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This paper aims to improve the performance of a class of distributed parameter systems for the optimal switching
of actuators and controllers based on event-driven control. It is assumed that in the available multiple actuators, only one
actuator can receive the control signal and be activated over an unfixed time interval, and the other actuators keep dormant.
After incorporating a state observer into the event generator, the event-driven control loop and the minimum inter-event
time are ultimately bounded. Based on the event-driven state feedback control, the time intervals of unfixed length can be
obtained. The optimal switching policy is based on finite horizon linear quadratic optimal control at the beginning of each
time subinterval. A simulation example demonstrate the effectiveness of the proposed policy.
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1. Introduction

Recently, sensor and actuator networks have been in-
creasingly applied in environment detection, medical care and
military fields to provide efficient monitoring and control of
the system process.!!3! Distributed parameter systems (DPS)
represent some physical systems.*>! The means to reliably
and efficiently use sensors and actuators in the processes mod-
eled by DPS have been extensively discussed in Refs. [6]{11]

Actuator and controller switching has been widely stud-
ied for the performance improvement of control systems. In
the present study, it is assumed that in the networks with mul-
tiple actuators, only one actuator is activated over a given time
interval of fixed length and then switched on to a new actuator
in the subsequent time interval. Both the actuators and control
signals are selected for switching according to the smallest op-
timal value at the beginning of each time interval of the associ-
ated linear quadratic cost-to-go. With the practical advantage
in reducing the input energy and cost, the switching policy has
been widely discussed in Refs. [12]-{17].

In most of current studies, the switching is periodically
triggered by a clock. El-Farra et al.'"?! studied the schedul-
ing policy of finding an actuator and controller to improve the
control authority and enhance the ability of the system to mini-
mize the effects of disturbances in nonlinear transport-reaction
processes. Iftime and Demetriou!'?! extended this study to op-
timal control of switched distributed parameter systems with
spatially scheduled actuators. Sha!'®! Studied a control pulse
combination of pulse train controlled switching converter and

17]

its multi-periodicity analysis. Sun!!” proposed the finite-time
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consensus problem of the leader-following multi-agent system
under switching network topologies.

However, the clock-driven switching increases the digital
communication among the sensors, actuators and controllers
in the control loop has a considerable influence on the overall
loop performance. In order to reduce the load of the com-
munication, the event-driven control loop is considered during
the switching process determined by events. Once the event
is detected, the actuators are switched. The event-driven con-
trolling and communication have been investigated by several

18-211 Tunze and Lehmann!® proposed a novel

researchers.
method of event-based state feedback control, in which a con-
trol input generator is used to simulate a continuous feedback
between two consecutive events. Subsequently, they extend an
event-based state feedback approach, which was published re-
cently, towards event-based output feedback!?’!. Event-based
control aims at reducing the information exchange over the
communication network in control systems.*!! Tabuada!??!
considered the problem of event-triggered real-time schedul-
ing of stabilizing control tasks. An event-triggering scheme in
distributed networked control systems was presented by Wang
and Lemmon. [>4]

Up to now, the optimal switching of actuator and con-
troller over the time interval trigged by the event-driven con-
trol in DPS has seldom been reported. Inspired by these pre-
vious works, this paper aims to propose an optimal switching
policy of actuators and controllers for performance enhance-
ment of DPS with event-driven control. To attain the above

objective, through designing a Luenberger state observer in the
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event generator and defining the event condition, the switch-
ing time interval of unfixed length can be obtained. With the
well-established linear quadratic optimal control, multiple ac-
tuators are in place when only one actuator is activated over the
time interval and the other actuators are dormant. Compared
with the performance of the clock-driven switching and non-
switching conditions, the performance of the proposed switch-
ing algorithm with event-driven control can save energy and
extend the lifetime.

The rest of the paper is organized as follows. A few math-
ematical preliminaries and problem formulation are given in
Section 2. Through incorporating a state observer into the
event generator, an event-driven state feedback control is pre-
sented in Section 3. Section 4 demonstrates the bounded-
ness of the event-driven control loop and minimum inter-event
time. The optimal algorithm for the actuator and controller
switching of DPS on a finite-time interval is given in Section 5.
The simulation example is presented in Section 6. Finally,
conclusions are included in Section 7.

