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Types of the jump phenomenon in the angular dependence of the
noncollinear exchange bias∗
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Based on the principle of minimal energy and the coherent rotation model, two types of the jump phenomena, complete
and incomplete jump phenomenon, are proved to exist in the angular dependence of the exchange bias with noncollinear
unidirectional and uniaxial anisotropies. It is found that the transition between complete and incomplete jump phenomena
occurs on condition that the exchange-coupling constant exceeds a critical value. Additionally, two different modes of
the magnetization rotation, the whole-plane rotation, and the half-plane rotation are present in the magnetization reversal
process, and they are dependent on the direction of the external field. Furthermore, the equations of the critical angle, at
which orientation the exchange bias field reaches a maximum value and the coercivity disappears, are also derived in this
paper. The numerical calculations in this paper are consistent with the relevant experimental observations, indicating that
our method to study the angular dependence of the exchange bias as well as the magnetization reversal behaviors is valid.
Our discussion about the jump phenomenon, the critical angle, and the modes of the magnetization reversal can explain the
observed differences in results between different experiments.
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1. Introduction
Exchange bias (EB) means a shift of the hysteresis loop

for a ferromagnetic (FM) system or an antiferromagnetic
(AFM) system, such as FM/AFM bilayers, along the magnetic
field axis below the blocking temperature. This effect has been
widely applied in magnetoresistance or spintronic devices.[1,2]

Although EB has been extensively investigated for more than
fifty years, its characteristics, such as coercivity enhancement,
training effect, and asymmetric magnetization reversal, have
not been understood satisfactorily. For reviews concerning
both theories and experiments, readers may refer to Refs. [3]–
[7].

The angular dependence of exchange bias (ADEB) is an
important subject in the investigation of the exchange bias ef-
fect, which needs to know the exchange bias field HEB and the
coercivity HC, defined respectively as the shift and half-width
of the hysteresis loop, each as a function of the orientation of
external field, i.e., HEB(θH) and HC(θH) curves. ADEB is very
informative to understand the nature of exchange bias effect,
and it is also useful in providing an independent test for the
validity of the theoretical models on the exchange bias.[8] On
the other hand, the investigation of the ADEB is also valuable
to achieve the maximal exchange bias field, maximal or min-
imal coercivity by tuning the orientation of the external field,
which is technologically important in designing the magne-
toresistance or spintronic devices.

Recently, it has been confirmed experimentally and the-
oretically that HEB and HC can display a jump phenome-
non[9–17] in the ADEB, which cannot be described by cosine
series expansion as done in the initial investigation.[8] This
jump phenomenon has been found in both collinear[9–12] and
noncollinear[13–17] exchange bias. The collinear exchange bias
means that the orientation of the uniaxial anisotropy is paral-
lel to the unidirectional anisotropy. On the contrary, a con-
figuration of misalignment between unidirectional and uni-
axial anisotropy axes can be present in the noncollinear ex-
change bias, which can be established either intrinsically by
interfacial spin frustration[18–20] or extrinsically by a special
field cooling procedure,[13,17] ion irradiation technique[21] or
system for preparing the FM/AFM by the oblique sputtering
deposition.[22]

For the collinear exchange bias, it is found that HEB

reaches its maximum, meanwhile HC vanishes suddenly at the
jumping points, which are defined as the intrinsic hard axes in
Bai et al.’s work.[12] This type of the jump phenomenon has
been named complete jump phenomenon in their work. Ac-
tually, the same feature has also been discovered by Liedke et
al.[14] in the ADEB of NiFe/FeMn bilayers with noncollinear
uniaxial and unidirectional anisotropies. Recently, Jiménez
et al.[17] have also studied the ADEB of noncollinear ex-
change bias in Co/IrMn bilayers. The jump phenomenon is
still present in the ADEB, whereas HEB does not reach a max-
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imum, moreover HC does not disappear at the jumping points.
The critical angle, where HEB achieves the maximum and HC

starts to disappear, has been observed in the ADEB after the
presence of the jump phenomenon.[17] This feature is similar
to that of the incomplete jump phenomenon, which has also
been proposed by Bai et al.[12] in the ADEB of the collinear
exchange bias.

Based on the above experimental observations, a conclu-
sion can be made that two different types of the jump phe-
nomena, complete and incomplete jump phenomena, can also
exist in the ADEB of the noncollinear exchange bias, though
they manifest themselves in very different manners for differ-
ent materials.[14,17] However, these features of the ADEB have
not been explained by these authors. Although the jump phe-
nomenon shown in the ADEB of the noncollinear exchange
bias has been explained by Bai et al.,[15,16] the types of the
jump phenomena were not emphasized in their work.

The intent of this study is to explain the complete and
incomplete jump phenomena shown in the ADEB of the non-
collinear exchange bias, which is useful for a better under-
standing of the ADEBs measured in different systems. By
analyzing the magnetization reversal processes, the physical
conditions of the transition between two types of the jump
phenomena are obtained. Additionally, the critical angle and
the mode of the magnetization reversal are also studied in this
paper.

