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Binding energies of impurity states in strained wurtzite
GaN/Al𝑥Ga1−𝑥N heterojunctions with finitely

thick potential barriers∗
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Ground state binding energies of donor impurities in a strained wurtzite GaN/AlxGa1−xN heterojunction with a po-
tential barrier of finite thickness are investigated using a variational approach combined with a numerical computation.
The built-in electric field due to the spontaneous and piezoelectric polarization, the strain modification due to the lattice
mismatch near the interfaces, and the effects of ternary mixed crystals are all taken into account. It is found that the binding
energies by using numerical wave functions are obviously greater than those by using variational wave functions when
impurities are located in the channel near the interface of a heterojunction. Nevertheless, the binding energies using the
former functions are obviously less than using the later functions when impurities are located in the channel far from an
interface. The difference between our numerical method and the previous variational method is huge, showing that the
former should be adopted in further work for the relevant problems. The binding energies each as a function of hydrostatic
pressure are also calculated. But the change is unobvious in comparison with that obtained by the variational method.
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1. Introduction

In recent years, the physical properties of wurtzite Al-
GaN/GaN heterostructures have been widely studied due to
their promising applications in devices such as the heterostruc-
ture field-effect transistor with high electron mobility, laser
device with high frequency, etc.[1–5] A great number of ex-
perimental and theoretical studies indicate that there exists
a strong built-in electric field (BEF) in nitride heterostruc-
ture due to the spontaneous and strain-induced piezoelec-
tric polarization[6–9] since the lattice mismatch between AlN
and GaN and their large piezoelectric coefficients. Bernar-
dini et al.[10,11] studied ab initio the spontaneous polariza-
tion and piezoelectric constants of the III–V nitrides AlN,
GaN, and InN. It was found that the piezoelectric constants
are up to ten times larger than those in conventional III–V
and II–VI semiconductor compounds. Using a similar ap-
proach, Wagner and Bechstedt[12] studied the structural, di-
electric, lattice-dynamical, and electronic properties of bi-
axially and uniaxially strained group-III nitrides. Sánchez-
Rojas et al.[13] presented the internal electric field distribu-
tions in AlxGa1−xN/GaN and InxGa1−xN/GaN heterostruc-
tures grown on (0001) GaN. Fonoberov et al.[14–16] theoret-
ically investigated exciton states in strained GaN/AlN quan-
tum dots to show the modification of the strain field. In addi-
tion, the same group[17,18] expanded their discussion on exci-

ton states in ZnO quantum dots. Pokatilova et al.[19] studied
acoustic phonon spectra and group velocities in AlN/GaN/AlN
with an ultra-thin layer of wurtzite GaN. Later, Pokatilova
et al.[20–22] investigated the effects of the BEF and strain on
the electron mobility in AlN/GaN/AlN heterostructure. Saidi
et al.[23] theoretically investigated the electron transport in
delta-doped AlGaN/GaN heterostructure and found that the
AlGaN/GaN heterostructures with higher Al compositions are
favorable for higher electron densities. Gökden et al.[24,25]

studied the scattering properties of the donors in systems of
this kind and found that electron mobility is ultimately lim-
ited by optical phonon scattering at high temperatures and
the dislocation scattering prevails at low temperatures. At in-
termediate temperatures, acoustic deformation potential and
piezoelectric scattering are dominant and the lifetime ratio
is larger for dislocation scattering than for impurity scatter-
ing. Wan et al.[26] studied the valence band offset (VBO) of
an Al0.17Ga0.83N/GaN heterojunction by X-ray photoelectron
spectroscopy and found that the heterojunction exhibits a type-
I band alignment. Shen et al.[27] investigated the electrical
and optical properties of InGaN/AlGaN double heterostruc-
ture blue light-emitting diodes and observed that the dom-
inant mechanism of carrier transport across the junction is
associated with carrier tunneling. Wen et al.[28] studied the
influence of polarization effects on the energy band of Al-
GaN/GaN/AlGaN heterostructures and found that there exist
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two-dimensional electron gas (2DEG) and hole well at the het-
erointerfaces. These investigations are helpful to discuss the
relevant physical properties in strained wurtzite heterostruc-
tures.