2. Problem formulation

Consider the following heat conduction of DPS:

2 m
%(t,x) - a%(t,x) + L bi(x)uit) +d(x)w(r),
2(0,x) € L2(Q), .
Jz 9z

7(t70) = 70’1) =0,

ox dx
yi(r) Joer(x)z(t,x)dx
o= : | = : : 2)

Ym(r) Jo em(x)z(t,x)dx

where z(z,x) denotes the state of system (1), x € Q = [0,/] is
the spatial coordinate, ¢ € [0,00] is the time variable, ¢ > 0.
The b;(x) denotes the spatial distribution of the i-th actuating
device, u;(t) denotes the associated control signal. The d(x)
denotes the spatial distribution of the disturbance and w(t)
the unknown exogenous input signal (square integrable). The
measured signal y(r) denotes the output of the sensing devices,
and c¢;(x) denotes the spatial distribution of the i-th sensing de-
vices.

Let X be a Hilbert space with the standard L, inner prod-
uct (-,-) and corresponding induced norm | - |, )V is a reflexive
Banach space with norm denoted by || - ||y, V' is the conjugate
dual of V, Let || - ||* denote the usual norm on V', we have
that[17-181

VX =V, 3)

with both embedding being dense and continuous. It is as-
sumed that |¢| < 7||@||y for some positive constants.!”] The
notation (-,-) can also be used to denote the duality paring

between V and V' induced by the continuous and dense em-
bedding given in Eq. (3).

In order to write the above system in a form that is con-
ductive to the analysis, the original process dynamics Eq. (1)
can be represented as an evolution equation, as follows:

&) = Az(r) + Bu(r) + Dw(1),

4
0 € X, “)

where the operator A : V — ) is the infinitesimal generator
of a strongly continuous semigroup 7'(¢) on the Hilbert space,

which is given by
d2¢ . .
AP = 00—, ¢ €V with domain,
dx?
_ d
D(A)={¢ € L,(0,)|9, d—i are absolutely continuous,
d?¢ d¢ d¢
— € 1,(0,1) and —(0) = —(I) = 0}.
L enonmd Lo=Lo =0

The input operators are parameterized as follows:

!
(B u(1),9) = [ Bi0Omdx. 9V,
or in matrix operator form
ui (t )

B(xMu(t) = [B1(x*), ..., Bu(xH)] | ...
U (1)

The disturbance operator D via

I
(Dw(r),(x)) = /0 d(x)9(x)dxw(r), ¢ EV.
The output system (2) can be written as

y(1t) = Cz(1), 5)

where the output operator C is parameterized by the sensor
locations x°, and the operator is given!?!

[ (C1(x*)¢, )
(C()o,v) = :
[ (Cn(x*)9, W)

[ Joc1(x)9 (x)w(x)dx

= : , o,wel.

o em ()0 (0)p(x)dx

We denote the notations B;(x*) = B(x?) at actuator lo-

L
cation x¢ € Q and C;(x*) = C(x}) at sensor location x} € Q,

wherei=1,...,m.

3. Event-driven control
3.1. Continuous state feedback loop

The state-feedback controller is determined by solv-
ing the optimization problem of associated linear-quadratic-
regulator (LQR) function of the form

J(z0,u) = (z(ty),Mz(tr))
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+ [0f<y<s>,y<s>>+<u(s>,Ru<s>>ds ©)
on the finite-time interval [fo, ], ff < oo, where u(s) and y(s)
are the input and output trajectories, respectively, and R €
L(X) is a self-adjoint coercive operator. The control input u(t)
which minimizes the cost function J over all trajectories can
be represented as u(t) = —Kz(t), with the optimal controller
feedback K = R™!B*P(t), where P(t) is the positive definite
solution of the following differential Riccati equation (DRE):

$10,P)9) = (9, P(NAG) ~ (49, P(1)9) ~ (C5.Co)

+(P(1)BR™'B*P(1)9, 9),
P(t) = M, )

for ¢, @ € D(A).

Considering the DPS (Eq. (4)) with the state feedback
u(t) = —Kz(t), the continuous closed-loop state feedback sys-
tem is given as!!”!

ZeL(t) = (A= BK)zcL(t) + Dw(t), zcL(0) =z, (8)
yer(t) = CzeL(t). ©)

Let A = A — BK. Throughout this paper, we firstly give the
following assumptions:

(i) There exists a bounded linear operator F' such that
A — FC generates an exponentially stable semigroup.

(ii) There exists a bounded linear operator K = R~'B*P(t)
such that A generates an exponentially stable semigroup.

(iii) The disturbance Dw(¢) is bounded and w(r) < wiax.