2. Theoretical model
The free energy per unit area of the FM /AFM bilayer can

be expressed as[15,16,23]

E = KFtF sin2
θF− JE cos(α−θF)−HMFtF cos(θH−θF) . (1)

On the right-hand side of Eq. (1), the first term represents the
uniaxial anisotropy energy, in which KF is the anisotropy con-
stant and tF is the thickness of the ferromagnetic material, and
θF is the angle of the ferromagnetic magnetization MF with
respect to the easy axis of the uniaxial anisotropy which is
defined as x axis for simplicity; the second term is the ex-
change anisotropy energy characterized by the exchange cou-
pling constant JE and its relative orientation α with respect
to the uniaxial anisotropy axis. The ferromagnetic coupling
is assumed to exist between the spins of the FM/AFM inter-
faces,which means JE > 0, and the hysteresis loop with a neg-
ative shift will be observed when the external field is applied
along the orientation of the cooling field, i.e., the easy axis of
the unidirectional anisotropy; the last term corresponds to the
Zeeman energy, in which H and θH denote respectively the
magnitude and orientation of the external field. All the an-
gles, θH, θF, and α , are counted clockwise from the positive x
semiaxis.

According to the method of monostable and bistable
states proposed by Bai et al.,[12] we first discuss the initial
magnetization state of the system (the state when the exter-
nal field is absent). Using Jiménez et al.’s parameters,[17]

J = KE/2KU = 8.1/5.2 ≈ 1.5577, α = 20◦ in the calcula-
tions, where J = JE/2KFtF is defined as the reduced exchange-
coupling constant. Figure 1(a) shows the dependences of the
normalized energy E/2KFtF on the ferromagnetic magnetiza-
tion orientation θF in the initial magnetization state. Because
only one energy minimum θF1 together with one energy max-
imum θF2 is shown in the energy spectrum, the system will be
in the monostable state. The parameters J = 0.65 and α = 20◦

are chosen in the calculations in order to compare the results
with the parameters J = 1.5577 and α = 20◦. The orientations
of θF1 and θF2 are respectively defined as the intrinsic easy
and hard axes.[12] The values of θF1 and θF2 can be obtained
from the equilibrium condition: ∂E (H = 0)/∂θF = 0, which
can be given by

1
2

sin2θF− J sin(α−θF) = 0. (2)

For J = 1.5577 and α = 20◦, θF1 = 12.3133◦ and θF2 =

218.1751◦, respectively for the intrinsic easy and hard axes,
can be obtained by solving Eq. (2). For the case of J = 0.65
and α = 20◦, the calculated results are θF1 = 7.904◦ and
θF2 = 240.8643◦. The positions of the intrinsic easy and hard
axes together with their perpendicular orientations divide the
directions of the external field into several angular regions,
which can be used to analyze the magnetization reversal pro-
cesses conveniently.[12,15,16] The schematic diagram of the po-
sitions of θF1 and θF2 together with the angular regions are
shown in Fig. 1(b).

The coherent rotation model,[24] although the effect of
the microstructure such as grain size, interface roughness
or domains is not taken into account in the magnetization
process, has been proved to be an effective method to de-
scribe the magnetization reversal in many exchange-coupled
systems.[9–17,25,26] Likewise, this model is also used to analyze
the magnetization reversal processes in this paper. As com-
plete and incomplete jump phenomenon in the ADEB can be
discriminated by the different features of the exchange bias at
the orientation of the intrinsic hard axis,[12] the magnetization
reversal processes, when the external field is applied around
the intrinsic hard axis θF2− 180◦, should be discussed. Be-
cause θF2−180◦ is the boundary of the angular regions 2 and
3 as depicted in Fig. 1(b), we must analyze the magnetization
reversal processes in these two angular regions. MF stays at the
position of θF1 in the initial magnetization state. The perfect-
delay convention,[27] which means that MF remains in a local-
energy minimum until the energy barrier between the local and
global energy minimum vanishes, is used in the numerical cal-
culations. The exchange bias field HEB and the coercivity HC
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can be deduced from the relation HEB = (HCR +HCL)/2 and
HC = (HCR−HCL)/2, where HCL and HCR are the coercive
fields for the descending and ascending branches of the hys-
teresis loop, respectively.
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Fig. 1. (a) Values of normalized energy E/2KFtF each as a function
of the ferromagnetic magnetization orientation θF when the exter-
nal field H is absent. The parameters are taken as J = 0.65, J =
1.5577, and α = 20◦ in the numerical calculations. (b) Schematic
diagram for the positions of the intrinsic easy axis θF1, the intrinsic
hard axis θF2, and the corresponding angular regions of the external
field.

