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The generalized planar fault energy, ductility, and twinnability of
Al and Al–𝑅𝐸 (𝑅𝐸 = Sc, Y, Dy, Tb, Nd) at different temperatures:
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The genearlized planar fault energies of Al and Al–RE (RE = Sc, Y, Dy, Tb, Nd) alloys have been investigated
using first-principles methods combined with a quasiharmonic approach. The stacking fault energies, unstable stacking
fault energies, and unstable twinning energies decrease slightly with increasing temperature. The ductility parameter D,
the relative barrier difference δ ut

us , and the twinnability τa of Al and Al–RE alloys at different temperatures have been
determined. It is found that the ductilities of Al and Al alloys are nearly the same and the ductilities increase slightly with
increasing temperature. The RE alloying elements make twinning more likely and the twinnabilities of Al and Al alloys
decrease with increasing temperature.
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1. Introduction

Deformation twinning (DT) and dislocation motion are

two primary and competing deformation mechanisms for

plastic deformation in face-centered cubic (fcc) metals and

alloys.[1–3] The competition can be quantified by twinnability.

Recent molecular dynamics simulations[4,5] as well as mecha-

nistic models[6] show that the generalized planar fault energy

(GPFE) curves suggest the preference for twinning in fcc met-

als and alloys. Tadmor and Hai[7] have shown that the twin-

ning tendency is dependent on the so-called unstable stacking

fault energy γus and unstable twinning energy γut, demonstrat-

ing the importance of the GPFE curve in revealing the nature

of the slip activity.

There are many theoretical studies focused on the qual-

itative dependence of deformation twinning tendency on the

GPFE curve with the first-principles calculations in fcc met-

als and alloys. For instance, Siegel[8] and Kibey et al.[9]

have analyzed the twinnabilities in Ni alloys and Cu–Al al-

loys by means of the GPFE curves, respectively. Similarly,

Muzyk et al.[10] performed a more systematic calculation of

the twinnabilities in Al-base systems, and Al was assumed to

be alloyed with Mg, Ca, Zn, Si, and Cu, their results indicated

that the most pronounced tendency for mechanical twinning

was expected for alloying with Mg. However, all the calcula-

tions were limited at 0 K, so theoretical investigations about
the effect of temperature on the GPFE curves and twinnabil-
ities of fcc alloys are still very scarce. Saka et al.[11] mea-
sured the intrinsic temperature-dependent stacking fault en-
ergies (SFEs) in Cu–Al alloys by means of in situ thermal
cycling experiments with a high-voltage electron microscope.
Recently, Shang et al.[12] performed a systematic study of the
temperature-dependent SFEs for dilute Ni-base alloys result-
ing from induced alias shear deformation by means of the first-
principles calculations. To the best of our knowledge, limited
studies have focused on the effect of temperature on the GPFE
curves for Al, which is the basis of a wide range of alloys.

In this paper, the temperature-dependent GPFE curves of
Al and Al–RE (RE = Sc, Y, Dy, Tb, Nd) alloys are calculated
by using the ab initio method with the objective of examining
the alloying and temperature effects on twinnabilities. Rare-
earth (RE) elements are a class of special elements, which are
known to be the most effective modifier and recrystallizator
for Al alloys.

2. Computational method
2.1. Details of first-principles and phonon calculations

We employ the first-principles total-energy calculations
based on the density functional theory (DFT), using the Vi-
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enna ab initio simulation package (VASP),[13,14] to calcu-
late the temperature-dependent GPFE curves of pure Al and
Al–RE (RE = Sc, Y, Dy, Tb, Nd) systems. The effects of
the exchange–correlation function are described with the gen-
eralized gradient approximation (GGA) of Perdew–Burke–
Eruzerhof (PBE).[15,16] The cut-off energy of the plane wave
basis set is chosen at 450 eV. The radius of Al is 1.25 Å, and
the radii of rare-earth elements Sc, Y, Dy, Tb, and Nd are
1.60 Å, 1.80 Å, 1.75 Å, 1.75 Å, and 1.85 Å, respectively.[17]

