R, set § C
R (1 <k <n), C(UJ,S) = {(p cJ = Vs continuously},

and PC'(J,S)
tiable everywhere except of a finite number of points f,
at which y(t%), y(7), y(),

= {l,l/ :J — S is continuously differen-

y(t7) exist and y(rt) =

v(t),y(tT) = y(t), ¥ denotes the derivative of l//}. For
v(:) = (y1,...,y,)T € PC'([—7*,0],R"), the norm is defined
by [[yller = maxysup_ <ol W(s)]l, sup_g<ycollW(s)

where 7% = max{7,0} and diag{---} stands for a block di-
agonal matrix. The symbol * always denotes the symmetric
block in a matrix, Amiy(-) and Amax(-) denote the minimum
and the maximum eigenvalues of a given matrix, respectively.

2. Problem description and preliminaries

Consider the following NN system with time-varying de-
lay and impulsive effect:

x(t) = —Ax(t — o)+ Bf(x(t))

+ Wfx(@—1@)+J(), t >0,

x(n) —x(t7) = —ck{x(t,;) -4 _Gx(s)ds},
t£ty, ty € Ly, '
x(s) = 9(s), s € [-77,0]. (M
Here
x(t) = [y () xa(e) -+ xa (1))
FO(@) = [Aix(0) fale2(1) -+ fula®)]s

x;(t) is the state of the i-th neuron at time #; f;(x;(¢)) de-
notes the neuron activation function; A = diag{aj,...,a,}

B = (bij)nxn
(Wij)nxn are the connection weight matrix and

is a diagonal matrix with positive entries;
and W =
the delayed connection weight matrix, respectively; J(z) =
V1(2) Ja(1) - Cr €
R"™" k € Z denotes the impulsive matrix, and 7(r) denotes

Ju(0)]" is an external input vector;

the time varying delay and satisfies

t(t) <,

in which 7, are real constants. The following assumptions

0<1(t) <7,

are imposed on the network.
H1 The neuron activation functions f;(-) in Eq. (1) satisfy

l;gM <IF,i=1,2,..n, @)
o — 0

where o, o € R, o) # 0, and [, l, are real.

H2 The leakage delay o > 0 is a constant.

H3 The impulse time #; satisfies 0 =1y <#; < ---
oo and il‘lfkeZJr {lk — k41 }

System (1) is considered as the master system, and a slave

<ty —r

system for system (1) can be described by
¥(t) = —Ay(t — o)+ BF (5(1))
Wy (t—f( ) +u(t)+
yit) =5(65) = ~Gifote) =4 [
t £ty ty € Ly,
y(s) = 9(s), s € [-77,0], 3)
i (2) ya(t)-

of the slave system, and u(¢) € R” is an appropriate control

J(t), t >0,

where y(t) = -ya(t)]" is the neuron state vector

input that will be designed in order to obtain certain control

objectives.
By defining the error signal as

then, the error system can be represented as

é(t) = —Ae(t — o) + Bg(e(t))
+Wg(e(t—1(t))+u(t), t>0,
elu) —eliy) ==Cefelt) A [~ e(s)as},

070205-2



Chin. Phys. B Vol. 23, No. 7 (2014) 070205

t£ty, ty € Ly,
e(s)=0(s)—¢(s), s €

where g(e(t)) = f(y(t)) — f(x(¢)). It can be found from Eq. (2)
that functions g;(-) satisfy the following condition:

[—7*,0], “)

ll gl( ) < l+
a
where o € R and o # 0.
The control signal is assumed to be generated by using a

i=1.2,...,

n, ®)

zero-order-hold (ZOH) function with a sequence of hold times
0:A0<A1 <A2<~~~<Av< e

u(t) = Ke(Ay), Ay <t <Ayyy, (6)

where A, denotes the sampling instant and satisfies
limy_. Ay = oo, Further, the sampling period under consid-
eration is assumed to be bound by a known constant d > 0
— Ay <d for all v > 0. Define a sawtooth

function as follows:

and satisfies Ay

d(l):th\“ AV §t<Av+]

It is easily seen that 0 < d(r) < d. Therefore, the state feedback
controller takes the form

u(t) =Ke(t —d(t)). @)

Then, the error system becomes

é(r) = —Ae(t — o) + Bg(e(r))

+Wg(e(t—1(t))+Ke(t—d(t)), t >0,
e(te) —e(ty) = —ck{e(t,;) ~A frae(s)ds},
t#t, ty €7y (®)

Before proceeding further, the following definition and lemma
are introduced.

