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Cumulative solutions of nonlinear longitudinal
vibration in isotropic solid bars∗
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Based on the strain invariant relationship and taking the high-order elastic energy into account, a nonlinear wave
equation is derived, in which the excitation, linear damping, and the other nonlinear terms are regarded as the first-order
correction to the linear wave equation. To solve the equation, the biggest challenge is that the secular terms exist not only
in the fundamental wave equation but also in the harmonic wave equation (unlike the Duffing oscillator, where they exist
only in the fundamental wave equation). In order to overcome this difficulty and to obtain a steady periodic solution by
the perturbation technique, the following procedures are taken: (i) for the fundamental wave equation, the secular term is
eliminated and therefore a frequency response equation is obtained; (ii) for the harmonics, the cumulative solutions are
sought by the Lagrange variation parameter method. It is shown by the results obtained that the second- and higher-order
harmonic waves exist in a vibrating bar, of which the amplitude increases linearly with the distance from the source when its
length is much more than the wavelength; the shift of the resonant peak and the amplitudes of the harmonic waves depend
closely on nonlinear coefficients; there are similarities to a certain extent among the amplitudes of the odd- (or even-) order
harmonics, based on which the nonlinear coefficients can be determined by varying the strain and measuring the amplitudes
of the harmonic waves in different locations.
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1. Introduction
In general, the solid media are nonlinear. For a compact

medium, the nonlinearity originates from the anharmonic in-
teractions between the atoms, where one can regard the non-
linearity as the one on the atomic scale. On the other hand,
if the medium is incompact (cracked and/or porous and with
large compliance modulus), there is another nonlinearity be-
sides the nonlinearity on an atomic scale, which can be re-
ferred to as the nonlinearity on a mesoscopic scale or com-
pliant nonlinearity. Some experimental data published in jour-
nals (for example Ref. [1]) indicate that many rocks are porous
and/or cracked, of which the mesoscopic nonlinearity is much
larger than the atomic nonlinearity. Furthermore, resonant
peak shifts far from the linear oscillator toward the left and
numerous higher order harmonic waves are observed in sev-
eral experiments. The experimental results also show that the
phenomena mentioned above depend on strains, porosity, fluid
saturation, environmental factors, etc.[2–4] On the other hand,
the so-called non-equilibrium dynamical phenomena are ob-
served in some experiments, for example, as the strain goes
above a threshold, certain quantities (such as the resonant fre-
quency) cannot return to the initial values in a timely man-
ner during repeated measurements.[5,6] Even though there are
many fascinating prospects of applications of sound propa-
gation in earth materials and the nondestructive detection in
solids, etc., the physical mechanism needs to be researched

thoroughly.
Applying nonlinear acoustics to the relevant problems,

the wave equation can be obtained only when the expression
for elastic energy is invoked, from which the acoustic propaga-
tion in solid can be investigated. Due to certain mathematical
difficulties in earlier studies, only the third-order elastic en-
ergy was processed, where the elastic constant corresponding
to it is the second nonlinear coefficient,[7,8] i.e.

β =
3
2
+

l +2m
λ +2µ

, (1)

where λ and µ are the Lamé constants. Defined by Mur-
naghan, l and m are the third-order elastic constants. To
the author’s knowledge, there have been some experimental
data about l and m for several metals (low-carbon steel and
aluminum),[9–11] from which the second-order nonlinear coef-
ficients are estimated to be less than 10. On the other hand,
there are several authors (for instance in Refs. [2] and [12])
who analyzed and investigated the measured data in rock sam-
ples and estimated the data for |β | that may be in a range of
much larger than 10, obviously, much larger than the above-
mentioned data of metals.

Furthermore, earlier results[1,13–15] also showed that the
sound speed increases and the attenuation decreases when
pressure is exerted on the rock sample. On the other hand,
in the frequency sweep experiments conducted in a thin bar of
such a type of material (for example, as shown in Ref. [3]), it
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is found that the shape of the amplitude–frequency response
curve appears to be similar to that of the nonlinear soft spring.

In order to research the acoustic vibration in such a
medium, we use the strain invariant to obtain the one-
dimensional nonlinear wave equation, and obtain the approx-
imate solution for a thin bar by means of the multiple scale
perturbation technique.