3.2. Event-driven state feedback

Consider the event-driven control loop is given as the
plant system

2*(t) = AZ"(t) + Bu*(¢) + Dw(r), (10)
yi(1) =€z (0). (1)
According to the event-driven control proposed by Lunze

and Lehmann,!'”! the input generator and the control input
generator by the model

(1) = Azs(t), 1t # 1,
12
{zs(t,;*) =" (t), t =1, 12
ys(t) = Czy(1), (13)
u(t) = —Kz(1), (14)

for time interval 7 € [t;,#11) both for the input generator and
for the event generator, where z*(¢) is the measured state and
zs(t) is the trajectory of the undisturbed continuous state feed-
back system for time ¢ € [t,f11) with initial state z(r;}) =
Z"(#). The control input u*(¢) is generated by the undisturbed

continuous state feedback system. At each event time #;, the
control input generator receives the current state z*(#;) and
reinitializes the model (12). The #;” is the instant after the
event occurs. Furthermore, an event is generated whenever
the relation?"!

127(1) —z(0) = € (15)

is satisfied, where é is the event threshold.

3.3. Event-driven state feedback based on observer

The above section shows the event generation between
the event-driven system z*(¢) and model state system z5(¢). For
the state z*(¢) is nonmeasurable upon most occasions. In this
case, there is no update of the model state of zs(¢) according to
Eq. (12) or event generation according to Eq. (15), therefore,
the last scheme should be modified. In this section, a state ob-
server is selected in the event generator and the approximate
state 2(¢) is sent to the control input generator at the event time
tr. The structure of the event-driven state feedback control
loop based on observer is depicted in Fig. 1.

l d(z)w(t)
plant observer

25 (t) 2(t)

u(t)

control

input actuator tr event

generator

switching generator

Z(ty)

Fig. 1. Event-driven control loop.

The Luenberger observer is designed as

2t) = AZ(t) +Bu" (1) = L(3(1) —y*(1)),  £(0) =20, (16)

() = C2(), a7
where Z is the observer state and L is the observer gain. Notice
that due to the presence of interference, we have z*(r) # 2(¢),
it is not ensured that the observer state Egs. (16) and (17) can
acquire the state z*(¢) exactly for most of the time.

The control input generator determines the control input
u* (1) in the time interval r € [fy,#;| ) between two consecutive
events based on the information 2(#;) received at time #;. The

control input generator is applicable to the model?’!

%) = Az(t), t # 1y,
{ () = 2n), t =1, (18)
¥s(1) = CZ(1), (19)
u'(t) = —Kz(1), (20)

of the undisturbed continuous state feedback system. The
model state Zs(¢) is updated with the observer state 2(f;) at
event time 1.
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A further decisive regulation compared to event-driven
state feedback concerns the event generation. An event is trig-
gered when the relation (15) is replaced by the relation?"!

[12(1) = 25(1) = @ 2n

is satisfied. At the time ¢ =0, an initial reset yield Z(0) = Z,(0).
After each reset of the state Z,(1;") = 2(tx) = 2(1;") holds again,
2(7) — Zs(5;")|| = O is obtained. When the measure state
given by

12(5) = z5(1) [[< @0 (22)

holds, no event occurs.

4. Analysis of the event-driven control loop
4.1. Boundedness analysis

This section shows that the boundedness analysis of the
observation error and the boundedness analysis of the event-
driven control loop system z*(¢). With the control input (20),
the event-driven control loop is given by

(1)

Assume that the following conditions are satisfied:

=Az*(t) — BKZs(t) + Dw(r), z(0)=2z9. (23)

(iv) The proper observer gain L is chosen to ensure that
A — LC generates an exponentially stable semigroup.

(v) The initial observation error ¢(0) < €pmax-

Theorem 1 Consider the DPS in Egs. (16), (18), and (23)
satisfying the above assumptions, then the proposed observa-
tion error as well as the difference between the event-driven
control loop system z*(¢) and continuous state feedback loop
system zcr(¢) are bounded. Thus, the state z*(¢) of the event-
based control loop is bounded.

Proof According to Eqs. (4) and (16), the observation
error between the event-driven control loop state and observer
state is described by

é(t) = (A— LC)e(r) + Dw(t), (24)

(1)

tion error e(¢) can be obtained according to the relation

where e(1) = —2(¢). An upper bound for the approxima-

” e(A—LC)te(

le(@)]

t
0) +|| /0 L) () ds|

A

te(0,00

= ey, (25)

which yields the bounded observation error.
According to Egs. (22) and (25), an upper bound of differ-
= 7*(t) — Zs(r) is obtained from the inequality

1% (1) =z @)

ence state es(f)

lles(Il =

ma e e + [ ¢4~ ] D
0

12" () — 2(2) +2(1) — Zs (1)
< 250 = 2@+ [12(1) =z (@)
< ea+&p, (26)

which implies that the difference state is bounded.