Figure 2(a) shows the rotation of MF when the orientation
of the external field is within the scope of the angular region 2,
i.e., θF1 ≤ θH < θF2− 180◦. The coercive field HCL appears
when H reverses its direction and increases from zero to the
negative saturation. Considering the torque exerted on MF by
H, MF rotates away from θF1 towards the opposite orientation
of H in an anticlockwise sense to diminish the Zeeman energy.
The determined formula of HCL is given by[16]

E
2KFtF

=
1
2

sin2 (θF1−θ)− Jcos(α−θF1 +θ)

−hcos(180◦−θH +θF1−θ) ,

− 1
2

sin2(θF1−θ)+ J sin(α−θF1 +θ)

−hsin(180◦−θH +θF1−θ) = 0,

cos2(θF1−θ)+ J cos(α−θF1 +θ)

+hcos(180◦−θH +θF1−θ)≥ 0, (3a)

where θ is the angle between MF and θF1; h = H/HA and
HA = 2KF/MF are defined respectively as the normalized field
and the uniaxial anisotropy field. Based on the method of the
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Fig. 2. Rotation of MF in the magnetization reversal process for the
angular regions θF1 ≤ θH < θF2−180◦ (a) and θF2−180◦ ≤ θH <
θF1 + 90◦ (b). The dashed line with arrow represents the opposite
orientation of the applied field H. θ and ϕ are the angles included
between MF and θF1 and between MF and −H during the descend-
ing and ascending branches of the hysteresis loop, respectively.

geometrical asteroid solution of the coherent rotation
model,[28] HCL can be expressed as

HCL=


HLS→(J sinα−hsinθH)

2/3+(J cosα−hcosθH)
2/3

= 1, for θH ≤ θ ∗H,

H90=0.5sin2θH+J cos(θH−α), for θH > θ ∗H,

(3b)

where HLS is the switching field of the descending branch of
the hysteresis loop. For h = HLS, MF will make an irreversible
rotation from an orientation far away from the external field
to another orientation close to the external field. The deter-
mined equation of HLS can be derived from the conditions of
∂ (E/2KFtF)/∂θ = 0 and ∂ 2(E/2KFtF)/∂θ 2 = 0, which has
been given by the first formula of Eq. (3b). On the other hand,
if the perpendicular angle θ90 = 90◦−θH +θF1 is substituted
into the first formula of Eq. (3a), the perpendicular field H90

can be derived. At H90, MF is expected to be perpendicular to
the external field in the magnetization reversal process. The
relevant equation of H90 is given by the second formula of
Eq. (3b). Based on the perfect-delay convention, it is found
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that θ90 starts to become a stable position of MF until θH is
above a critical value θ ∗H, which can be derived by substitut-
ing the condition θ90 = 90◦−θH +θF1 into the characteristic
equation ∂ 2(E/2KFtF)/∂θ 2 = 0. The corresponding equation
of θ ∗H can be written as

cos2θ
∗
H− J sin(θ ∗H−α) = 0. (3c)

Only if the condition of θH > θ ∗H is satisfied, the perpendicular
field H90 will be taken as the coercive field HCL. Otherwise,
the switching field HLS will replace H90, serving as HCL under
the condition of θH ≤ θ ∗H.

When H increases from zero to the negative saturation,
MF is capable of passing through the intrinsic hard axis θF2 as
shown in Fig. 2(a). Hence, when H releases itself from the
negative saturation to zero, instead of rotating back to the po-
sition of θF1 from the negative orientation of H in a clockwise
sense, MF will continue its anticlockwise rotation from −H
towards θF1. The other coercive field HCR occurs at this mag-
netization stage and the determined formula is given by[16]

E
2KFtF

=
1
2

sin2 (180◦+θH−ϕ)− Jcos(180◦+θH−α−ϕ)

−hcosϕ,

−1
2

sin2(180◦+θH−ϕ)− J sin(180◦+θH−α−ϕ)

+hsinϕ = 0,

cos2(180◦+θH−ϕ)+ J cos(180◦+θH−α−ϕ)

+hcosϕ ≥ 0, (4a)

where ϕ is the angle included between MF and −H as illus-
trated in Fig. 2(a). The analytical expression of HCR can also
be gained by the method of the geometrical asteroid solution
of the coherent rotation model, which can be written as

HCR=


HRS→(J sinα−hsinθH)

2/3+(J cosα−hcosθH)
2/3

= 1, for θH ≤ θ ′H,

H90=−0.5sin2θH+J cos(θH−α), for θH > θ ′H.

(4b)

The critical angle θ ′H can be obtained from the relation
HRS = H90, which can be expressed as[

cosθ
′
H
(
J sin

(
θ
′
H−α

)
− sin2

θ
′
H
)]2/3

+
[
sinθ

′
H
(
cos2

θ
′
H + J sin

(
θ
′
H−α

))]2/3
= 1. (4c)

Although the switching fields HLS and HRS have the same
equation, which is expressed by the first formula of Eq. (3b) or
Eq. (4b), they come from two different solutions of this tran-
scendental equation actually. This result is caused by the effect
of the unidirectional anisotropy on the broken symmetry of the
initial uniaxial anisotropy,[26] and the equilibrium positions of

MF between the descending and the ascending branches of the
hysteresis loop are not equivalent to each other any more. Con-
sequently, two different switching fields HLS and HRS will ap-
pear in the above two magnetization stages.