Definition 1181 Systems (1) and (2) are said to be ex-
ponentially synchronized if there exist constants 9 > 1 and
1 > 0 such that

Iy(£) =x()I| < M| p(s) = 9 (s)[l=e™™

for any ¢ > 0. Constant 1) is said to be the degree or decay rate
of the exponential synchronization.
Lemma 1% For any positive symmetric constant matrix
M € R™" ascalar T > 0, and a vector function @(s) € R”, the
integrations concerned are well defined, then
— | o'(s)Mo

- (s)ds

<-— % (/t;a)(S)ds)TM(/tirw(S)dS),

—/j) t a)T(s)Ma)(s)dsdB

TJt+6
s)d dG
T2 ./1./;9 y
/71:/+9

t

dsdB

The main objective of this paper is to design a feedback
controller with the form (8) to ensure that the master system
(1) synchronizes with the slave system (3). In other words, we
are interested in finding a feedback gain matrix K such that the

error system (8) is exponentially stable.

3. Main results

In this section, we investigate the exponential synchro-
nization of NNs with impulsive effect and leakage delay. The
analysis is based on the Lyapunov—Krasovskii functionals and
the LMI framework. We arrive at the following Theorem.

Theorem 1 For given scalars T > 0 and y > 0, assume
that assumptions (H1)—(H3) hold. Then, master system (1)
and slave system (3) are exponentially synchronous with de-
cay rate 7 if there exist P > 0, Q; > 0, (k=1,2,3,4), T} > 0,

Ry R, R4 Rs S1 8 S4 Ss
>0, >0, >0, >0,
[RE R3] [Rg Ré] {Sg 53} {s} SJ

N > 0, X, and diagonal matrices 7 > 0, A > 0, & > 0, B >0,
I7 > 0 (i = 1,2) such that the following LMIs hold:

[ O Ck ]>o, ke, ©)
=< (10)

= (En1)14x14 With

E1g =2nP—PA—A"P—dn(L T —LTA)
4 efznf

+Y oi+2ta[Lt — L]+ 7R, — R3
i=1
72 -
+0%Ry— e 2M9R¢ + 55 - 2e2N7g,
64
+ 5S4 - 20%e M09S, — e 24 — 2L LT,
72nt
Eip = z R3, E14=PA+ 672n6R6 —NA,

Eis = e M +X,
E\7=P—L T+L"A+7Ry+0%Rs

=2 4
T c
—S)4+—S85—N
+ ) 2+ ) 5 ,
Eig =2nT —2nA+Ii(L" +L")+NB,
-2n7 e 27
51’9 = ]\IVV7 31’10 = — R2+2 z 537
-2n7
— €
E = 2———383,
T
E112 = —2nPA+ATPA420e 2195 — e 21°Rs,
-2n7
Eiis = 25—, Ei4=—20e 2195s,
- -2n7
Erp = —(1-p)e Q) - Ry —2[L*IL7],
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67211% N
3= —R;, Zoo=DL[L"+L7],
-2n7 -2n7
_ e _ e
Z200 = —% Ry, Ep11=-— Ry,
-2n7 -2n7
_onz €
B33 = —e M0, — z R3, E311= Ry,
E4q = —e 2905 — e 2MOR,,
Es7 = —YA'NT, E41=—ATPA+ e ?1%Rs,
Es5 = —2e 21Ty E56 = e 2y,
- T = —ond _ond
Es7=9X', Ege=—e M1Q4—e 71T,
2 72 c* 2 T
3777 = TIR3+0 R6+?S3+7S6+d T; —’}’(N-FN ),
37,8 =T+ 7YyNB—A, 5779=}/NW,
B0 = —PA, Egg=—2I7, E9g9=—2I3,
2 - 3 e—ZT]‘f 26—27]‘?
10 = —zQ[L" =L |- ——R; — ———S53,
T T T
_ 2 . 2e727
E10,11 = —%Ot[LJr—L |- S3,
2e 27
Eioas = — S,
_ 2 _ B 6721]‘? 26721]1.'
Enn = —=a[lLT—L7]— 11— =953,
T T
2e 27
s = — S,
- T i) - )
2,12 = 2NA"PA—e nG(R4+ZS6), :‘,12714:26 nGSs,
- 8n 2 o2 )
E3,13 = T“[L+ L ]-—e NSy, Egqa = —2e 2198y,

