Chin. Phys. B Vol. 23, No. 6 (2014) 064501

Research on the discrete variational method for a Birkhoffian system*
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In this paper, we present a new integration algorithm based on the discrete Pfaff—Birkhoff principle for Birkhoffian
systems. It is proved that the new algorithm can preserve the general symplectic geometric structures of Birkhoffian
systems. A numerical experiment for a damping oscillator system is conducted. The result shows that the new algorithm can
better simulate the energy dissipation than the R-K method, which illustrates that we can numerically solve the dynamical
equations by the discrete variational method in a Birkhoffian framework for the systems with a general symplectic structure.
Furthermore, it is demonstrated that the results of the numerical experiments are determined not by the constructing methods
of Birkhoffian functions but by whether the numerical method can preserve the inherent nature of the dynamical system.
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1. Introduction

In 1927, Birkhoff!!! presented a new form of dynamic
equation which is more general than Hamilton’s equation, and
gave a new class of the integral variational principle, which
is more general than Hamilton’s principle in his famous book
“Dynamic Systems”. In 1978, Santilli’?! suggested that this
equation be named the Birkhoff equation, the system that is
described by the equation be named the Birkhoffian system
and the new integral variational principle be called the Pfaff—
Birkhoff principle. Theoretically, all conservative and non-
conservative, self-adjoint and non-self-adjoint, holonomic and
non-holonomic constrained systems can always be represented
in the form of Birkhoff’s equations.!®! Birkhoff’s equations
have been applied to hadron physics, statistical mechanics,
space mechanics,?! engineering,!¥ electro-magnetism,’! and
the analytical calculation of ordinary differential equations. 13!
The research of Birkhoffian dynamics is an important field in
modern analytical mechanics. A number of issues about the
Birkhoffian systems have been reported, such as the Birkhof-
fian representation of a non-holonomic constrained system,
the symmetry theory, global analysis, stability of motion,!
geometrical description, variational principle,®! generalized
Birkhoff’s equation theory,!”:8] etc. However, the complex
structures of Birkhoff’s equations bring great difficulties in
solving its analytical solutions, thereby limiting the corre-
sponding application in mechanics, physics, and engineering
areas. Therefore, the study of numerical methods of solv-
ing Birkhoff’s equations can help to solve the application
problems in various dynamical systems. However, there are
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only a few researches about the algorithms for Birkhoff’s

=141 and most of the numerical methods are con-

equations,
structed by generating a function theory,[*1%! which can only
be applied to simple dynamical systems but fails in the com-
plex dynamics. In Refs. [12] and [13], we constructed a dis-
crete integrator for autonomous Birkhoffian systems by using
the discrete mechanics method. In this work, we extend the
idea of structure-preserving, which is not suitable for Birkhof-
fian systems.

The purpose of this paper is to study the numerical algo-
rithm of Birkhoff’s equations by adopting discrete variational
mechanics. The theory of discrete variational mechanics has
its roots in the optimal control literature of the 1960s.1>-171 In
the framework of Lagrange mechanics, the basic idea of dis-
crete variational mechanics is to consider a mechanical system
with configuration manifold Q, velocity phase space 7Q, and
Lagrangian map L : TQ — R. In discrete mechanics, the start-
ing point is to replace TQ with QO x Q, and take the discrete
Lagrangian map L4 : Q X Q — R. The kinetic equations of the
discretization system can be obtained by the Hamilton princi-
ple.

The remainder of this paper is organized as follows.
In Section 2, we introduce briefly the Pfaff-Birkhoff princi-
ple and Birkhoff’s equations. In Section 3, we discrete the
Pfaff-Birkhoff principle and Birkhoff’s equations and present
their geometric properties based on the discrete Pfaff—Birkhoff
principle, and then construct the Birkhoff variational integra-
tors. In Section 4, we give an example by computing a one-
dimensional damped oscillator in the framework of Brikhof-
fian mechanics. Finally, we draw some conclusions from the
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present study in Section 5. Throughout this paper, Einstein’s
summation convention is used and i,v =1,...,2n.

2. Pfaff-Birkhoff’s principle and Birkhoff’s
equations

Consider a configuration manifold M 2t with coordinate
{a"} and time space R. Define the extended configuration
manifold as M = R x M*". Take the Birkhoffian B : M — R
and Birkhoffian functions Ry, : M — R, the Pfaffian is!*!