The difference é(t) = z*(¢) — zcL(¢) between the state
Z*(¢) of the event-driven control loop and the state zcp (¢) of
the continuous state feedback loop depends upon the differ-
ence state es(#) introduced in Egs. (8), (23), and (26), as ex-
pressed in the following equations:

é(t) = 2°(0) — zeL (1)
= AZ'(1) — BKZ(1) — (A= BK)zcL(1)
= Aé(t) — BKZi(t) + BKZ* (1)
—BKz"(t) + BKzcL ()
= (A—BK)e(r) + BK (2" (t) — z(1)),
= Aé(r) + BKes(1), (0)=0. 27

As A generates an exponentially stable semigroup, the state
es(r) is bounded according to Eq. (26). Consequently, the
e(t) is bounded according to Eq. (27). We know that zcp (¢)
is bounded under the assumptions (i)—(iii), then the plant state
Z*(t) of the event-driven control loop is bounded.

4.2. Minimum inter-event time

Theorem 2 The minimum admissible time internal
Tin = min{fk+1 —lklk =0,1,2,.. }

that elapses between two consecutive communication event
time is bounded.

Proof To obtain the minimum inter-event time, the event
condition &y () = 2(¢) — Zs(¢) between the observer state and

model state is considered, then the difference in the time
[tk;txv1) is given by

&o(t) = 2(1) — Z(t)
AZ(t) +Bu*(t) = L(3(t) —y" (1)) — (A — BK)Z(t)
= (A—LC)3(t) + LCz"(t) — Az (1)
= (A= LC)Z(r) + LC(es(1) +25(1)) — Azs(1)
= (A—LC)éy(t) + LCes(t), (28)

with éo(t,j) =0,k=0,1,2,...
Then, the solution to Eq. (28) is

t
Zo(t) = / A LOE-D [ Co (1) dr.

I

An event should be generated whenever the inequality

3
/e(A_LC)<’_T>LCeS(r)dT > &

I
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holds. Moreover, there exists a lower bound time 7' such that

T -
(A*LC)T dT: €Q 29
e e e e @)

then we obtain the conclusion that the minimum inter-event
time Tpin (Tinin > T) is bounded.

5. Optimal switching policy on a finite-time in-
terval

In the above section, we determined the time interval that
is triggered by events indicating between two consecutive ac-
tuator switchings. In this section, on the basis of event trigger-
ing mechanism, an optimal actuator switching policy is real-
ized: one actuator in the available m actuators is activated and
the remaining actuators are dormant. The system (4) with m
actuators may be written as follows:

2(t) = Az(t) + [B(xY),...,B(x3)]u(t) + Dw(t), (30)

where the vector u(¢) has the form u(t) = [uy(t),. .., un(t)]".

The individual controller u;(z), i = 1,...,m is provided for
each actuator B(x{). To achieve the switching control setting,
the m controllers are designed as??!
Uil ([) 0
0 7%} (t)
Ml(t) = , ualt)= . 3 5
0 0
0
0
um(t) =
Umm (t)

Hence, when the controller u;(¢) is switched, the i-th actua-
tor is activated. One actuator receives the control input signal
u;(¢) in a given time internal, the remaining actuators do not
receive any control input signal, that is

[B(x{),...,B(x3)]ui(t) = B(x{ u; (z). 31)

If the duration of a time internal is reached, a new actuator is
switched on in the subsequent time internal.

In order to find the optimal actuator switching during a
given time instance, the optimal value of the performance in-
dex with Eq. (6) of the LQR function over the subinterval
[tk,tk11) is minimized with respect to the m actuator switch-
ing. The optimal value Jy, is given by

Jmin :ZT(ter?)P(tk)Z(thx?)a (32)

where k =0,1,2,...,n,i=1,2,...,m, P(t) solves the param-
eterized DRE Eq. (7). Based on the DPS Eq. (4), the optimal
control law is given by

u(t) = —R'B*P(1)z(1). (33)

Before proceeding with the above considerations, the pro-
posed optimal switching algorithm is summarized as follows.

Algorithm 1 Consider the optimal switching control on
a finite-time interval.

Step 1 Make use of the event-driven output feed-
back control approach to obtain each switching time inter-
nal [f,f;41), where k =0,1,2,....n,and tp < 1] <tp < --- <
thy1 < .