and other entries of = are zero. Moreover, the sampled-data

controller gain matrix is given by K = N~'X.

Proof Consider the following Lyapunov—Krasovskii

functional for system (8):

V() =Vi(t)+Va(t) + V3(t) + Va(t) + Vs(t),

- e
2e2"t2{tl/ [ )—1 9}
+7L,~/0 l;rs—gi(s)}ds}

(s)Q1e(s)ds

where

Vi (t) = ezm

t
+ e211seT

t—1(t)

t
+ e215eT (5)0se(s)ds
%

t

+/ e?M5eT (5)Qse(s)ds
—0
°t

+/t7d e?15eT (5)Q4e(s)ds

Vi(t) = 262ntii{ /_ Of /iea,»e,»(s) [lﬁ'e,-(s)—li_ei(s)} dsde},

0= [ L[] TR R] [ s

1)

—A/tice(s)ds

+G/°G/ti9 o2 {jggr [% 22} {igﬂ dsde
t T
Loy L)

e(s)] dsdAde

é(s)
+o / / /+)L [é::
<)]d dAde,

XB@H()

i f
+6

Calculating the time derivative of V(¢) along the solution of

:|T
(5)T1é(s)dsd.

Eq. (8) at the continuous interval [fy_1, #), k € Z, gives

DTV (t) = D"Vi(t) + D' V(1) + D V;(1)
+DVy(1) + D1 Vs (1), (12)
where
DTV (1)

— 2nedm [e( )—A

! e(s) s A/

+262nt e A/ é() — Ae(t )+Ae(z—o)},
DtV (t)
<4n ﬁmi‘{{n/{)ei [gi(s) —lfs} ds

+ A /Oei [lﬁs—gi(s)} ds}
2621 [T (e(r)) — T ()L™ | Te(0)
+2e2 [T (L —g"(elr)) | Ac(0)

+e2{eT(1)01e(r) — (1 - p)e 2% (1~ 7(1))

x Qre(t —1(t)) + €' (1) 0ae(t)
e 2M%eT (1 — 7)0se(t — T) + €T (1) Oze(t)
e—2n0 T( 0)0ze(t —0)
e (t)Q4e(t)—e*2"deT(f— 4)Queli ~d) |

with T = diag{r,...,t,}, A = diag{A,...
diag{/{",...,I;}, and L~ = diag{l| ,...,
1 in Ref. [57], we have

An}, LT =
I, }. Using Lemma

DV (1)

< ane?m{ [gT(e(r) — T ()L | Te(r)
+[eT(L" — g"(e(r)) | Aer)}
+2e2'7f{ [gT(e(t)) - eT(t)L_} Té(r)
+ [T (L~ g"(e(r))| Actr) }