In order to calculate the GPFE curves of Al and Al alloys ac-
curately at different temperatures, the periodic supercells con-
sisted of 3×3 slab geometries with 12 atomic planes are em-
ployed. All these supercells have been arranged into a per-
fect sequence · · ·ABCABCABCABC· · · . For the alloy sys-
tems, one Al atom is substituted by a single solute atom within
the sixth layer. As shown in Fig. 1, the GPFE curves for the
(111)/[112] system are calculated by displacing parts of the
model along the [112] direction in two operations. In the first
step, the layers numbered 1–6 are displaced over a distance

|𝑏p| = a0/
√

6 along the [112] direction and the stacking fault
· · ·ABCABCBCABCA· · · is created. In the second step, the
layers numbered 1–5 are displaced in a similar fashion and
the deformation twin · · ·ABCABCBABCAB· · · is generated.
We have also calculated the GPFE curves using a 14-layer su-
percell and found that the variations of the calculated GPFEs
are less than 0.5 mJ·m−2, in other words, the results of the
12-layer and the l4-layer supercells are reasonably close. A
∼ 15-Å vacuum buffer is added in the direction normal to the
slip plane to avoid interactions between faults in two neigh-
boring slabs in our test. For these cells, the Brillouin zone in-
tegrations are performed using k-point grids 21×21×2 of the
γ- centered Monkhorst–Pack grids.[18] The total energy is con-
verged numerically to less than 1×10−6 eV/atom with respect
to electronic self-consistency, while the Hellman–Feynman
force components acting on the atoms are relaxed to less than
1× 10−6 eV·Å−1. All the atomic positions in the supercells
have been relaxed in the direction perpendicular to the (111)
slip plane in order to minimize the forces and the stresses.

(a) no fault (b) stacking fault (c) twinning fault

vacuum

1 C A B

2 B C A

3 A B C

4 C A B

5 B C A

6 A B B

7 C C C

8 B B B

9 A A A

10 C C C

11 B B B

12 A A A

Fig. 1. (color online) A schematic representation of the geometry used to explain the operations leading to the formation of the
stacking fault and twin: (a) perfect structure, (b) intrinsic stacking fault structure imposed by sliding layers numbered 1–6 in the upper
part, (c) two-layer twin structure imposed by displacing layers 1–5 in a similar fashion. All configurations are separated from the rest
by a vacuum. The periodic supercell used here consists of a (2×2) slab geometry with 12 (111) planes.

Phonon calculations are performed for Al by using the su-
percell approach[19] with the force constants calculated by the
VASP interface[14] in the framework of the density-functional
perturbation theory[20] and the phonon properties calculated
by the PHONOPY package.[21] Here, a 5× 5× 5 supercell
with 125 atoms is employed based on our test. The forces
acting on the atoms for the perturbed supercell are calcu-
lated by VASP with a 7× 7× 7 Monkhorst k mesh for Al.
The other settings of the VASP calculations are the same as

those described above. For more details of phonon calcula-
tions using the VASP and PHONOPY codes, see, Refs. [21]–
[23]. Figure 2 illustrates the calculated phonon dispersions
for Al along high-symmetry directions in the Brillouin zone
with the theoretical static equilibrium volume at 0 K by the
present approach together with the inelastic neutron scattering
measurement results.[24,25] It demonstrates that the calculated
phonon dispersions of Al accurately reproduce the experiment
results.[24,25]
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Fig. 2. (color online) Phonon dispersion relations for Al along high-
symmetry directions in the Brillouin zone. The circles are from inelastic
neutron scattering data.[24,25]

2.2. Thermal expansion

In order to calculate the temperature-dependent GPFE
curves for pure Al and Al alloys, we need the lattice constant
versus temperature relation a(T ). In other words, we need to
predict the unit cell volume change as a function of temper-
ature, V (T ), which can be determinable from Helmholtz free
energy F according to the quasiharmonic approach[26]

F(V,T ) = E0(V )+Fel(V,T )+Fmvib(V,T ), (1)

where E0(V ) is the 0-K static total energy, Fel(V,T ) is the
thermal electronic contribution to the Helmholtz energy evalu-
ated from the first-principles calculations directly by assuming
that the eigenvalues for the given lattice and nuclear positions
are temperature-independent and only the occupation num-
bers depend on the temperature following the Fermi–Dirac
distribution.[27,28] This term is in particular important for met-
als with non-zero electronic density at the Fermi level. The
vibrational contribution to the Helmholtz energy Fvib(V,T ) is
usually described by the phonon approach,[29,30] the empiri-
cal Debye model,[30] or the semi-empirical transferable force
constant model.[31] In the present work, Fvib(V,T ) for Al is
depicted by a phonon calculation. Here F(V,T ) is the free
energy per unit cell, and V is the volume per unit cell.