In early years, Ban and Hasbun[29,30] studied the ground
state of an electron bound to a donor impurity near a single het-
erointerface by considering the influence of a realistic hetero-
junction potential and the screened Coulombic impurity poten-
tial. Later on, Kasapolgu et al.[31] studied the binding energies
of shallow donor impurities in different shaped quantum wells
(QWs) with an applied electric field. Recently, Zhang and
Ban[32,33] adopted a variational method to investigate the Stark
effect on shallow impurity states near the interface in a free-
standing wurtzite GaN/AlxGa1−xN heterojunction including
the strain modification on material parameters. Xia et al.[34]

studied variationally the ground-state donor binding energy in
zinc-blende GaN/AlGaN asymmetric coupled QWs under hy-
drostatic pressure. The result showed that the donor binding
energy is highly dependent on impurity position, structure pa-
rameters, and hydrostatic pressure. It should be pointed out
that the previous authors almost assumed the barriers of QWs
or heterojunctions to be infinite. However, a more practical
situation for devices is that the barriers are finite thick.[35–37]

For example, the structure of a GaN/AlxGa1−xN heterojunc-
tion is that a GaN buffer layer was first formed on a sapphire
substrate and then a finite-thick AlxGa1−xN layer and a layer
of GaN, which can be assumed to be infinite, were grown.

To demonstrate the finite barrier effect for impurity states
in a GaN/AlxGa1−xN heterojunction, in the paper we deal
with the binding energies of impurity states using a numerical
computation[38] to obtain wave functions of a bound electron
in the z direction. Furthermore, it is shown that our numer-
ical computation has a big improvement in the accuracy of
the result compared with the variational method.[39] The influ-
cence of the electron image potential was found to be negligi-
bly small and can be excluded.[40]

The remainder of this paper is organized as follows. In
Section 2, we describe the model and the calculation of a
wurtzite GaN/AlxGa1−xN realistic heterojunction. Then, the
pressure and the strain coefficients of GaN and AlxGa1−xN
are discussed in Section 3. In Section 4, the numerical results
are discussed. Finally, conclusions are drawn from the present
study in Section 5.

2. Model and calculation
We consider a wurtzite GaN/AlxGa1−xN realistic hetero-

junction with GaN layer, which can be assumed to be infinite,
as the channel side, denoted by material 1 and located at z > 0.
The AlxGa1−xN barrier with a thickness of zb is assumed to be
finite (this is similar to the case of a real device), and is de-
noted by material 2 and located at −zb < z < 0. For z < −zb,

the potential is a vaccum potential. The z axis is taken to be
parallel to the c axis and the x–y plane parallel to the interface.

Within the framework of effective mass approximation,
the Hamiltonian of a conduction electron bound to a donor
impurity bearing a charge e located at (0, 0, z0) in the system
is given as

H = Hz +Hx−y +Hc, (1)

with

Hz =−
h̄2

2
∂

∂ z

[
1

m⊥e (z)

]
∂

∂ z
+V (z)+ eFbz, (2)

Hx−y =−
h̄2

2m‖e(z)

1
ρ

∂

∂ρ
ρ

∂

∂ρ
, (3)

and

Hc =−
e2

4πκ0κ(z,z0)
√

ρ2 +(z− z0)2
. (4)

Here, ρ =
√

x2 + y2 is the radial component of the electron
coordinates in the x–y plane, m‖e(z) and m⊥e (z) are the values
of effective mass of the electron parallel and perpendicular to
the z direction respectively, which can be written as

mβ
e (z) =

{
mβ

e,GaN, (z > 0),

x.mβ

e,AlN +(1− x).mβ

e,GaN, (−zb < z < 0).

Here, superscript β represents the orientation parallel or per-
pendicular to the z direction,. In Eq. (2), Fb is the BEF in the
barrier and V (z) is the barrier height. κ(z,z0) is the static di-
electric constant related to the positions of the electron and the
impurity, which can be given by

κ(z,z0) =

{
κ01, z0 > 0,z > 0,
κ01 +κ02

2
, z0 > 0,−zb < z < 0.