+ ezm{eT(t)Qle(t) — e T (1 1(r))
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X Qre(t (1)) +¢" (1) Qaelr) e w{ ! [fm yels)ds }
e 2T (1 — T)Qne(t — 7) + € (1) Qze(r) (1) wl()
11— 0)0uel o) B [faeon],
)00t e Ve sl —a)}, o
S0 e(s)ds | [Ri R Jff e(s)ds
DV;?) op <[] [R%IQH a0 H
= 4ne ;{lf/+e oei(s) {li ei(s)—1; e,(s)} dsdG} s o R Rs] e
e v + _ _ roe { } {RTRJ [6 ]
+2e {;{a,-e,-(t)[li elt) 17 ei)] [ o } {R4 Rs}[f,ce(s)ds}
noot w RY Rg @4 (1)
—Z/ aei(s)[If exls) ~ I exls) | s} o [e ] [S%SzHe }
2 é(t S5 83
:4ne2"’{/ /+9ae )[L =17 ]e(s)asdo} o t{ t} {54 SSHe }
—|—2e2’7’{e () [oc’c(LJr L )} () j ()] 1S3 S
' s NI
— [ WLt ~Lje()as ). A [f o) de] [s% sﬂ
where & = diag{a,...,®,}. By using Lemma 1, we have {f fHe (ts dee]
T senee [ Leliaise] 53]
<4ne ntfz{/_f/t+ee (s)dsd@}ﬁc [ [ fz+ee( 5)dsd6 }
S Gelt) ~ [ e(s)d
[L+_L}{.[f./t+ee(s)de6 where @, (£) = e(t) — e(t — T(1)), B (t) = e(t — () — e(t — %),
+2em e [aT(L —L7) e Bs(1) = Te(t) — J1_qye(s)ds — -5 e(s)ds, and @y(r) =
Lr . () e(t) —e(t — o). Finally, we have
_%{/ﬁr([)e (S)dﬁ_/t,f e (s)ds} DY)
(@[~ L) [ /,; S eG)dst /tt;(t)e(s)ds} } = @M e(OTie(n) —d /tid “M56T (5)Tyé(s)ds
D V4(r) < e2’7’{d2 T (1) Te(t) — e 21 e(r) —e(r —d(1))]"
_ o [€@)] [R R [elt)
= 7e™ [e-(i)} {Ri Rj L(i)} i:l[z,sd)[ ¢ (td(,d)()t))] )T
. T
_/H ezn[igg] {% ﬁj [28” ds X Tile(t —d(1)) — elt —d)] }.
o) 17 . For positive diagonal matrices I3 and I3 and with Assumpti
+626271t [egig} |:1R;_5‘lt §Z:| |:eg§:| (I?Ilii)o\;e hzveagona matrices 1 an 2 an ssumption
t T t _
Y /,_662’”{28” [% gHZEi”ds 2T (2())F1g; e(t i)+23T>(t)F1(L++L) |
o[0T [5 5] [40] <e(el) ~2TOL L () } 20 -
a0 ] 15 851 ~2e2m{ g (e(t — (1)) B3gle(t — T(0)
e(s) e(s) el (r— “)gle(r—
L/ 0 [eS)] [53 53} [é“)}dme fz IZ Zgiif—(;i )gr((r()t)}i(%)) (14)
T e (t— e(t— >0.
+62 " [eg” [gg gZ] ng] Furthermore, for a positive definite matrix N with appropriate
' Te(s)1T s dimensions and a scalar ¥, the following equation holds:
o[ fo i) [0 ][ asao .

22T (N + T (1)) | — Ae(t — 0) + Bg(e(r))

R R e(
{Ri Ri} L(i” +Wg(e(t—r(t))+Ke(t—d(t))—e'(t)} =0. (15)
070205-5
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By adding Eqgs. (13)—(15) into Eq. (12) and using X = NK, we
have

DV(1) < MET()ZE (1), (16)
where
ET(r) = |e'(r) e'(1—2(t)) ' (1—7)
L(t—0) e'(t—dt) €'(1—d)
e'(r) g'(et) &' (e(t—(r)))

/t eT(s)ds/tt:(l) el (s)ds /tGeT(s)ds

[ faoasan [ [0

From Eq. (10), we can obtain

dsd@}

e DTV (1) < ET()EE() <0,

t€ti1, i), K€Ly, (17)

The following proof is similar to that in Ref. [55]. From sys-
tem (8), we know

e(ty) —A t _Ge(s)ds
=e(t, ) —Ck [e(tk) —A

Tk

t—0
Tk

= (I-C) [e(tk) —A
tr—0O
Moreover, it follows from Eq. (9) that
P (I-C)'P

* P

- [1 —(I-C)"

|20

} [1: (I—gk)TP}

I 0
~ [—(I—Dk)T 1} =0
- [P—(I—CkZTP(I—Ck) 2]
& P—(I-C)TP(I-C) >0.