In general, the vibrational free energy Fvib(V,T ) has
both quasiharmonic and anharmonic components. The anhar-
monic effects which include the phonons interaction and the
electron–phonon coupling are weak and can be neglected.[32]

Here we work entirely within the quasiharmonic approxima-
tion. The familiar result for the remaining quasiharmonic
phonon free energy can be written as

Fvib(V,T ) = ∑
k

[
1
2

h̄ωk + kBT ln(1− e−h̄ωk/kBT )

]
, (2)

where kB represents the Boltzmann constant, h̄ is the reduced
Planck constant, and ωk represents an individual phonon fre-
quency. The summation is over all three phonon branches and

over all wave vectors in the first Brillouin zone. It should be
noted that in general, phonon frequency ωk is dependent on the
volume, but not on the temperature. The phonon frequency is
obtained from the forces resulting from the displacements of
certain atoms in the supercell containing 5× 5× 5 unit cells,
calculated by the VASP code. The vibrational free energy
Fvib(V,T ) is depicted from the phonon calculation performed
using the PHONOPY, which can support the VASP code to
calculate the force constants directly in the framework of the
density-functional perturbation theory.
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Fig. 3. (color online) (a) Plot of the Helmholtz free energy versus unit
cell volume of Al at every 100 K between 0 K and 600 K. The values
depicted by the crosses are the equilibrium volumes at corresponding
temperature. (b) The equilibrium volume as a function of temperature
for Al.

Based on Eq. (1), the estimation of the equilibrium vol-
ume V at temperature T is straightforward. We have evaluated
the three terms on the right-hand side of Eq. (1) at 18 volume
points near the equilibrium volume at 0 K for Al. The vol-
ume versus temperature relation V (T ) is determined by fitting
the Helmholtz free energy F versus volume V (F–V ) data ac-
cording to the Vinet equation of state (EOS).[33] Figure 3(a)
illustrates the predicted F as a function of V between 0 K and
600 K at every 100 K for Al, and the value depicted by the red
cross at every fitted curve is the equilibrium volume at the cor-
responding temperature. Obviously, the equilibrium volume
increases with increasing temperature (see Fig. 3(b)). Here,
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the five Al-based alloys have the same equilibrium volumes at
different temperatures with Al due to ∼ 11 at.% RE atoms in
one (111) plane and ∼ 0.92 at.% in the supercell.

3. Results and discussion
The calculated temperature-dependent GPFE curves for

pure Al and Al alloys by using the supercell consisted of a
3×3 slab geometry with 12 atomic planes are shown in Fig. 4.
The first half of each GPFE curve is evaluated by sliding the
upper 1–6 atomic layers along the [112] direction over a dis-
tance |𝑏p|= a0/

√
6.[34,35] The second half is then evaluated in

a similar fashion by successively displacing only layers num-
bered 1–5. The first and the second maxima of each GPFE
curve are unstable stacking fault energy (γus) and unstable
twinning energy (γut), respectively.[36] The γus and γut rep-
resent the minimum energy barriers for partial dislocation[37]

and micro-twin nucleation,[38,39] respectively, which are diffi-
cult to be obtained from experimental measurements and can
only be calculated in the atomistic simulation. The minimum
of each GPFE curve is the stable stacking fault energy (γsf),
which can be measured experimentally.
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Fig. 4. (color online) The calculated generalized planar fault energy
curves for Al and Al alloys at different temperatures. The discrete points
denote the values of DFT calculations and the solid curves indicate the
results obtained from polynomial fitting.