P(a,a,t) =Ry (a,t)a" —B(a,t). (1)
The Pfaff action A is defined as

1 t
A:/tl P(a,d,l‘)dt:/ (Rll (ayf)d”—B(a,t)) d, ()

n

where a* = a* (1) is the C? curve in configuration space. By
using the contemporaneous variations A = 0 with fixed end-
point conditions 8at (t;) = 0,8a* (1) = 0,!?) the Birkhoff’s
equations can be obtained as follows:

(BRV (a1) IRy (a,t)> &

dak daY
_ (9B(at)  IRu(at)\ _
( Jan T )‘0‘ )

The system described by Eq. (3) is named a Birkhoffian sys-
tem. The process of variation is known as the Pfaff-Birkhoff
principle, which is a universal form of the first-order integral
variational principle. When R, = p;, d* = ¢', and B(a,t) =
H (g, p,t), the principle degenerates into Hamilton’s princi-
ple, so the Hamilton principle is a special case of the Pfaff—
Birkhoff principle.

Consider a dynamical system described by first-order dif-

ferential equations>]

a' =o' (t,a). 4)

Generally, there are three methods to construct dynamical
functions B(a,t) and Ry (a,t) as follows.

Method 1 Let B be the total energy of Eq. (4) and then
solve the Cauchy—Kovalevski (CK) equations in the functions
R;;. The CK equations are

JdRy [ ORy JdRy , OB
ot \da* da¥  dakt”

Method 2 Via the method of the genotopic transforma-
tions staring from Eq. (4), construct a self-adjoint covariant
form as

[Quy (t,a)a” +Ty (1,a)], =0.

Then the Birkhoffian B and functions R, are given by

B(t,a) = — [/01 dr (rwa;“) (t,‘c'a)} a*,

Ry (t,a) = [/01 dTTQyy (tJa)] a’.

Method 3 Suppose that the obtained 2n first integrals I*

of the first-order system (4) are independent in the sense of
det(dI*/da") # 0, then

arv arv

RIJ (t,a) = GVW’ B(t,a) = _GVW

Here, G, are functions of the integrals I*, which are con-
strained by the regularity condition

det (0G,/d1" — Gy /dI*) #0.

3. Discrete variational method of Birkhoff’s
equations and variational integrators

3.1. Discrete Pfaff-Birkhoff principle

Define the discrete state space as M x M with discrete
coordinates {(7,a)}}—o. The discrete Pfaffian is a map Py :
M x M — R with coordinates as follows:

Py = Py (tks tiy 1, Qs Qg ) - (5)

Define the discrete path space as
Ca (M) =Cq ({tk}szoszn) = {05 RUSH —>M2"}7

and take cq € Cy as the discrete curves in discrete space.
The discrete curves are sets {(tk,ak)}k[\/:0 of discrete points
(lk, ak) eEM.

Definition 1 Discrete action functional is a map Aq :
C4 — R, given in coordinates by

N-1
Aq(ca) = Y Palte,tir an, aie)- (6)
k=0
Then the discrete Pfaff—Birkhoff principle is given below.
Theorem 1 Given a C* (k > 1) extended discrete Pfaf-
fian Py : M x M — R, then there will exist a unique C¥~! map-
ping Dg : M x M — T*M and unique one-forms C:);d and @[;d
in the discrete state space M x M, such that for all variations
66‘(1 S Téd of cqg € éd, we have

dAq (cq) - 8eq
N-1

= Y DoPy(ti—1,tks k1, Q-1 Gy arrr) - (81, Sag)
k=1

+05 (tv-1,05,ay-1,an) - (8in—1,8in, Say 1, Say)

_@P_d (t()vtlva()val)'(6t075t175a075a1)a (7)
where map Dg is called the extended discrete Birkhoffian
map and the one-forms (:);:i and @1;1 are the extended discrete

Birkhoffian one-forms. In coordinates, they have the expres-

sions

Dy Py (tk—1,t, tig 1, Ak—1 5 Ak At 1)
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= [D1Py (tis tit 1, @, Ag1) + Do P (ti—1, 1y a1, a) | diye
+ [D3Pu (tes ti1, Ak, iy 1) + DaPa (-1t ax—1, ax)| day,
O, (ks iy 1, Ok, k1)

= DaPy (tkstit1, Ak, iy 1) dliy 1
+DaPy (tis iy 1,0k, r1) dagy 1, (8)
Op, (tks iy 1, Ok, Akt 1)

= —D1 Py (tes tier 1, ks Q1) diy

_D3Pd(tkatk+lvak>ak+1)dak' (9)

Theorem 1 can be proved by using the contemporaneous vari-
ations methods.