The magnetization reversal processes for the angular re-
gion 3, i.e., θF2 − 180◦ ≤ θH < θF1 + 90◦, are indicated in
Fig. 2(b). HCL also occurs at the magnetization stage of H
increasing from zero to the negative saturation, and the de-
termined formula is the same as Eq. (3). Compared with the
situation of the angular region 2, MF cannot pass through the
intrinsic hard axis θF2 when H increases from zero to the neg-
ative saturation under the condition of θF2 − 180◦ ≤ θH <

θF1 + 90◦. It induces a clockwise rotation of MF from −H
toward θF1 when H decreases from the negative saturation to
zero. Accordingly, the determined formula of HCR is different
from the one of the angular region 2, which is expressed as[16]

E
2KFtF

=
1
2

sin2 (180◦+θH +ϕ)− Jcos(180◦+θH−α +ϕ)

−hcosϕ,

1
2

sin2(180◦+θH +ϕ)+ J sin(180◦+θH−α +ϕ)

+hsinϕ = 0,

cos2(180◦+θH +ϕ)+ J cos(180◦+θH−α +ϕ)

+hcosϕ ≥ 0. (5a)

The expression of HCR can also be written as

HCR=


HRS→(J sinα−hsinθH)

2/3+(J cosα−hcosθH)
2/3

= 1, for θH ≤ θ ′′H,

H90=0.5sin2θH+J cos(θH−α), for θH > θ ′′H.

(5b)

The angle θ ′′H can be derived from the condition of HRS = H90

based on the perfect-delay convention, which can be written
as [

cosθ
′′
H
(
J sin

(
θ
′′
H−α

)
+ sin2

θ
′′
H
)]2/3

+
[
sinθ

′′
H
(
cos2

θ
′′
H− J sin

(
θ
′′
H−α

))]2/3
= 1. (5c)

Considering that MF rotates either in clockwise or in
counterclockwise sense at the magnetization stage of releasing
H from the negative saturation to zero, the determined formu-
las of HCR are different in angular regions 2 and 3, which are
given by Eq. (4) and Eq. (5), respectively. Consequently, HCR

is discontinuous at the boundary of two angular regions, i.e.,
θH = θF2− 180◦. However, HCL is continuous at θF2− 180◦

because of the same determined formula given by Eq. (3) in
both angular regions 2 and 3. As a result, HEB and HC can
make an abrupt change at θF2−180◦, which results in the pres-
ence of the jump phenomenon shown at θH = θF2−180◦ in the
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ADEB. Considering the symmetry, HCL is discontinuous and
HCR is continuous at θH = θF2, which also leads to the jump
phenomenon shown at θH = θF2 in the ADEB.

Furthermore, by analyzing the magnetization reversal
process of the angular region 2, it can be found that the trace
of MF is of an anticlockwise rotation from the location of +H
to −H in the descending branch of the hysteresis loop, and
it is also of an anticlockwise rotation from −H to +H in the
ascending branch of the hysteresis loop. This means that MF

experiences a whole-plane rotation in the magnetization re-
versal process. However, if MF does not cross the intrinsic
hard axis θF2 for the case of the angular region 3, the trace
of MF is of an anticlockwise rotation from +H to −H in the
descending branch of the hysteresis loop, while it is of a clock-
wise rotation from −H to +H in the ascending branch of the
hysteresis loop. It means the magnetization reversal will ex-
hibit a half-plane rotation mode. Additionally, the conclusion
that the half-plane rotation mode appears in angular regions
1 and 4 can also be deduced from the similar analyses of the
magnetization reversal. The different modes of the magneti-
zation reversal can be revealed by measuring the perpendicu-
lar hysteresis loop MT(H), which has been reported in many
experiments.[13,17,20,26,28] Although the magnetization rever-

sal can be well described with the coherent rotation model in
these studies, the mechanisms of two modes of the magnetiza-
tion reversal are not always explained.