According to the ratio of the conduction to the valance
band offset,[39] the barrier height in Eq. (2) is determined by

V (z) =
{

0, z > 0,
0.765(Eg,b−Eg,w), −zb ≤ z < 0. (5)

The Schrödinger equation for a free electron in the z di-
rection can be written as

Hzϕ(z) = Ezϕ(z). (6)

The energy level Ez and wave function ϕ(z) can be obtained
by solving numerically Schrödinger Eq. (6) through using the
finite difference method[38] (the obtained function is called the
numerical wave function in the following) or by using a varia-
tional wave function.[39] By using the finite difference method,
the eigenvalues converge to the minimum and the eigenvec-
tor and the eigenvalue can be obtained by using the iteration
method until the difference between the present result and the
previous result meets a certain accuracy. Equation (6) is cho-
sen to obtain the corresponding wave function for an impurity
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state interacted by a Coulombic potential for simplifying the
calculation since the effects of barrier and triangular potential
are dominant in influencing the wave function. Continuities
of ϕ(z) and [1/m⊥e (z)][dϕ(z)/dz] at interfaces are chosen as
the boundary conditions in solving Eq. (6). For the condition
z < −zb, the wave function in the z direction is taken approx-
imately to be zero since the potential is the vacuum potential,
which is much larger than the barrier potential.

A one-parameter trial wave function in the x–y plane,
which is used to calculate the variational energy of the im-
purity state, can be written as[29]

φ(ρ) =
( a

2π

)1/2
e−aρ/2, (7)

where a is the variational parameter.
The variational energy of the ground state impurity can

be expressed as

E(a) = 〈ψ(z,ρ)|H |ψ(z,ρ)〉 , (8)

where ψ(z,ρ) = Aϕ(z)φ(ρ) and A is the normalization con-
stant.

Thus, the binding energy of the impurity ground state can
be given by

Eb = Efree−min
a

E(a), (9)

where Efree is the ground state energy of the free electron,
which can be obtained by repeating the above process but re-
moving the Coulomb potential in Eq. (1) and replacing Eq. (8)
by a plane wave function.

3. Pressure and strain coefficients
The uniaxial, biaxial strain and the modification of hy-

drostatic pressure on the electronic effective mass, dielectric
constants, and the energy gap in GaN and AlxGa1−xN, can be
taken into account in the following.

For heterojunctions with finite potential barriers, the bi-
axial lattice-mismatch induced strains are given as

εxx,1 = εyy,1 =
aeq(p)−a1(p)

a1(p)
, (10)

and

εxx,2 = εyy,2 =
aeq(p)−a2(p)

a2(p)
, (11)

where aλ (p) (λ = 1,2) denotes the lattice constant of material
λ under pressure p, aeq(p) is the equilibrium lattice constant
shared by all of the materials and can be written as[41]

aeq(p) =
a1(p)L1 +a2(p)L2

L1 +L2
, (12)

in which Lλ is the width of material λ . For an infinite GaN-
layer, i.e., L1→ ∞, aeq(p) = a1(p).

The pressure-dependent lattice constants aλ (p) can be
given as[42]

aλ (p) = aλ (0)
(

1− p
3B0,λ

)
, (λ = 1,2), (13)

where B0,λ is the material-dependent bulk modulus and can be
expressed as

B0,λ =
[C11,λ +C12,λ ]C33,λ −2C2

13,λ

C11,λ +C12,λ +2C33,λ −4C13,λ
, (λ = 1,2). (14)

From Hooke’s law, the ratio between uniaxial and biaxial
strain tensor can be given as[43]

εzz,λ

εxx,λ
=

C11,λ +C12,λ −2C13,λ

C33,λ −C13,λ
, (λ = 1,2). (15)

Energy gaps each as a function of pressure and strain can be
given as[44]

Eg,GaN(p,
↔
ε ) = Eg,GaN(p)+2(d1,GaN +b1,GaN)εxx,GaN

+ (d2,GaN +b2,GaN)εzz,GaN, (16)

and

Eg,AlN(p,
↔
ε ) = Eg,AlN(p)+2d1,AlNεxx,AlN

+ d2,AlNεzz,AlN, (17)

where d1,λ , d2,λ , b1,λ , b2,λ are the deformation potentials in
material λ . The corresponding energy gap of a ternary mixed
crystal (TMC) AlxGa1−xN can be determined by the simplified
coherent potential approximation (SCPA) as[45]

Eg,b =
EAEB

xEA +(1− x)EB
, (18)

where EA and EB are the energy gaps of GaN and AlN, respec-
tively.