0 1

19)

>0

(20)
From Egs. (18) and (19), we have

Vi) = [et) - A ' e(s)ds]

tr—0O

xP[e(tk)—A ‘ e(s)ds}

r—O

= [e(t,:)—A ) e(S)dS]T(I—Ck)T

Jty—o
T

x P(I—Cy) [e(t,;) —A/tk_ce(s)ds]
= Vi(t,),

which implies

V() <V(i), keZy. @1

By using Egs. (18) and (21), we obtain
V() <Vv(0), t+ >0. (22)

Hence, using Lemma 1, we have

/ti e(s) dsH2
- /G |:\/t (o2
= )Lmlno(-Q3)‘/ ¢'(5)0ae(s)d

c _» !
< e (- 6)/ e?MeT (5)0ze(s)ds
o )me(Q?) t—o ( )Q3 ( )

e M=)V (0),

/iGeT(s)e(s)ds

(o

= 7L1n1n QS)

which implies

/zice(s)dSH = z'min(zQ3)V

Similarly, considering the definition of V; (), we can obtain

t
—A/ e(s
t—0

which together with the definition of V; (¢) yields
<]
3
HA/ e(s)ds|| + ||e(r)
t—0
+4/7—=V(0) e

/ s+ 1P

/ -n(t—o)
S IEA A'mm ¢

entc

(0) M0,

(23)

V(0) e M=),

)dsH = ﬂmii(f’)

IN

fA/tiGe(s)ds

1

-n(t-o)

IN

max zeA

+

< <{max._ xa;
{ i€A A,mm

W}WW

Here, we note

(24)

v (0)

= e(O)—A/Oesds Ple(0
+22{z,/ [i

0
-I-/ e?MeT (5)Q1e(s)ds
—1(0)

0
—A/ e(s)ds

ds—i—l/ s —gils )}ds}

0 0
+/_62nseT(S)Q2€(S)dS+/ e215eT (5)0ze(s)ds
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0
+/ e?MeT (5)Qqe(s)ds
+2Z / /a,e, l ei(s) — [Zei(s )}dsde}

L[] [ R [ e

vo e [0] (R R[] e
[ e[ 0] (3] [ asanas
+cy/ // [EEH [;9% 32} [egg]dsd/lde
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Substituting the above inequality into Eq. (24) gives
le@)]| < M@ = lze™™, >0, (25)

where
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+dAmax (Q4) + 27 Amax (LT = L7)

+ 7% Amax (R1) + 67 Amax (R2)

+ P s (61) + 0V Ama(62) + @ (Ti) } = 1.

By Definition 1, this implies that system (8) is globally expo-
nential stable with a convergence rate 1. This completes the
proof.

Remark 1 In Refs. [36]-[39], the authors studied the
exponential synchronization of chaotic NNs and complex dy-
namical networks based on the impulsive effect. The impul-
sive controller design for the exponential synchronization of

chaotic NNs with mixed delays has also been addressed in
Ref. [40]. At the same time, the synchronization of chaotic
NNs under the sampled-data control was widely investigated
in Refs. [42], [46], and [49]. Inspired by the above work, we
have investigated the impulsive effect on the exponential syn-
chronization of NNs with leakage delay under the sampled-
data feedback control. Here, we would like to point out that
the impulsive effect and the sampled-data feedback control for
the exponential synchronization of NN are taken into account
in this paper for the first time.

Remark 2 The authors in Ref. [58] considered the
stability analysis of delayed NNs by using the triple-
integral method and a new type of triple-integral term has
been included in the Lyapunov—Krasovskii functional to de-
rive delay-dependent criteria for the considered NNs. In
the present paper, we introduce the double integral term
2¢2 {f_ I o (s )[ ei(s) — z;ei(s)] dsde} to the
Lyapunov—Krasovskn functional (11), which is different from
that in the existing literature. In additional, the term

L] T[] oo

is handled as
T
_2 {f thioe <s>dsd6]

12 o5 (1)
[ ii} St

with the help of Lemma 1 in D™V4(z). It can been seen that
the leakage delay term has a great impact on the dynamical
behavior of NNs.