2. Elastic energy and nonlinear wave equation
As is well known, there are three strain invariants

(I1, I2, I3)
[7,16,17] in isotropic solids, which can be written as

I1 = η11 +η22 +η33,

I2 =

∣∣∣∣ η11η12
η21η22

∣∣∣∣+ ∣∣∣∣ η22η23
η32η33

∣∣∣∣+ ∣∣∣∣ η33η31
η13η11

∣∣∣∣ ,
I3 =

∣∣∣∣∣∣
η11η12η13
η21η22η23
η31η32η33

∣∣∣∣∣∣ , (2)

where ηi j are the strains, which can be expressed as

ηlk =
1
2

[
∂xi

∂al

∂xi

∂ak
−δlk

]
(3)

and the elastic energy can be written as

φ = φ2 +φ3 +φ4 +φ5 + · · · , (4)

where φ2 and φ3 . . . are the second- and third-order . . . elastic
energies, respectively, whose expressions are (see Refs. [7],
[16], and [17])

φ2 =
λ +2µ

2
I2
1 −2µI2,

φ3 =
l +2m

3
I3
1 −2mI1I2 +nI3. (5)

However, to the author’s knowledge, the expressions for φ4

and φ5 are still unknown. So in this paper we can express
them as

φ4 = γ1I4
1 + γ2I2

1 I2 + γ3I2
2 + γ4I1I3,

φ5 = δ1I5
1 +δ2I2

2 I1 +δ3I3I2 +δ4I4I1 +δ5I3
1 I2 +δ6I2

1 I3, (6)

where γi, δi, . . . are the fourth- and fifth-order, . . . , elastic con-
stants.

Generally, the expressions associating the elastic energy
with the strains and the subsequent wave equation can be de-
rived; however, the amount of mathematical calculation is so
tremendous that most researchers eventually give up. On the
other hand, in a solid medium of finite size, the boundary con-
ditions cannot be satisfied if one assumes that there exists only
one simple vibration mode (for instance, only the longitudi-
nal mode). Thus, in this paper we assume that the longitudi-
nal scale of the system is always much larger than the trans-

verse scale (a thin bar); in this way, we can consider its one-
dimensional vibration and indicate the position x and the dis-
placement (u, v, w) as follows:

x = a+u,

u = u(a, t),v = w = 0. (7)

Substituting Eq. (7) into Eq. (3) yields

η11 = ua +
1
2

u2
a, (8)

and others ηi j = 0, where

ua =
∂u
∂a

. (9)

Substituting Eqs. (8) and (9) into Eqs. (5) and (6), one has

I1 = η11, I2 = I3 = 0, (10)

and

φ2 =
1
2
(λ +2µ)η11, φ3 =

1
3
(l +2m)(η11)

3,

φ4 = γ1η
4
11, φ5 = δ1η

5
11,

φ6 = ξ1η
6
11, φ7 = ζ1η

6
11, . . . . (11)

Based on Ref. [7] or Ref. [17], one has the relation between
stress and elastic energies as follows:

Tik = Jil
∂φ

∂ηkl
, Jil =

∂xi

∂al
,

then one can obtain

T11 = (λ +2µ)

× {ua +βu2
a + γu3

a + ·δu4
a +ξ u5

a +ηu6
a + · · ·},

Ti j = 0 i, j 6= 1. (12)

The wave equation can be written as

ρ0
∂ 2x
∂ t2 =

∂T11

∂a
. (13)

From Eq. (12) one has finally

∂ 2u
∂ t2 = c2 ∂ 2u

∂a2 , (14)

where

c = c0{1+2βu+a 3γu2
a +4δu3

a

+ 5ξ u4
a +6ηu5

a + · · ·}1/2, (15)

c0 =

√
λ +2µ

ρ0
, (16)

γ =
1
2
+2

l +2m
λ +2µ

+
4γ1

λ +2µ
,

δ =
5
4

l +2m
λ +2µ

+
10γ1

λ +2µ
+

5δ1

λ +2µ
,

ξ =
1
4

l +2m
λ +2µ

+
10γ1

λ +2µ
+

15δ1

λ +2µ
+

6ξ1

λ +2µ
,

η = · · · ,


(17)
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where β , γ , ξ , η . . . are the second-, third-, . . . , order non-
linear coefficients, respectively. Equation (15) shows that the
sound speed of the longitudinal waves depends on strain ua,
which is due to the nonlinearity of the medium. Substituting
Eq. (15) into Eq. (14) and differentiating the resulting equation
just obtained with respect to a, subsequently, yield

∂ 2ua

∂ t2 − c2
0

∂ 2ua

∂a2

= c2
0

∂ 2

∂a2 {βu2
a + γu3

a +δu4
a +ξ u5

a +ηu6
a + · · ·}

− 2R
dua

dt
+E(a, t), (18)

where the linear damping and the excitation force
−2Rdua/dt + E(a, t) are added to Eq. (18) phenomenolog-
ically. On the other hand, on the left-hand side of Eq. (18),
let c2

0∂ 2ua/∂a2→ ω2
0 ua and in the brackets on the right-hand

side of Eq. (18), let β , ξ , η , . . . = 0 except γ 6= 0 and

c2
0

∂ 2

∂a2 {γu3
a}→ γu3

a,

then equation (18) becomes the Duffing’s vibration equation.