The pressure dependence of the electronic effective mass
can be given by[46]

m0,λ

mλ (p)
= 1+

Cλ

Eg,λ (p)
, (λ = 1,2), (19)

where Cλ is a fixed value for a given material with p = 0.
The BEF is generated only in the finitely thick barrier-

layer for the heterojunction and can be given as[47]

Fb =
L1(P

pz
1 +Psp

1 −Ppz
2 −Psp

1 )

L2ε01 +L1ε02
, (20)

where Psp
λ

is the spontaneous polarization, and Ppz
λ

is the piezo-
electric polarization and given as

Ppz
λ

= 2e31,λ εxx,λ + e33,λ εzz,λ . (21)

Here, e31,λ and e33,λ are the piezoelectric constants, which can
be given as[48]

e31,λ = e(0)
31,λ

+
4eZλ√

3a2
λ

duλ

dεxx,λ
, (22)
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and

e33,λ = e(0)
33,λ

+
4eZλ√

3a2
λ

duλ

dεzz,λ
. (23)

The static dielectric constant is also influenced by the bi-
axial, uniaxial strain, and pressure. It can be derived from a
generalized Lyddane–Sachs–Teller relation as

κ0,αα = κ∞,αα

(
ωLO,αα

ωTO,αα

)2

, (α = x,z), (24)

where the frequencies of LO- and TO-phonons influenced by
strain can be written as[43]

ωλ ,αα = ωλ ,αα(p)+2Kλ ,xxεxx +Kλ ,zzεzz, (25)

where Kλ ,xx and Kλ ,zz are the strain coefficients of phonon
modes given in Ref. [47], and ωλ ,αα(p) can be given by[49]

γλ ,αα = B0
1

ωλ ,αα

∂ωλ ,αα(p)
∂ p

. (26)

For the pressure dependence of high frequency dielectric
constant, it is given by[50]

∂κ∞,αα(p)
∂ p

=−
5(κ∞,αα −1)

3B0
(0.9− fion), (27)

where fion is the ionicity of the material under pressure.
The dielectric constant of AlxGa1−xN can be calculated

by the SCPA as[45]

κTMC = [((1− x)mAlNκ
2
GaN + xmGaNκ

2
AlN)(x/mGaN

+ (1− x)/mAlN)]
1/2. (28)

4. Results and discussion

For convenience, the methods of using numerical wave
functions and variational wave functions are denoted respec-
tively by methods I and II in the following.

Wave functions of electrons as functions of position z for
barrier thickness zb = 4 nm for given impurity position z0 = 0
are shown in Fig. 1. It indicates that the penetration into the
barrier from the electron wave functions obtained by method I
is more obvious than that by method II. Moreover, the penetra-
tion increases with zb increasing at small values of zb since the
potential in the channel repulses the electrons to the barrier.

In a strained heterojunction, for a given Al concentration
x = 0.3 and pressure p = 0, variations of binding energy Eb

with impurity position z0 for barrier thickness zb = 4 nm are
depicted in Fig. 2. It can be seen clearly that Eb obtained by
method I is obviously greater than that by method II when
impurity ions are located in the channel near the interface,
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Fig. 1. Wave functions obtained by method I (dash–dotted line) and
method II (dotted line) of electrons each as a function of position z for
barrier thickness zb = 4 nm with impurity ion position z0 = 0. The
potential (solid line) of the right axis represents the heterojunction po-
tential barrier height between AlxGa1−xN and GaN.