Now, let us consider the special case of leakage term
o =0 in systems (1) and (3), then the error system (8) is sim-
plified as

é(t) = —Ae(t)+Bgle(t)) + Wg(e(r — (1))
+Ke(t—d(1)), t>0,
e(te) —e(ty ) = —Cre(t, ), t #ty, k €Zy. (26)

We introduce the Lyapunov—Krasovskii functional for system
(26)

V(t) = Vi(t) +Va(r) + Va(r) + Va(t) + V5(2),

where

Vi(r) = e*Me(t)"Pe(r),

n
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By using a similar method to the one employed in Theorem 1,
we can easily obtain the following corollary for system (26).
Corollary 1 For given scalars T > 0 and p > 0, assume
that assumptions H1 and H3 hold. Then, master system (1)
with o = 0 and slave system (3) with ¢ = 0 are exponentially
synchronous with decay rate 1 if there exist P > 0, Q; > 0,

. R R S1 S
(k=1,2,4),T1 >0, [R} R3] 0, {S} SJ >0,N>0,X,

and diagonal matrices T >0, A >0, & >0,I; >0 (i=1,2)
such that the following LMIs hold:

P (I-C)TP
L p >0, k€Zy, (27)
¥ <0, (28)
where ¥ = (le,Z)llxll with
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and the other entries of ¥ are zero. Moreover, the sampled-
data controller gain matrix is given by K = N~'X.

When we left the impulsive effect in systems (1) and (3),
then the master and the slave systems can be described as fol-
lows:

x(t) = —Ax(t — o)+ Bf(x(t))
FWfx(t —1(2) +7(),
¥(1) = —Ay(t—0) +Bf(y(1))

+WfE(t—t()) +ult)+J(t). 29)
Therefore, the error system becomes
é(t) = —Ae(t— o)+ Bgle(t))
+Wg(e(t—1(t)) + Ke(r —d(z)). (30)

From error system (30), we arrive at the following Corollary.
Corollary 2 For given scalars T > 0 and pt > 0, assume
that assumptions H1 and H2 hold. Then, master system and
slave system in Eq. (29) are exponentially synchronous with
decay rate 1 if there exist P > 0, Oy > 0, (k=1,2,3), T} > 0,

R, R, R4 Rs S; S, Sy Ss
>0, >0, >0, >0,
[Rg R3] [Rg R6] [55 53} [Sg SJ

N >0, X, and diagonal matrices T >0, A >0, a >0,I; >0
(i = 1,2) such that the following LMI holds:

Z <0, 31)

where X is defined in Theorem 1.

When we remove the impulsive effect and the leakage
term in systems (1) and (3), the master and the slave systems
can be described as follows:

X(1) = —Ax(1) +Bf (x(1)) + W f(x(t — (1)) +J (1),
¥(1) = —Ay(t) +Bf(y(1))
+Wfy@E—1(t))+ut)+J(). (32)
Hence, the error system becomes
é(t) = —Ae(t) +Bg(e(t)) + Wg(e(r — (1))
+Ke(t—d(1)). (33)

Then, the following corollary is derived.
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Corollary 3 For given scalars T > 0 and u > 0, as-
sume that assumption H1 holds. Then, master system and
slave system in Eq. (32) are exponentially synchronous with
decay rate 7 if there exist P > 0, Oy > 0, (k=1,2,4), T} >0,

Ri Ry S1 $2 . .
[RE Ry } >0, {Sg S5 } >0, N >0, X, and diagonal matrices
T>0,A>0,a>0,I; >0 (i =1,2) such that the following

LMI holds:
¥ <0, (34)

where ¥ is defined in Corollary 1.

Remark 3 The authors in Ref. [59] studied robust J%,
filtering for uncertain impulsive stochastic systems under sam-
pled measurements, and have designed a stochastically stable
filter using the locally sampled measurements, which ensures
both robust stochastic stability and a prescribed level of 7%
performance for the filtering error dynamics for all admissible
uncertainties. Meanwhile, the exponential stability of impul-
sive systems with application to uncertain sampled-data sys-
tems was discussed in Ref. [60]. It should be noted that there
are no results available in the existing literature related to the
dynamics of impulsive systems with sampled data interval de-
lays other than Refs. [59] and [60]. Motivated by the above
discussion, we have introduced the impulsive effects on the ex-
ponential synchronization of delayed NNs with leakage delays
and sampled data interval delays. The sampled data control
has been assimilated as a particular delay d(¢) in the consid-
ered delayed NNs where the impulsive effects affect the sys-
tem dynamics. Since there are no results published with the
combination of impulsive effects and sampling interval delays
for delayed NNss, this is a motivation of this research work.

