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Ferromagnetic-insulators-modulated transport properties on the
surface of a topological insulator∗
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Transport properties on the surface of a topological insulator (TI) under the modulation of a two-dimensional (2D)
ferromagnet/ferromagnet junction are investigated by the method of wave function matching. The single ferromagnetic
barrier modulated transmission probability is expected to be a periodic function of the polarization angle and the planar
rotation angle, that decreases with the strength of the magnetic proximity exchange increasing. However, the transmission
probability for the double ferromagnetic insulators modulated n–n junction and n–p junction is not a periodic function
of polarization angle nor planar rotation angle, owing to the combined effects of the double ferromagnetic insulators and
the barrier potential. Since the energy gap between the conduction band and the valence band is narrowed and widened
respectively in ranges of 0 ≤ θ < π/2 and π/2 < θ ≤ π , the transmission probability of the n–n junction first increases
rapidly and then decreases slowly with the increase of the magnetic proximity exchange strength. While the transmission
probability for the n–p junction demonstrates an opposite trend on the strength of the magnetic proximity exchange because
the band gaps contrarily vary. The obtained results may lead to the possible realization of a magnetic/electric switch based
on TIs and be useful in further understanding the surface states of TIs.
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Topological insulators (TIs) have attracted increasing
attention[1–8] due to the possibility of unveiling peculiar spin
and charge transport phenomena.[9–12] The combined spin–
orbit interaction[13] and reversal symmetry[14–16] have pro-
duced profound effects on physical properties of TIs, while
the ferromagnetic insulators-induced time-reversal symmetry
breaking[17–19] offers even richer properties of TIs.[20–28]

The magnetoresistance effect,[20–22] spin Hall effect,[23]

charge current[24] other than the electrically controlled
magnetization[25] in ferromagnet/TI heterostructures have
been investigated. The Klein tunneling may be manipulated or
even turned off by ferromagnetic barriers,[26] while the influ-
ences of magnetization[27] and width[28] of the ferromagnetic
strip on transport properties of TIs and relevant materials[29–37]

have been demonstrated, respectively. Furthermore, the proxi-
mity-induced ferromagnetism and superconductivity,[38] mag-
netization precession-induced charge pumping effect[39] inclu-
ding an electric switch[40] based on TIs have been predicted.
Very recently, Zhai and Mu[41] investigated the transport fea-
tures of Dirac electrons on the surface of a TI under the mod-
ulation of periodic ferromagnetic insulating stripes,[42] except
for the electrically charged domain walls and vortices[43] in
the ferromagnetic thin film deposited on the surface of a TI.
The adiabatic quantum pumping[44] of Dirac fermions on the
surface of a TI under the modulation of ferromagnets[45–49]

has been demonstrated too.

Nevertheless, the influences of the ferromagnetic prox-
imity exchange strength and the gate voltage-tuned barrier
strength on the transmission probability of the Dirac electrons
on the surface of TIs have not been discussed in previous
literature,[20–28,38–49] but we address this important issue in the
present work. Owing to the variations of the Fermi-surface and
the wave function matching conditions,[26] the double ferro-
magnetic insulators-modulated transmission probabilities for
the n–n junction and the n–p junction are qualitatively and
quantitatively different from those under the modulation of
the single ferromagnetic barrier, though all of them are sen-
sitively dependent on the strength and orientation of the mag-
netic proximity exchange. The observed results may be useful
in further understanding the surface states[50–52] of TIs and in
magnetic/electric applications based on TIs.[40]

As illustrated in Fig. 1, the system is composed
of two-dimensional (2D) ferromagnet/ferromagnet insula-
tors deposited on the surface of a strong three-dimensional
(3D) TI, with the ferromagnetic proximity exchange field
𝑚1 = (mx,my,mz) ≡ m1(sinθ cosϕ,sinθ sinϕ,cosθ) polar-
ized along the arbitrary orientations while 𝑚2 = m2(0,0,1)
in the z direction, and the surface current flows along the x
direction. Taking into account a large enough mean-free path
and phase coherence length, restricting the theoretical condi-
tions at the weak disorder, and affecting the 2D Dirac electron
mainly by the magnetic field of the ferromagnetic insulators
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rather than its stray field,[26] we obtain the system Hamilto-
nian as follows:

H = h̄vF𝑘 ·𝜎+𝑚 ·𝜎, (1)

where the Fermi velocity vF and h̄ are usually set to be 1 in the
nondimensionalized process, and 𝜎 = (σx,σy,σz) denotes the
spin of the surface state electrons.[19] Owing to the translation
symmetry along the transversal direction, one can neglect the
e ikyy in the following for simplicity. The wave function in the
range of x≤ 0 is