3.2. Discrete Birkhoff equation and its geometric proper-
ties
From Egq. (7), it is clear that ¢4 is a solution if and only if
dAq(cq) - 8cq = 0 at all points except the endpoints 0 and N.
This statement at k reads

Dy Py (tk—1, i, ths 1, 1, Gk A1) = 0. (10)

Equation (10) is named a discrete Birkhoff’s equation. It can
be separated into the time and configuration components to
give

D1 Py (t, tige1, ag, g1 ) + Do Py (tk—1, t, ar—1,ar) = 0, (11)
D3Py (ti, tiq 1, Ak, Air1) + DaPy (te—1, te, ax—1,ax) = 0. (12)

However, the discrete paths which satisfy Eq. (11) do not auto-
matically satisfy Eq. (12). That is, both components contribute
to restrictions on the space of solutions, and both are necessary
for numerically solving Birkhoff’s equations. This is because
the extended action is a function of the entire extended path,
not just some discrete associated curve.

Equations (11) and (12) give an extended discrete
Birkhoffian map Fp, : M x M — M x M, which can be writ-
ten in coordinates as

Fp, (t—1, 1k, ak—1,ax) = (et 1 Qs i) - (13)

If the points { (tk,ak)}jlyzo satisfy Eq. (13), the extended dis-
crete path ¢q € C, is a solution of Egs. (11) and (12). In the
discrete case, there are two one-forms (8) that arise from the
boundary terms, and by using d> = 0, we have

dé,,*d = cw?),;l .

With the extended discrete Pfaffian, the extended discrete
solution space épd can be taken as the initial condition space
of systems M x M, and define the extended discrete action as
Ad : M x M — R, in coordinates

A

Ad (to,tl,a(),al) = A4 (Cd).

Here, c4 € épd, and it is the solution of discrete Birkhoff’s
equations with the initial conditions ¢ (0) = (fp,ap) and ¢ (1) =
(t1,a1). From Eq. (6), we can conclude that the one-forms sat-
isfy
1 AN—1\* (A A
dda=(FN") (64) - 6,
Due to the fact that dzAd = (), the conservation law

* A A

(B) (@r,) = 2,
can be obtained, where de = —d@;& = _d@Ej are the ex-
tended discrete Birkhoffian two-forms as well as the discrete
Birkhoffian symplectic forms. Take an arbitrary subinterval of
the discrete sequence 0, 1,...,N and perform the same proce-
dure, we can obtain the conservation law in the discrete inter-
val. So the discrete Birkhoffian map ﬁpd is discretely symplec-
tic.

3.3. Birkhoff’s variational integrator

We can regard the discrete Birkhoff’s equations in
Eq. (10) as integrators of a given Birkhoffian system, which
can be named Birkhoff’s integrators. From Subsection 3.2, we
see that the discrete Birkhoff map de can preserve the general
symplectic structure, so it is a symplectic integrator, and the
discrete Pfaffian Py : M x M — R satisfies

Pa(tx tkv1,ak, A1)

= /lk“ P(t,a(t),a(t))dt+0 (\tkH —tkl’“) )

JIg

where a : [t, 1] — M is any solution of Birkhoff’s Eq. (3)
for P. Here, r is known as the order of the discrete Pfaffian,
and we require r > 1 for Py to be consistent. To construct the
integrators, we define the maps by using Egs. (10) and (11)

f+ .
FTPy: (te,teser, ak, Qgg )

= (tk1,br1 = DaPy, agy1, E 1 = —DaFy),
F™ Py (ti, kg1, Gk, Qi)
— (trg1, bk = —D3Py,api1,Ex = D1 Fy) (14)

where by, by 1,E, Erq are the intermediate variables, and
map (14) satisfies

Foy = E*Pro (B Py) .
Regarding de as an integrator of systems, it maps
Ep, : (tx,Exar,bi) — (i1, Bk 15 @i, s 1)
and is defined by the relations

by = —D3Py (t,tr i1,k Gkt 1) 5

Ey = D\ Py (t, ti 1, Ak, At 1) 5 (15)
b1 = DaPy (ti, tiy 1, Ak, Qier 1) 5
Eiy1 = —DoPy (ti, tiy 1, ax, Grr1) (16)
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together with the requirement that #;; > #; for each point k.
In computation, the implicit equation (15) is solved and ad-
vanced to #;4 and a4 under the restriction f;| > #, then
with ;1 and ay; the explicit equation (16) is propagated
to give byy, and Ep,i, so the map de ¢ (tx, Ex,ax,by) —
(tx+1,Ext1,@x+1,br+1) can be obtained. As has been stated,
the method defined by Eq. (10) preserves a discrete symplec-
tic form and satisfies the discrete energy evolution equations.
There are many methods to discrete the Pfaffian, such as Eu-
ler’s mid-point rule, the Verlet scheme, the R-K method, [15-17]
etc. In this paper, the Euler mid-point rule will be used.