All the temperature-dependent typical energies (γsf, γus,
γut) for Al and Al alloys calculated using different supercell

sizes are listed in Table 1. It is clear that the present typ-
ical energies (γsf = 142 mJ·m−2, γus = 185 mJ·m−2, γut =

236 mJ·m−2) at 0 K for Al nearly agree with the previ-
ous DFT calculations (γsf = 162 mJ·m−2, γus = 189 mJ·m−2,
γut = 238 mJ·m−2)[10] and the available experimental data
(γsf = 135 mJ·m−2).[40] It should be noted that the present
value of γsf at 0 K for Al has a larger difference relative to
the previous DFT calculation. It may be a result of the fact
that our values of the typical energies (γsf, γus, γut) for Al were
obtained with the effect of the zero-point vibrational energy.
The typical energies (γsf, γus, γut) decrease slightly with in-
creasing temperature in the same material, since the thermal
expansion may soften the stacking fault configuration at high
temperature. Note that the decrease of the stacking fault en-
ergy (γsf) of fcc Ni with increasing temperature has also been
predicted.[12]

Table 1. Calculated various fault energies (γi, mJ·m−2), ductility pa-
rameter (D), relative barrier difference (δ ut

us ), and theoretical twinnabil-
ity (τa) at different temperatures for Al and Al alloys by using the su-
percell of a 3×3 slab geometry with 12 atomic planes.

T /K System γsf γus γut D δ ut
us τa

Al 142 185 236 1.425 51 0.902
Al–Sc 123 189 237 1.356 48 0.926
Al–Y 105 181 225 1.321 44 0.938

0 Al–Dy 103 179 223 1.340 44 0.939
Al–Tb 101 178 222 1.342 44 0.940
Al–Nd 89 169 212 1.335 43 0.942

Al 134 174 223 1.510 49 0.899
Al–Sc 118 180 227 1.433 47 0.924
Al–Y 100 172 215 1.399 43 0.937

300 Al–Dy 98 171 213 1.419 42 0.938
Al–Tb 96 169 212 1.421 43 0.939
Al–Nd 85 161 203 1.417 42 0.941

Al 122 156 201 1.647 45 0.896
Al–Sc 108 164 207 1.588 43 0.921
Al–Y 92 158 198 1.552 40 0.935

600 Al–Dy 90 156 196 1.574 40 0.936
Al–Tb 88 155 195 1.575 40 0.937
Al–Nd 78 147 186 1.576 39 0.938

In order to examine how alloying alters the intrinsic duc-
tility of Al at different temperatures, the Rice criterion[37] is
employed. Rice has shown that the unstable stacking fault
energy γus is proportional to the energy release rate required
for dislocation nucleation, which leads to the ductility param-
eter D = 0.3γs/γus, where γs is the (111) surface energy of
pure Al or the selected Al alloys at different temperatures.
Dislocation-mediated plasticity occurs when D > 1, whereas
brittle cleavage fracture occurs when D is small (< 1). The
temperature-dependent ductility parameters D for pure Al and
selected Al alloys are summarized in Table 1, and displayed
in Fig. 5(a) so as to clearly show the ductility parameter
change trend with temperature. For pure Al, the calculated
γs = 877 mJ·m−2 yields D = 1.42 at 0 K, indicating that Al
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is an intrinsically ductile metal. This is consistent with Mehl’s
Naval Research Laboratory (NRL) tight-binding (TB) total en-
ergy calculations of D for fcc metals,[41] according to which
Al (D = 1.50) is considerably less ductile than the three noble
metals Cu, Ag, and Au (D > 3), but substantially more ductile
than Rh, Pd, and Ir (D ≈ 1). Relative to the range of ductil-
ity parameters predicted by Rice’s criterion, the Al alloys have
similar ductilities to the pure Al at different temperatures. The
relative insensitivity of D to alloying at this concentration is
possibly a result of the fact that these solutes do not alter γs of
pure Al and γus in the alloys deviates from pure Al γus by less
than 10%. It should be noted that the Ni alloys have similar
variations at 0 K.[8] Besides, the ductilities in the same mate-
rials increase slightly with increasing temperature. This may
be a result of the fact that the unstable stacking fault energies
γus decrease slightly and the surface energies γs are almost un-
changed with temperature.