ψ(x≤ 0)

=
e ikxx

[2E(E−mz)]1/2

(
kx +mx− i(ky +my)

E−mz

)
+

r e−ikxx

[2E(E−mz)]1/2

(
−kx−mx− i(ky +my)

E−mz

)
, (2)

where r is the reflection amplitude and the corresponding dis-
persion relation is E = [(mx + kx)

2 +(my + ky)
2 +m2

z ]
1/2.

topological insulator
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Fig. 1. Ferromagnetic proximity exchange field 𝑚1 = (mx,my,mz) ≡
m1 (sinθ cosϕ , sinθ sinϕ , cosθ ) polarized along the arbitrary direc-
tions and 𝑚2 = m2(0,0,1) in the z direction, and the surface current
flows along the x direction of the topological insulator.

On the assumption that the depletion layer, owing to the
mismatch effect of the wave functions and the size of the Fermi
surface, is narrow enough, meeting the conditions of the thin
barrier limit for which U → ∞ and L→ 0, while keeping the
dimensionless barrier strength Z = UL finite,[26–39] the wave
function in the depletion layer 0≤ x≤ L reads

ψ(0≤ x≤ L)

= ae ik′′x x
(

k′′x − iky
E−U

)
+be−ik′′x x

(
−k′′x − iky

E−U

)
, (3)

where the corresponding dispersion relation is E = U–(k2
y +

k′′2x )1/2 with a (b) being the amplitude of right (left) moving
electrons in the depletion region. Due to the built-in electric
field contained in the interface of the ferromagnet/ferromagnet
junction, naturally a potential drop V (can be tuned by the gate
electrode) should be taken into account in the regime of x≥ L,
therefore, the wave function takes the form of

ψ(x≥ L) =
t e ik′xx

[2E ′(E ′−m2)]1/2

(
k′x− iky
E ′−m2

)
, (4)

where t is the transmission amplitude and the dispersion rela-
tion E ′ = E −V = ±(k′2x + k2

y +m2
2)

1/2 with ± denoting the

conduction and valence bands, respectively. Matching bound-
ary conditions between FM1 and the depletion layer at x = 0
and between the depletion layer and FM2 at x = L, we have

(1− r)(kx +mx)− i(1+ r)(ky +my)

[2E(E−mz)]1/2[a(k′′x − iky)−b(k′′x + iky)]
= 1, (5)

(E−mz)(1+ r)
[2E(E−mz)]1/2(a+b)(E−U)

= 1, (6)

t(k′x− iky)e ik′xL

[2E ′(E ′−V )]1/2[a(k′′x − iky)e ik′′x L−b(k′′x + iky)e−ik′′x L]
= 1, (7)

t e ik′xL(E ′−m2)
1/2

(2E ′)1/2(E−U)[ae ik′′x L +be−ik′′x L]
= 1. (8)

After some algebra from Eqs. (5)–(8), one obtains the sys-
tem transmission amplitude

t = (A+B)/(C+D), (9)

with

A = 2[E−1E ′(E ′−m2)(E−mz)

×(E2−m2
y−m2

z )]
1/2 secZ, (10)

B = 2i[E−1E ′(E ′−m2)(E−mz)

×(E2−m2
y−m2

z )]
1/2 cscZ, (11)

C = (E−mz)(E ′
2−m2

2)
1/2 +(E ′−m2)

× [(E2−m2
y−m2

z )
1/2 + imy], (12)

and

D = (E ′2−m2
2)

1/2[(E2−m2
y−m2

z )
1/2 + imy]

+(E ′−m2)(E−mz). (13)

Furthermore, the transversal wave vector ky is set to be zero
near the neutral point, while the longitudinal wave vector kx

(as shown in Eqs. (1)–(13)) is a continuum parameter due to
the translation symmetry. Therefore, the system momentum
averaged transmission probability is

T = |t|2. (14)

Firstly, as demonstrated in Figs. 2–4, we investigate the
influence of an arbitrarily polarized ferromagnetic insulator,
i.e., FM1, on the system transport properties. The influ-
ence of the polarization direction θ on the system transmis-
sion probability is presented in Fig. 2. To the best of our
knowledge,[26,39,44] the z component of the exchange field
should induce a gap between the conduction band and valence
band, i.e., ±E for θ = 0 and π while the energy band is gap-
less in the range of x > 0. Therefore, the system transmission
probability T is suppressed to be nearly 0 due to the mismatch
between the wave functions and the size of Fermi-surface.[26]