3. Numerical results and discussion
3.1. Hysteresis loops and the mode of the magnetization

reversal

Based on the analysis of the coercive fields, the hystere-
sis loops including both the parallel component ML and the
perpendicular component MT to the external field can be cal-
culated. The representative hysteresis loops for each angular
region are summarized in Fig. 3. When the magnetization re-
versal process displays the whole-plane rotation mode for the
angular region 2, it can be seen from Fig. 3(c) that MT ex-
hibits both positive and negative signs in the hysteresis loops
of MT(H). On the contrary, MT always displays the same sign
when the half-plane rotation mode occurs in angular regions
1, 3, and 4, i.e., either positive or negative sign is shown in an
MT(H) curve. This extraordinary feature that MT shows the
same or different signs in an MT(H) curve has been observed
in many experiments,[13,17,20,26,28] and it can be explained as
the different modes of the magnetization reversal shown in dif-
ferent angular regions.
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It is instructive to compare our theoretical results with
Jiménez et al.’s experimental results.[17] It should be noticed
that the reference axis of θH in our paper is different from
that in Jiménez et al.’s work. The orientations of the applied
field αH in their paper were counted counterclockwise from
the orientation of the cooling field direction, i.e., θH = 20◦

in our work, which coincides with the easy axis of the uni-
directional anisotropy and indicates that θH = 20◦−αH. For
J = 1.5577 and α = 20◦, the range of angular region 2 can
be deduced from Eq. (2), and the calculated result is from
θH = θF1 = 12.3133◦ to θH = θF2− 180◦ = 38.1751◦. It in-
dicates that the angular range of the hysteresis loops show-

ing the whole-plane-rotation mode is from αH = −18.1751◦

to αH = 7.6867◦. This angular range is asymmetric with re-
spect to the unidirectional anisotropy axis, i.e., αH = 0◦ as
pointed out in their paper.[17] The other orientations of the ex-
ternal field which do not belong to angular range 2 will show
the hysteresis loops with half-plane rotation mode. Compar-
isons of hysteresis loop between theoretical and experimen-
tal modes are given in Table 1. The theoretical predictions
are consistent with the experimental observations except for
αH = −18◦, whose location is close to the left boundary of
the angular region 2 (αH =−18.1751◦).[17] This inconsistency
can be attributed to the error of the measurements.

Table 1. Comparisons between the theoretical results calculated by our approach and the experimental observations given by Jiménez et
al.’s work. The orientation of the external field is denoted by θH in this paper, and by αH in Jiménez et al.’s work, which gives the relation
θH = 20◦−αH as explained in the text. The parameters in the calculations are taken to be J = KE/2KU = 1.5577 and α = 20◦, which are
the same as those used in Jiménez et al.’s work.

Comparison Types of the hysteresis loop Critical angle Crossing angle
Jiménez et al.’s work αH =−18◦ half-plane αH ≈−25◦, αH ≈+40◦ αH ≈−81◦, αH ≈+99◦

αH =−13.5◦: whole-plane
αH =−9◦: whole-plane
αH =−4.5◦: whole-plane
αH =+4.5◦: whole-plane
αH =+9◦: half-plane
αH =+13.5◦: half-plane
αH =+18◦: half-plane

This work θH = 38◦: whole-plane θC1 = 43.1893◦, αH =−23.1893◦ θH = 102.3133◦, αH =−82.3133◦

θH = 33.5◦: whole-plane θC =−16.6115◦, αH =+36.6115◦ θH =−77.6867◦, αH =+97.6867◦

θH = 29◦: whole-plane
θH = 24.5◦: whole-plane
θH = 15.5◦: whole-plane
θH = 11◦: half-plane
θH = 6.5◦: half-plane
θH = 2◦: half-plane

3.2. Complete and incomplete jump phenomena in the
ADEB

Figure 4 shows the calculated results of the ADEB. Two
types of the jump phenomena are clearly seen in the figures.
The complete jump phenomena are shown in Figs. 4(a), 4(c),
and 4(d). HEB reaches its maximum, and HC vanishes at the
jumping points of the intrinsic hard axis θF2 or θF2 − 180◦.
Only one critical angle θC appears in the ADEB, and it is lo-
cated in angular region 4. The incomplete jump phenomenon
can be observed in Fig. 4(b). Although HEB and HC each show
a jump, HEB does not reach the maximum, and HC does not
disappear at the jumping point of θF2 or θF2 − 180◦. Two
critical angles, θC1 and θC, can be observed in the ADEB,
which is different from the case of the complete jump phe-
nomenon. No matter whether the complete jump phenomenon
or the incomplete jump phenomenon is shown at the intrinsic
hard axis, it is worth noting that HC always reaches its maxi-
mum when the external field is applied along the intrinsic easy
axis θF1 or θF1 + 180◦. In addition, it can also be seen that
the amplitudes of HEB(θH) curves and the angular ranges of

zero-coercivity of HC(θH) curves are enlarged, while the am-
plitudes of HC(θH) curves are gradually reduced when J in-
creases from 0.65 to 1.5577 under the condition of α = 20◦.
It reflects the effect of the competition between unidirectional
and uniaxial anisotropies on the exchange bias, i.e., the uniax-
ial anisotropy can be strongly weakened by a larger unidirec-
tional anisotropy in an exchange-biased system.