whereas the former is obviously less than the latter when im-
purity ions are located in the channel far from the interface. By
using method I, the penetration of the electron can be consid-
ered sufficiently in comparison with that by using method II.
When an impurity ion is located in the channel near the inter-
face, Eb increases because of the enhancement of the Coulomb
interaction induced by reducing the average distance between
an electron and the impurity ion under the attraction of the
BEF and the repulsion of the interface. Nevertheless, Eb de-
creases due to the weakened Coulomb interaction induced by
increasing the average distance between an electron and the
impurity ion when the impurity ion is located far from the in-
terface since the repulsion of the interface and the attraction of
the BEF become weaker as the impurity ion goes far from the
interface.
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Fig. 2. Binding energy Eb as a function of impurity ion position for
barrier thickness zb = 4 nm when x = 0.3. Solid lines and dashed lines
represent the results obtained by methods I and II, respectively.

Figure 3 shows values of Eb each as a function of zb for
different values of z0 for x = 0.3. It can be seen that Eb de-
creases rapidly when the impurity ion moves from the inter-
face to z0 = 4 nm. When the impurity ion is located near the
interface, Eb first reaches a maximum then decreases with zb.
This property is caused by the attraction of the BEF and the
repulsion of the interface. The BEF plays a leading role when
zb is small. Otherwise, the repulsion of the interface plays a
leading role when zb is large.
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Fig. 3. Binding energies obtained by using methods I and II, each as
a function of barrier thicknesses zb for different values of impurity ion
position z0 when x = 0.3.

The values of Eb each as a function of pressure for differ-
ent values of z0 when x = 0.3 is given in Fig. 4. It can be seen
that Eb increases almost linearly with hydrostatic pressure in-
creasing, which is similar to the case of using method II. But
the change is not obvious in comparison with using method II.
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Fig. 4. Binding energies obtained by using methods I and II, each as a
function of pressure for different values of impurity ion position z0 with
zb = 4 nm when x = 0.3.

The values of Eb each as a function of x for different
values of z0 when zb = 4 nm are shown in Fig. 5. When
z0 = 4.0 nm, Eb deceases with x increasing due to the com-
prehensive interaction between the repulsion of the interface
and the Coulomb attraction to the electron. However, Eb de-
ceases less obviously with x increasing when z0 = 8.0 nm due
to the weakened Coulomb interaction. It should be noted that
the difference in Eb between using methods I and II increases
with x increasing. When impurity ions are located in the chan-
nel near the interface, Eb obtained by method I is obviously
greater than that by method II for a larger x. Nevertheless, the
difference is less obvious when x is small. When an impurity
ion is located in the channel near the interface, Eb deceases
with x increasing by using method II due to the increasing
repulsion of the interface. Furthermore, Eb deceases with x
increasing less obviously by using method I due to the com-
prehensive interaction between the repulsion of the interface

and the Coulomb attraction to the electron. Thus, method I is
more suitable when the width of the barrier is small since the
penetration of the electron can be considered sufficiently.
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Fig. 5. Binding energies obtained by using method I, each as a function
of Al component x for different values of impurity ion position z0 when
zb = 4 nm.

5. Conclusion
We use a numerical computation method to calculate the

ground state binding energies of donor impurities in a strained
wurtzite GaN/AlxGa1−xN heterojunction with a finitely thick
potential barrier by taking into account the built-in electric
field and the effects of ternary mixed crystals. The binding en-
ergies each as a function of the impurity ion position, the bar-
rier width, Al component, and pressure, are discussed in detail
and are compared with those using variational wave functions.
The results show that the binding energies obtained using nu-
merical wave functions are obviously greater than that using
variational wave functions when impurities ions are located
in the channel near the interface of a heterojunction. Never-
theless, the binding energies obtained using numerical wave
functions are obviously less than those by using variational
wave functions when impurity ions are located in the channel
far from the interface. The binding energies increase almost
linearly with pressure increasing, which is similar to those ob-
tained using the variational wave functions but the change is
less obvious. The difference between the binding energy ob-
tained by using numerical wave functions and that by using the
variational wave functions increases with Al content increas-
ing.
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