Step 2 At each switching time #;, k =0,1,2,....n, form
the value of z%(t,x¢)P(t)z(t,x?), where P(t) is the solution
to the DRE (7).

Step 3 Choose the optimal actuator to be activated during
the time internal [t 1) via

(X?)Opt = arg min ZT([k)P(tk)Z(tk)'
MEQ

Step 4 If 711 < t;, repeat step 2 and step 3 for the next
time internal [ty 1,%42)-

Remark 1 The actuator switching time is triggered by
event indication of an intolerable control error. This scheme
differs fundamentally from the commonly used clock-driven
scheme.

6. Simulation example

The DPS in Eq. (1) is simulated in © = [0, 1] with an
initial condition z(0,x) = sin(nx)e’7x2. The coefficient is
a = 0.005. The spatial distribution of the actuator devices
with centroid at x{ is given by
, XEP—gxf ¢,

1

1
b; (x) =49 €
0, otherwise.

The spatial distribution of the sensing devices with centroid at
x; is given by

x € [xj —2€,x} + 2¢],
otherwise.

The set of the candidate actuator positions are chosen as

im0

i m+] s m.

PR

The sensor positions and the actuator positions are collo-
cated in the network; that is, x} = x{. The disturbance
d(t,x) = 107*[3cos(97t /tr) + 5|{H[0.2cos(97t /t; + 0.7) —
€] — H[0.2cos(97t/t;+0.7) + €]}, where € = 0.05.

We consider m = 5 actuators for switching in the time in-
ternal [0 s,9 s], and the LQR parameters are chosen as M = 1,
R = 1. The observer parameter is L = 0.1. It is assumed that
the initial condition is satisfied

7(0,x) = z(0,x) = cos(?tx)e_7"2 #2(0,x)
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= 7(0,x) = sin(ﬂ:x)e_%‘z.

In order to obtain the switching time internal more in-
tuitively, we consider the situation when x = 0.5. The event
threshold is set to be ¢y = 0.05, and the event condition is
Il 2(¢,0.5) — Zs(¢,0.5) ||= 0.05.

From Fig. 2 we note that after the initializing event at
time 7o = 0, five further events occur, respectively, int; = 1.6 s,
t) =2.48s,13=3.72s,t4 =5.45s,and t5 = 7.12 5. According
to the switching algorithm, the associated actuator activation
optimal sequence is presented in Fig. 3. In this case, we can
see that the actuators B(x§) and B(xj) are used most of the

time.
0.5 .
()
0.3
0.2}
0.1}
t1 to t3 ty ts
0 A A A A
0 2 4 6 8
Time/s
Fig. 2. (color online) Event-driven output feedback control.
6
5
.
15}
QS 4
g
5
S|
= 3 —
o
)
g
v 2
<
1
tl tQ t3 t4 t5
o TS S VI S
0 2 4 6 8
Time/s

Fig. 3. (color online) Actuator switching sequence based on the event-
driven control.

To compare the proposed algorithm with clock-driven
switching algorithm, which divide the interval [0,9] into Ar =
(tr—19)/6 = 1.5 s. At the beginning of each time interval
[tk 1 +A) (k=0,1,2,...,5), the smallest value of the optimal
cost 71 (1) P(t;)z(t) are chosen. The optimal actuator switch-
ing allocation is presented in Fig. 4.

6

Actuator number
w

0 2 4 6 8
Time/s

Fig. 4. (color online) Actuator switching sequence based on the clock-
driven control.

The optimal cost Jiin(#, %) on the cumulative L, norm
defined by ||z(t,x)[3, = Jf; Ja22(t,x)dxdz. Figure 5 shows
the evolution of the Lz state norm for three cases of event-
driven switching, clock-driven switching, and non-switching
(using actuator B(x§)). Compared with the cases of the clock-
driven switching and non-switching, the event-driven switch-
ing showed an overwhelmingly encouraging performance im-

provement.
3
[ - non switching
- clock-driven
2.\ — - event-driven

Norm

Fig. 5. (color online) Evolution of state L, norm.

7. Conclusions

This paper has proposed an optimal switching algorithm
of a class of DPS. With the LQR optimal control on finite-
time interval, an actuator-plus-controller switching policy has
been developed on the basis of the event-driven control. Since
the state is not measurable, a state observer is considered in
the event generator. By using the event-driven state feedback
control based on the Luenberger state observer, a set of dif-
ferent time intervals are available. Both the actuator and con-
troller signals are switched at the beginning of the time in-
tervals. Numerical simulation results have revealed that the
performance enhancement can be achieved with the proposed
optimal switching policy.
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