4. Numerical examples

Here, we provide two numerical examples to illustrate the
benefits and effectiveness of the suggested methodology for
the synchronization of delayed NNs.

Example 1 Consider the delayed NN (1) with the fol-
lowing parameters:

1.1 0 1.1 —0.6
A= { 0 1.2}’ b= {1.1 —1.2]’

~2.6 —0.43 0.1 0
W= [—0.5 —1.4]’ Ce= [ 0 0.1}

The activation functions are taken as follows:

fi(x1(2)) = fa(x2(t)) = tanhx(z).

It is clear that assumption H1 is satisfied, with /;” =1, =0 and
I =1 = 1. Thus, we can obtain the following parameters:

Ly =diag{0,0,0}, L, =diag{l,1,1}.

By using MATLAB LMI control toolbox, from Theorem 1
and Corollary 1, we calculate the maximum sampling pe-
riod and the maximum exponential convergence rate for fixed
Y= u=0.25 7 =1 and different values of o, which are
listed in Tables 1 and 2. It describes the relationship between
the maximum sampling period and the maximum exponential
convergence rate. In the simulation, the time-varying delay is
(1) = e,e—jrl, which gives T = 1 and u = 0.25. The numerical
simulation results of master system (1) and slave system (3)
with u(¢) = 0 are displayed for different values o in Figs. 1-4
with the initial states x(¢) = [0.4 0.25]T and y(¢) = [0.35 0.25]T
forr € [-1,0].

LetT=1 0=d=0.1, u =y=0.25, 1 =0.1. Then,
we obtain the gain matrix from Theorem 1 as follows:

—0.7919
=2.7773 |

[ —5.2429

K=1"_1 9066

The simulation result of error system (8) is given in Fig. 5.
From Tables 1 and 2, it is clear that Corollary 1 provides less
conservative results than Theorem 1. This is due to the max-
imum sampling period and the exponential convergence rate
strongly affected by the leakage delay. It has been seen that
the dynamical behavior is affected by the increased value of
the leakage delay, as shown in Tables 1 and 2 and Figs. 1-5.

Table 1. Maximum value of d.

Method n 0.01 0.03 0.07 0.15 0.2
Theorem 1 6 =0 0.15 0.14 0.13 0.12 0.11
Theorem 1 ¢ =0.1 0.12 0.12 0.11 0.10 0.09
Theorem 1 0 =0.2 0.10  0.10 0.09 0.08 0.07
Theorem 1 0 =0.3 0.09 0.08 0.08 0.07 0.07
Corollary 1 0.15 0.14  0.13 0.12 0.11

Table 2. Maximum value of 7).

Method d 0.1 0.09 0.05 0.03 0.01
Theorem 1 6 =0 0.29 0.36 0.73 1.01 1.54
Theorem 1 0 =0.1 0.17 0.24 0.60 0.87 1.28
Theorem 1 ¢ =0.2 0.04 0.10 0.45 0.72 1.19

Corollary 1 0.29 0.36 0.73 1.01 1.54
0.8
0.4
< o
8
—0.4
—0-85 —1 0 1 2

Il(t)

Fig. 1. (color online) The dynamic behavior of master system (1) with o = 0.
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0.8

0.4r

ya(t)

—0.4¢

—-0.8
—2 -1 0 1 2

y1(t)

Fig. 2. (color online) The dynamic behavior of slave system (3) with
u(t)=0=0.

0.8

0.4

$2(t)
[}

—0.4

—-0.8

-2 —1 0 1 2
z1(t)

Fig. 3. (color online) The dynamic behavior of master system (1) with
o=0.2.