4. Discrete Birkhoffization of one-dimensional
damped oscillator and numerical analysis

Consider a one-dimensional damped linear oscillator sys-
tem

¥+ yi+x=0, 7y=const>0.

It is a non-conservative system and cannot be expressed
in a standard Hamilton equation, so it has no simple symplec-
tic structure. We cannot adopt the symplectic-preserving al-
gorithms to calculate it. But it can be expressed in Birkhoff’s
equations.

Let a' = x,a®> = x, Method 1 and Method 2 of construct-
ing Birkhoffian functions can be used to obtain the Birkhoffian
B and functions Ry, respectively, then two different Birkhoffian
representations are obtained as follows:

®
b= (@ + @],

1 1
R = y (@Py+d')e” —a't, Ry= 77t>,7”c12—cz2

t.

The corresponding Pfaffian is
P'(a,a,t) = Ri(t,a)d' +Ra(t,a)a* — B(t,a)
- (;(azy—i— a')e” —alt) a'
¥ (;ew a2t> @1 [@)+ (@]

Using the Euler mid-point rule, the Pfaffian P! can be ex-
pressed in discrete Pfaffian as follows:

Liy a+ag e+ttt
pl— (2L 42 2 Tk T k41 kv okt
d (y<2 <ak+ak+1> + ) exp | Y >

(g tay,) (fk+lk+1)) (abs —al)
+

2 2
1 o+t \ ] (a; +ag, )
Fee (5[5

ar+a: fh+1,
(g 2k+l) (k 2k+1)> (2 —ad)

2 2
(e — 1) a+ 4 ag+ap,,
2 2 2 '

B= %e’” [(al)er (a2)2+}/a1a2} ,

1 1
R = Eey’az,Rg = fiewal.

(i)

The corresponding Pfaffian is

P?(a,a,t) = Ry(t,a)d' +Ry(t,a)d® — B(t,a)

1 1
(2 ey’az) a' — (2 ey’a1> a*

- %ey’ {(al)z—i— (a2)2+}/a1a2} :

In the same way, the discrete Pfaffian Pd2 is

1 tea1 + 1 a,% —i—a,%
sz = Eexp {y +2 HZ a,iﬂfa,i

1 ot ] (@Gt
o YR (B (@ -t

1 fer1 +1
— = (tr1 —tx) exp [Ykﬂk}

2 2

2 2
y allc +allc+l i ai + aiﬂ
2 2
a,ﬁ + ali+l a% + aiﬂ
+7v ) > .

The discrete Pfaffians Pdl and sz are substituted into Egs. (15)
and (16) respectively. The initial conditions and the damping

coefficient are

10=0, Eg=8, a}=0, a}=4,

by =0,b3 =1,y =0.05.

8
—exact
R-K
S 1 T — p1
6 L P2
2
g 4F
<
£a)
2 -
0 L 1
0 50 100 150 200

Fig. 1. (color online) Energies computed with variational, R-K methods
and compared with the exact solution.

In Fig. 1, the time evolutions of the energy by the discrete
variational method and 2-order R-K method are shown and
compared with the exact solution. We can see clearly that the
variational methods are better than the R-K method in sim-
ulating the energy dropping of the one-dimensional damped
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oscillator system, and the results of the variational methods
accord well with the exact solution. In Fig. 2, we present the
relative errors of the exact solution and the numerical solu-
tion obtained by different methods of constructing Birkhof-
fian functions. From the figure, we can see that the energy
errors obtained by different methods of constructing Birkhof-
fian functions are nearly the same.

0.08
& P!
[ -2a-p2 e 'S
0.06 | o
3 L
2 0.04F
3} % o
0.02 = J
' Vvv
ian SIS
0 1 N 1
0 50 100 150 200

t

Fig. 2. (color online) Comparison of energy error between two con-
structing methods.

5. Conclusions

The above analysis and numerical results illustrate that
one can solve numerically the dynamical equations by discrete
variational methods in the Birkhoffian framework for the sys-
tems with a non-simple symplectic structure. Since the dis-
crete variational methods can preserve well the general sym-
plectic structures of dynamical systems, we can obtain more
precise numerical results than those from the traditional meth-
ods such as R-K. At the same time, we present that the differ-
ent methods of constructing Birkhoffian functions are com-

pletely equivalent, and the numerical results, good or bad,
are independent of the constructing methods of Birkhoffian
functions, but are mainly dependent on whether the numer-
ical methods are able to preserve the inherent nature of the
dynamical system. The example shows that it is significant to
study the system with a non-standard symplectic structure by
discrete variational methods in the Birkhoffian framework.
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