As shown in Fig. 4(b), the critical angle θC1, at which ori-
entation HEB achieves its maximum and HC disappears, can be
observed after the appearance of the jump phenomenon. This
result is also consistent with the experimental observation.[17]

It indicates that θC1 is greater than θF2− 180◦, and θC1 is lo-
cated in angular region 3. Considering the observation that
HC disappears when the external field points along the orien-
tation of θC1, the condition HCL = HCR should be satisfied for
θH = θC1. By combining Eqs. (3) and (5) under the condition
of HCL = HCR, the determined equation of θC1 can be derived.
It is found that the value of θ ′′H is larger than θ ∗H according to
the numerical solution of the transcendental Eqs. (3c) and (5c).
Consequently, HCL = HLS or H90 and HCR = HRS will occur
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in the case of θH < θ ′′H. Because the switching fields HLS and
HRS as well as the perpendicular field H90 are not equal to
each other as discussed in the above section, HC always exists
for θH < θ ′′H by the reason of HCL 6= HCR. On the contrary,
for the θH > θ ′′H case, as pointed out in Eq. (3b), the relation
HCL = H90 can be found for the reason of θH > θ ′′H > θ ∗H, and

the relation HCR = H90 will be found according to the discus-
sion in Eq. (5b). Therefore, the condition HCL = HCR = H90 is
satisfied in the case of θH > θ ′′H, which leads to the disappear-
ance of the coercivity accordingly. Consequently, the critical
angle, where HC starts to disappear in HC(θH) curve, is the
angle θ ′′H, i.e., θC1 = θ ′′H.
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Fig. 4. (color online) Angular dependences of exchange bias field HEB (solid lines) and the coercivity HC (dashed lines). The applied
field H is normalized by HA. The positions of the intrinsic easy and hard axes θF1, θF2−180◦, θF1 +180◦, and θF2 are indicated by
the vertical lines in sequence. The positions of the critical angles and the crossing angles are indicated by the arrows.

Furthermore, considering that θC1 is located in the angu-
lar region 3, the condition θC1 ≥ θF2 − 180◦ must be satis-
fied. Substituting the critical condition θC1 = θF2−180◦ into
Eqs. (2) and (5c), one equation will be derived as follows:[

sinθ
′
C1 cosθ

′
C1
(
cosθ

′
C1 + sinθ

′
C1
)]2/3

+
[
sinθ

′
C1 cosθ

′
C1
(
cosθ

′
C1− sinθ

′
C1
)]2/3

= 1, (6)

where θ ′C1 is a special value of the critical angle θC1. A
meaningful solution θ ′C1 = 58.2826◦ will be derived from the
above equation. Substituting θC1 = θF2− 180◦ together with
θC1 = 58.2826◦ into Eq. (2), the expression about the critical
exchange-coupling constant JC can be derived as

JC = sin(58.2826◦) · cos(58.2826◦)/sin(58.2826◦−α). (7)

This simple expression is very useful to identify whether the
complete or incomplete jump phenomenon will be observed
in the ADEB. One will see that when J is above the criti-
cal value JC under a fixed value of α , the incomplete jump
phenomenon will be shown at the intrinsic hard axis. On the
contrary, the complete jump phenomenon will be observed at

the intrinsic hard axis under the condition of J ≤ JC. Taking
α = 20◦ for example, the critical value JC ≈ 0.7218 can be
derived from Eq. (7), hence the complete jump phenomenon
will be shown at the intrinsic hard axis for J = 1.5577 and the
incomplete jump phenomenon will be observed for J = 0.65
case. Additionally, it is also meaningful to make a com-
parison between our theoretic predictions and Liedke et al.’s
experimental results.[14] Selecting KE = 7.9× 104 erg/cm2

(1 erg = 10−7 J), KU = 2.8× 104 erg/cm2, and α = 41◦ as
used in their paper, the critical exchange coupling constant
JC = 1.5053 can be deduced from Eq. (7) under the condition
of J = KE/2KU = 1.4107 and α = 41◦. Therefore, the ADEB
will exhibit a complete jump phenomenon at θF2−180◦ or θF2

for the reason of J < JC. The corresponding results are shown
in Fig. 4(d), which are in agreement with the experimental ob-
servations as seen in Fig. 3 of their paper.[14]

It should be stressed that a meaningless relation JC < 0
will be derived from Eq. (7) for α > 58.2826◦, and it will
disobey our supposition of ferromagnetic interfacial coupling.
Consequently, two types of the jump phenomena shown at
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the intrinsic hard axis will not occur unless the condition
α ≤ 58.2826◦ is satisfied.