0.8

0.4

ya(t)
o

—-0.4

—-0.8

—2 —1 0 1 2
yi(t)

Fig. 4. (color online) The dynamic behavior of slave system (3) with
u(t)=0and 6 =0.2.

Example 2 Consider the delayed NN (32) with the fol-
lowing parameters: >6]

s
A:[lo}, B:[1+4 20”}’

01 0.1 1+%

B [ SENCE SN 1

- 1.3v2 :
0.1 12z

The activation functions are given by

1
Ala0) = o) =5 [k +11-x0) 1],
which gives /" =, = 0 and ll+ = l;r =1,1ie.,

Ly =diag{0,0,0}, L, =diag{l,1,1}.

By Corollaries 2 and 3, we obtain the maximum sam-
pling period and the maximum exponential convergence rate
for fixed y=pu = 0.25 and T =1 as listed in Table 3. From
Table 3, it is clear that Corollary 3 provides less conservative
results than Corollary 2. The time-varying delay is chosen
as 7(¢t) = e,e—il satisfying T = 1 and u = 0.25 for the simula-
tion. The chaotic behaviors of the master system and the slave
system in Eq. (32) with u(t) = 0 are shown in Figs. 6 and 7,
respectively, with the initial states chosen as x(¢) = [0.1 0.1]T
and y(t) = [-0.3 —0.3]T for r € [-1,0]. In the case of the
leakage term ¢ = 0.1, the chaotic behaviors of the master sys-
tem and the slave system in Eq. (29) are given in Figs. 8 and
9.

Table 3. Maximum values of 4 and 7.

Method 001 008 015 02 025
Corollary2: 6=0.1 0.5 0.4 013 013 0.12
Corollary2: =02 013 012 011 010 0.10

Corollary 3: d 0.17 016 015 014 0.14

Method d 01 009 005 003 001
Corollary2: 6=0.1 043 051 093 123 166
Corollary2: 6 =02 027 035 074 099 142

Corollary 3: 055 064 107 137 193
0.04
— ex(t) |
— ex(t)
0.02 ]
0
=
8
—0.02
—0.04
—0.067 5 10 15
t/s

Fig. 5. (color online) The error trajectories are converging to zero.

0.8}

0.4r

I‘Q(t)

—0.4}

—0.81

20  —10 0 10 20

Fig. 6. (color online) The dynamic behavior of the master system in Eq. (32).
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0.8}

0.4}

= of
g

—0.4F

—0.8¢t

—20 —10 0 10 20
yl(t)

Fig. 7. (color online) The dynamic behavior of the slave system in
Eq. (32) without u(r).

1.5

1.0p

0.5

xa(t)

—0.5+F

—1.0F

~1.5 T
—20 —10 0 10 20
x1(t)

Fig. 8. (color online) The dynamic behavior of the master system in
Eq. (29) with 6 =0.1.

1.0 1

0.5} ]

S o :
=

—0.5¢ 1

—1.0¢F 4

—-1.5 - - - - - - -

—20 —10 0 10 20
y1(2)

Fig. 9. (color online) The dynamic behavior of the slave system in

Eq. (29) with u(tr) =0 and 6 =0.1.

Let T=1,d=0.1, u=y=025 1n=0.1. Then, by

1.2

— eu(t)
_— Ez(t)

0.4 ]

e(t)

—0.4 ]

t/s

Fig. 10. (color online) The error trajectories are converging to zero.

Remark 4 Figures 5 and 10 depict the synchronization
errors of state variables between the master system and the
slave system. The numerical simulations clearly verify the
effectiveness and feasibility of the developed feedback con-
troller under sampled data to ensure the synchronization of
delayed NNs with the leakage delay and impulsive effect.

5. Conclusion

The impulsive effect on the exponential synchronization
of delayed NNs with leakage delay under the sampled-data
feedback control has been considered. Based on an appropri-
ate Lyapunov—Krasovskii functional and the input delay ap-
proach, sufficient conditions that ensure the exponential syn-
chronicity of the delayed neural network have been derived.
In the numerical simulations, it has been shown that the maxi-
mum sampling period and the exponential convergent rate are
affected by the leakage delay with the impulsive effect.
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