On the other hand, the wave functions and the size of Fermi-
surface are the same on both sides of the ferromagnetic insu-
lator for the case of θ = π/2. A maximum transmission [see
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the peaks in Fig. 2] is expected, though the transmission mag-
nitude decreases with the increase of the planar rotation angle.
It is worthwhile to point out that the obtained results are good
verifications of those in Figs. 2 and 3 in Ref. [26].
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Fig. 2. Variations of single ferromagnetic insulator modulated, that is
V = m2 = 0, transmission probability T with polarization angle θ (in
units of π) at m1 = E, where the solid, dashed, short dashed, and dotted
lines refer to the cases ϕ = 0, 0.15π , 0.30π , and 0.45π , respectively.

Furthermore, the periodical (with periodicity π and in-
creasing amplitude with the polarization angle) dependence
of the transmission probability on the planar rotation angle
ϕ is illustrated in Fig. 3. As expected, the system presents
the strongest transmission when the exchange field acts in the
x direction, i.e., in the ϕ = 0, π , and 2π cases. While the
electron transmission of the system is blockaded completely
as ϕ = π/2 and 3π/2, namely the exchange field points to the
y axis, owing to the reduced overlapping of the ky between the
ferromagnetic insulator and surface states.[26]
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Fig. 3. Variations of transmission probability T with planar rotation an-
gle ϕ (in units of π) at m1 = E, where the solid, dashed, short dashed,
and dotted lines refer to the cases θ = 0.05π , 0.20π , 0.35π , and π/2,
respectively.

On the other hand, the effect of ferromagnetic prox-
imity exchange field strength m1 on the transmission prob-
ability is shown in Fig. 4. Since the energy gap between
the conduction band and valence band increases with m1 in
the range of 0 ≤ θ < π/2, the transmission probability de-
creases with the increase of m1, and the role played by mz =

m1 cosθ tends to vanish with the increasing of the polariza-
tion angle θ . However, one may expect a strengthened role
played by mz in the range of π/2 < θ ≤ π [not shown here].

In all, the system transmission probabilities are sensitively
dependent on the polarization direction and strength of the
magnetization,[26–28,39,40,44–46] owing to the variations of the
Fermi-surface and wave functions matching conditions.
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Fig. 4. Variations of transmission probability T with ferromagnetic ex-
change strength m1 (in units of E) at ϕ = 0, where the solid, dashed,
short dashed, and dotted lines refer to the cases θ = 0, 0.15π , 0.30π ,
and 0.45π , respectively.

Since the Dirac electrons can be tuned into being n-type
electron-like and p-type hole-like when the potential drop V
contained in the interface between the left ferromagnetic in-
sulator and the right ferromagnetic insulator is modulated (by
the gate voltage) to be lower and higher than Fermi energy EF,
respectively, we investigate the transmission probabilities for
n–n junction with V = 0.5EF and n–p junction with V = 1.5EF

in Figs. 5–7. The transmission probability T as a function of
polarization angle θ (in units of π) for n–n junction and n–
p junction is plotted in Figs. 5(a) and 5(b), respectively. As
demonstrated by the solid, dashed, and short dashed lines in
Fig. 5(a) for the Z = 0.05, 0.20, and 0.35 cases respectively,
the transmission probability first increases and then decreases
with the increase of the polarization angle, while it is steadily
increasing for the Z = 0.50 case as illustrated by the dotted line
in Fig. 5(a). Owing to the combined modulations of the double
ferromagnetic insulators and the interface potential, the sys-
tem transmission is not symmetrically[26] distributed around
θ = π/2 as the single barrier case in Fig. 2. Furthermore, one
obtains a large magnetoresistance[20–22] in the presence of an
n–n junction, since the transmission probabilities for parallelly
(namely θ = 0) and antiparallelly (θ = π) aligned ferromag-
netic insulators are much different. It is noted that the sensitive
dependence of the transmission on barrier strength Z is due to
the rotation of the spin of the Dirac electron through the barrier
region. However, the situation for n–p junction is somewhat
different. As shown by the solid and dotted lines in Fig. 5(b)
for Z = 0.05 and 0.50 cases, the probabilities are steadily in-
creasing and decreasing, respectively, while they first decrease
and then increase for the Z = 0.20 and 0.35 cases [with lower
oscillation amplitude than that in the n–n junction case] as
demonstrated by the dashed and short dashed lines in Fig. 5(b).
It is worthwhile to point out that the results here are qualita-
tively consistent with those in Figs. 2(b) and 2(d) in Ref. [26],
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and one expects a contrary magnetoresistance in the presence
of the n–p junction to the n–n junction.
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Fig. 5. Variations of double ferromagnetic insulators modulated trans-
mission probability T with θ (in units of π) for (a) n–n junction with
V = 0.5EF, and (b) n–p junction with V = 1.5EF, respectively, with
ϕ = π/2, m1 = 0.95E, and m2 = 0.30E. The solid, dashed, short
dashed, and dotted lines refer to the cases Z = 0.05, 0.20, 0.35, and
0.50, respectively.
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Fig. 6. Variations of transmission probability T with ϕ (in units of π)
for (a) n–n junction and (b) n–p junction, respectively, with θ = π/4,
m1 = 0.95E, and m2 = 0.30E. The solid, dashed, short dashed, and dot-
ted lines refer to the cases Z = 0.05, 0.20, 0.35, and 0.50, respectively.