As mentioned above, the positions of the intrinsic easy
and hard axes were determined by the parameters J and α .
Under the condition of α ≤ 58.2826◦, it can be deduced from
Eq. (2) that both the cases of θF2 − 180◦ > 58.2826◦ and
θF2−180◦ ≤ 58.2826◦ will be shown by tuning the parameter
J. To be specific, when J≥ JC, the case θF2−180◦≤ 58.2826◦

appears, and the incomplete jump phenomenon occurs at θF2−
180◦. On the contrary, for J < JC, θF2−180◦ > 58.2826◦ is al-
ways present, which is accompanied with the complete jump
phenomenon at θF2− 180◦. As far as α > 58.2826◦ is con-
cerned, the relations 0◦ < θF1 < α and 180◦+α < θF2 < 270◦

will be derived from Eq. (2). Thus, the relation θF2− 180◦ >
58.2826◦ always holds due to θF2−180◦ > α > 58.2826◦. As
a result, only the complete jump phenomenon should occur
at θF2− 180◦. The calculated ADEBs for α > 58.2826◦ are
shown in Fig. 4(c). The results about the type of the jump phe-
nomenon at θF2−180◦ are consistent with the theoretical anal-
yses. Consequently, the physical condition for the complete
jump phenomenon is θF2 − 180◦ > 58.2826◦ and it will be
θF2−180◦ ≤ 58.2826◦ for the incomplete jump phenomenon.

Considering the fact that the parameters J and α deter-
mine directly the positions of the intrinsic hard axis, i.e., the
value of θF2− 180◦, which determines the type of the jump
phenomenon directly as discussed above, a conclusion will be
drawn that the complete or incomplete jump phenomenon in
the ADEB is an intrinsic property of the exchange-coupled
system, depending only on the relative magnitude and orienta-
tion between unidirectional and uniaxial anisotropies. A simi-
lar conclusion has been made in Bai et al.’s work for treating
the ADEB of the collinear exchange bias,[12] but our methods
in this paper are valid for analyzing the types of the jump phe-
nomenon not only for the collinear exchange bias (α = 0◦) but
also for the noncollinear exchange bias (α 6= 0◦). For exam-
ple, if α = 0◦ is substituted into Eq. (7), the critical exchange-
coupling constant will be obtained by JC = cos(58.2826◦) =√

1/2−1/2
√

5. This result coincides with the calculation in
Bai et al.’s paper.[12]

As shown in Fig. 4, another critical angle θC is also ob-
served in the ADEB, no matter whether the complete or in-
complete jump phenomenon occurs at θF2−180◦. This critical
angle appears at angular region 4, and the determined formula
of θC has been given in Bai et al.’s work,[16] which is written
as

AB−
(

1−A2−B2

3

)3/2

= 0, (8a)

where A and B are given by A = J cosα +hcosθC,
B = J sinθC +hsinθC,
h =−sinθC cosθC− J cos(θC−α) .

(8b)

The consistency between theoretical prediction and experi-
mental observation about the critical angles is shown in Ta-
ble 1.

Therefore, when the physical parameters J and α are
known in a given exchange-biased system, the type of the jump
phenomenon shown at the intrinsic hard axis can be inferred
from Eq. (7). Then, the value of θF2− 180◦ or θC1, at which
orientation the maximal exchange bias field and the minimal
coercivity (HC = 0) occur, can be calculated according to the
relevant equations, i.e., Eq. (2) or Eq. (5c). On the other hand,
the largest coercivity always appears at the intrinsic easy axis.
Hence, it will be an effective method to achieve the maximal
exchange bias field as well as the maximal or minimal coer-
civity by aligning the external field along the corresponding
orientations mentioned above. This idea is very important for
the application of the exchange bias effect in the magnetore-
sistance or spintronic devices.

In addition, the crossing angles, where the HEB(θH)

curves intersect with the horizontal axis, can also be observed
in Fig. 4. At these angles, the system shows no exchange bias
field, i.e., HEB = 0. Also, these crossing angles are the bor-
derline between the positive values of HEB and the negative
one. To one’s interest, these angles appear neither in the per-
pendicular orientation of the uniaxial anisotropy axis (θH =

90◦) nor in the perpendicular orientation of the unidirectional
anisotropy axis (θH = 90◦+α), it occurs in the perpendicu-
lar orientation of the intrinsic easy axis, i.e., θH = 90◦± θF1.
Hence, the position of the intrinsic easy axis can be deduced
from the intersection between the transverse axis and HEB(θH)

curve. It will be an effective method to gain the value of the
intrinsic easy axis in a noncollinear exchange-biased system.
The consistency between theoretical calculations and experi-
mental observations about the crossing angles is shown in Ta-
ble 1.

3.3. Measurement of the critical angle

Obviously, the critical angles θC1 and θC as well as the
intrinsic easy axis θF1 and intrinsic hard axis θF2− 180◦ will
overlap each other in the ADEB if the angular deviations
among these special angles are smaller. In that case, it will
be difficult to observe the respective feature of these special
angles in HEB(θH) and HC(θH) curves. When the complete
jump phenomenon is present at the intrinsic hard axis, the an-
gles θC, θF1, and θF2− 180◦ do not overlap each other in the
ADEB because their positions are located in different angu-
lar regions. However, when the incomplete jump phenomenon
appears at θF2−180◦ under the condition of α ≤ 58.2826◦ and
J > JC, θC1 will be present in the angular region 3 as discussed
above. The position of θC1 will be close to that of θF2−180◦

when the angular deviation between them is smaller, and their
positions will overlap each other accordingly, resulting in an
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indistinct observation of the critical angle θC1. Therefore, the
calculations about the dependence of the angular deviation
between θF2 − 180◦ and θC1 on parameters J and α should
be performed. The results of the numerical calculations are
shown in Fig. 5.