Al Sc Y Dy Tb Nd
1.2

1.5

1.8

D

Al Sc Y Dy Tb Nd
0.88

0.92

0.96

τ
a

(a)

(b)

0 K 600 K 300 K 

Fig. 5. (color online) The predicted ductility parameters (D) and theo-
retical twinnabilities (τa) for Al and Al alloys at different temperatures.
The triangle-down, circle, and triangle-up curves denote the values at
0 K, 300 K, and 600 K, respectively.

In addition to its effects on ductility, we have also inves-
tigated whether alloying can alter the mode of plastic defor-
mation at different temperatures. Van Swygenhoven et al.[4]

proposed that the relative values of γus and γut can describe the
ease with which an fcc metal and its alloys deform by twinning
relative to deforming by dislocation-mediated slip. According
to the analysis, a simple criterion for twinning activation is
given by the difference δ ut

us ≡ γut− γus.[37] The temperature-
dependent δ ut

us for Al and its alloys are listed in Table 1. Ob-
viously, δ ut

us decreases significantly with the addition of RE

elements, which is primarily due to the lowering of γut. This
indicates that alloying will make twinning more likely at dif-
ferent temperatures. Furthermore, δ ut

us of the same material
decreases with increasing temperature, which indicates that
the twinnabilities of Al and Al alloys increase with increas-
ing temperature. However, since γut is greater than γus for Al
and its alloys at different temperatures, the relative barrier dif-
ference δ ut

us does not predict twinning to be the dominant de-
formation mechanism.[9]

A more thorough treatment of the competition between
slip and twinning called twinnability has been proposed by
Tadmor and Bernstein[38,39] in the form of the following ap-
proximate expression:[38,39]

τa =

[
1.136−0.151

γsf

γus

]√
γus

γut
, (3)

which clarifies the dependence of twinnability on the material
parameters. Here, τa is a relative measure of the tendency of
a polycrystalline fcc metal to undergo deformation twinning,
with higher τa indicating a greater propensity for twinning.
The computed values of the temperature-dependent τa of pure
Al and its alloys are listed in Table 1. Our results show that
the RE element incorporation can enhance the twinnability of
pure Al at different temperatures, which is consistent with the
observations of more active twinning systems with more twin-
based textures in the alloys.[42,43] This is very similar to the
previous investigations of Ni[8] and Cu[9] at 0 K. Thus, the
twinnability measure predicts correct trends for twinning in
Al alloys at different temperatures. Al alloys have greater
twinnabilities than Al both because they have significantly
smaller γsf and because their γut are seriously decreased rel-
ative to their γus (see Table 1). In order to see clearly the de-
pendence of the twinnability on the temperature, figure 5(b)
presents a plot of τa versus the RE elements at different tem-
peratures. It is clear from the figure that the twinnabilities
of Al and Al alloys predicted by τa decrease with increasing
temperature. It is well known that the deformation twinning
becomes more favorable over slip at low temperatures and/or
high strain rates.[39] Obviously, the results predicted by δ ut

us

and τa have some differences. However, the twinnability cri-
terion τa clarifies the deformation twinning dependence on γut

and γus in addition to γsf. The twinning criterion δ ut
us based on

the relative barrier difference can roughly reflect the mode of
plastic deformations of fcc metals and alloys. In other words,
the twinnability criterion τa can predict the deformation twin-
ning in Al and its alloys more accurately than δ ut

us .

4. Conclusion
In summary, the GPFE curves as a function of tempera-

ture for pure Al and Al–RE (RE = Sc, Y, Dy, Tb, Nd) alloys
have been investigated by using a supercell of a 3× 3 slab
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geometry with 12 atomic planes from first-principles calcula-
tions. The ductility parameter D, the relative barrier difference
δ ut

us , and the twinnability τa for Al and Al alloys at different
temperatures have been determined with the aid of the typical
energies. It is found that the ductilities of the alloys are sim-
ilar to that of Al and the ductilities in the same materials in-
crease slightly with increasing temperature. Our results show
that alloying will make twinning more likely. This mechanical
behavior is primarily due to a decrease in stacking fault ener-
gies γsf and a relatively larger decrease in unstable twinning
energies γut which dominates a smaller decrease in the unsta-
ble stacking energies γus. Furthermore, the twinnabilities of Al
and Al alloys decrease with increasing temperature.
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