Furthermore, the transmission probabilities as a function
of in-plane rotation angle ϕ (in units of π) for the n–n junc-
tion and the n–p junction are illustrated in Figs. 6(a) and 6(b),

respectively. The interface potentials and the actions of the
much different polarized double ferromagnetic insulators sup-
press the geometrical symmetry and wave vector distribution
of the proposed device. Therefore, the system transmission
probability is not a periodical function of the planar angle ϕ

any more, except for the transmission probabilities represented
by the dotted line in Fig. 6(a) for the Z = 0.50 case and by the
solid line in Fig. 6(b) for the Z = 0.05 case. Moreover, the
smallest transmission probabilities at ϕ = π/2 and 3π/2 de-
crease and increase with the increase of the barrier strength for
the n–n junction and the n–p junction, respectively, while the
strongest transmissions are shifted away from ϕ = 0, π , and
2π [see the peaks in Figs. 6(a) and 6(b)].
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Fig. 7. Variations of transmission probability T with m2 (in units of E)
for (a) n–n junction and (b) n–p junction, respectively, while the ϕ , m1,
and Z are fixed at π/2, 0.95E, and 0. The solid, dashed, short dashed,
and dotted lines refer to the cases θ = 0, π/4, 3π/4, and π , respectively.

Finally, the dependences of transmission probability on
exchange field m2 (in units of E) for the n–n junction and
the n–p junction are demonstrated in Figs. 7(a) and 7(b), re-
spectively. Since the energy gap between the conduction band
and valence band first narrows and then widens in the ranges
of 0 ≤ θ < π/2 and π/2 < θ ≤ π , the system transmis-
sion probability increases rapidly and then decreases slowly
with the increase of m2, as shown by the lines in Fig. 7(a).
Unlike the case of the n–n junction, the transmission prob-
ability for the n–p junction decreases slowly for the case of
0≤ θ < π/2 and increases fast in the range π/2 < θ ≤ π with
the increase of m2 as demonstrated by the lines in Fig. 7(b).
Physically,[26,39,43–46] the opposite variation trend between the
n–n and n–p junctions should be understood in the follow-
ing. The transmission probability for the n–n junction is deter-
mined by the overlapping of the same eigenfunctions while

067104-4



Chin. Phys. B Vol. 23, No. 6 (2014) 067104

that for the n–p junction is contributed from the different
eigenfunctions.

In the above description, we have theoretically investi-
gated the transport properties for the surface state Dirac elec-
trons of a topological insulator under the modulation of a 2D
ferromagnet/ferromagnet junction at the clean limit and low
temperatures. The transmission probability modulated by the
single ferromagnetic barrier is observed to oscillate period-
ically with the polarization angle and planar rotation angle,
and decreases with the strength of the magnetic proximity ex-
change increasing. However, owing to the combined effects
of the double ferromagnetic insulators and the barrier poten-
tial, the transmission probabilities for the n–n junction and the
n–p junction are not a periodic function of the polarization
angle nor planar rotation angle. Following the narrowed and
widened energy gaps between the conduction band and va-
lence band, the transmission probability of the n–n junction
first increases rapidly and then decreases slowly in the ranges
0 ≤ θ < π/2 and π/2 < θ ≤ π , respectively, while that of
the n–p junction presents actually the opposite variation trend
with the increase of the strength of the magnetic proximity ex-
change. The novel transmission features of the Dirac electrons
on the surface of topological insulators may shed light on the
realization of a magnetic/electric switch[40] based on topolog-
ical insulators, and the further understanding of the surface
states[47–52] of topological insulators.
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