0 2 4 6 8 10
0

5

10

15

20 (a) (b)

J/arb. units J/arb. units

0 2 4 6 8 10
0

0.5

1.0

1.5

2.0

α=5O

α=10O

α=15O

α=20O

α=35O

α=30O α=25O

α=40O

α=45O

α=50O

θ
C

l-
θ
F
2
+

1
8
0
O/

(O
)

Fig. 5. (color online) Calculated values of angular deviation between the
critical angle θC1 and the intrinsic hard axis θF2−180◦ for (a) 0◦ < α ≤ 30◦

and (b) 30◦ < α < 58.2826◦. The values of the noncollinear angles α are
arrowed in the figures. The calculations of the parameter J begin with the
critical value JC at respective angle α .

For a fixed noncollinear angle α , with the increase of the
value of J, the angular deviation between θC1 and θF2− 180◦

increases and peaks at certain J values as shown in Figs. 5(a)
and 5(b). Then the angular deviation diminishes gradually
with J further increasing. On the other hand, this angular devi-
ation will also be reduced with the value of α increasing under
a fixed exchange coupling constant J. Consequently, a smaller
α together with a smaller J should be set in an exchange-
biased system in order to gain a larger angular deviation be-
tween θC1 and θF2−180◦, which is beneficial to the measure-
ment of the critical angle θC1. The peaks of the angular de-
viation are more pronounced for a smaller noncollinear angle
α , and the best value for observing the critical angle θC1 is in-
creased with α increasing. This value is approximately 2, i.e.,
J ∼ 2 for 0◦ < α ≤ 30◦. As shown in Fig. 5(b), the maximal
angular deviation between θC1 and θF2− 180◦ is only about
1.6◦ for 35◦ ≤ α ≤ 50◦. In fact, it will be very difficult to
observe the position of θC1 in the experiment under these pa-
rameters.

4. Conclusion

In this paper, we intensively study the jump phenomenon
in the angular dependence of the exchange bias with non-
collinear easy axes of uniaxial and unidirectional anisotropies.
It is found that complete and incomplete jump phenomena can
also be observed at the intrinsic hard axis in the ADEB of the
noncollinear exchange bias. The condition of the transition be-
tween complete and incomplete jump phenomena is derived by

analyzing the magnetization reversal process. When the angu-
lar deviation of intrinsic hard axis from the uniaxial anisotropy
axis is above the critical value 58.2826◦, i.e., θF2 − 180◦ >
58.2826◦, the complete jump phenomenon will be present in
the ADEB. On the contrary, the incomplete jump phenomenon
will be observed on the condition that this angular deviation is
not larger than 58.2826◦, i.e., θF2−180◦ ≤ 58.2826◦. There-
fore, the complete or incomplete jump phenomenon in the
ADEB is an intrinsic property of the exchange-coupled sys-
tem, depending only on the location of the intrinsic hard axis,
which is determined by the relative magnitude and orientation
between the unidirectional anisotropy and uniaxial anisotropy.

The critical angles, at which the coercivity disappears but
no jump phenomenon occurs, are also discussed in this pa-
per. When the incomplete jump phenomenon occurs at the
intrinsic hard axis, two critical angles θC and θC1 will be ob-
served in the ADEB, whereas only one critical angle θC will
be shown when the complete jump phenomenon appears at
the intrinsic hard axis. Based on the coherent rotation model,
the physical equations about these critical angles are derived.
The best parameters for observing the critical angle θC1 are
deduced from the relevant calculations. It is found that the
exchange-biased system with a smaller noncollinear angle to-
gether with a weaker exchange coupling should be chosen to
measure the critical angle θC1 in the ADEB. In addition, the
hysteresis loops and the modes of the magnetization reversal
are also studied in this work. The magnetization reversal pro-
cesses will exhibit the whole-plane rotation or half-plane ro-
tation modes, which depends on the direction of the external
field and manifests itself in the hysteresis loop of the perpen-
dicular magnetization component.

The numerical calculations are consistent with the rele-
vant experimental observations, which demonstrates that our
approach is valid to study the ADEB for the noncollinear ex-
change bias. Our investigations about the types of the jump
phenomena and the critical angles can explain the observed
difference between different experimental results. The max-
imal exchange bias field as well as the maximal or minimal
coercivity can be achieved artificially by tuning the external
field along the orientations of the intrinsic hard axis, the criti-
cal angle, and the intrinsic easy axis. It is an important method
to design or optimize the relevant magnetoresistance or spin-
tronic devices.
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