3. Multiple-scale perturbation and steady pe-
riod solutions[18,19]

In order to obtain the steady period solutions conve-
niently, multiple-scale perturbation is a flexible technique,
where one begins with introducing new independent variables
according to

Tn = ε
nt, n = 0,1,2, . . . , (19)

where ε is a small quantity and T1 = εt is the slow-scale (time)
variable. It follows that the derivatives with respect to t be-
come expansions in terms of the partial derivatives with re-
spect to the Tn according to

d
dt

=
dT0

dt
∂

∂T0
+

dT1

dt
∂

∂T1
+ · · ·= D0 + εD1 + · · · , (20)

d2

dt2 = D2
0 + ε2D0D1 + ε

2[D2
1 +2D0D2]+ · · · . (21)

One assumes that the solution of Eq. (18) can be represented
by

ua(a, t;ε) = u(0)a (a,T0,T1)+ εu(1)a (a,T0,T1)

+ ε
2u(2)a (a,T0,T1)+ · · · . (22)

From Eq. (18), we can see that it becomes a linear wave equa-
tion when its left side equals zero and one can regard the terms
on its right side as a correction to the linear wave equation. If
the nonlinearity of the system is not so large that the excita-
tion, linear damping as well as the other nonlinear terms are

the first-order small quantities at least, thus, under the pertur-
bation approximation, equation (18) can be written as

∂ 2ua

∂ t2 − c2
0

∂ 2ua

∂a2

= εc2
0

∂ 2

∂a2 {βu2
a + γu3

a +δu4
a +ξ u5

a +ηu6
a + · · ·}

− ε2R
dua

dt
+ εE(a, t). (23)

If the excitation is realized by a sweep frequency technique,
the instantaneous frequency can be expressed as follows:

ω = ω0 + ε∆ω, (24)

then one has

εE(a, t) = εF cos(ω0T0 +∆ωT1− k0a), k0 =
ω0

c0
, (25)

where ω0 is the natural angular frequency of the fundamental
wave. Substituting Eqs. (20)–(22), (24), (25) into Eq. (23) and
equating the coefficients of ε , ε2, one has[

D2
0− c2

0
∂ 2

∂a2

]
u(0)a = 0, (26)

[
D2

0− c2
0

∂ 2

∂a2

]
u(1)a

= −2D0D1u(0)a −2RD0u(0)a +F cos(ω0T0 +∆ωT1− k0a)

+ c2
0

∂ 2

∂a2

{
β

[
u(0)a

]2
+ γ

[
u(0)a

]3
+ · · ·

}
. (27)

The solution of Eq. (26) can be written as

u(0)a = A(T1)e i(ω0T0−k0a)+ c.c., (28)

where A(T1) is an underdetermined function. Substituting
Eq. (28) into Eq. (27) yields[

D2
0− c2

0
∂ 2

∂a2

]
u(1)a

=

{
−2iω0

[
A′(T1)+RA(T1)

]
−ω

2
0 [3γA2(T1)Ā(T1)

+ 10ξ A3(T1)Ā2(T1)+ · · ·]+
1
2

F e i∆ωT1

}
e i(ω0T0−k0a)

− ω
2
0{[4βA2(T1)+16δA3(T1)Ā(T1)

+ 15ηA4(T1)Ā2(T1)+ · · · ]e i2(ω0T0−k0a)

+ [9γA3(T1)+5ξ A4(T1)Ā(T1)+ · · ·]e i3(ω0T0−k0a)

+ [16δA4(T1)+6ηA5(T1)Ā(T1)+ · · ·]e i4(ω0T0−k0a)

+ [25ξ A5(T1)+ · · · ]e i5(ω0T0−k0a)+ · · ·}+ c.c. (29)

In order to eliminate the secular term from u(1)a , the coefficient
associated with e i(ω0T0−k0a) must be zero, i.e.,

−2iω0
[
A′(T1)+RA(T1)

]
−ω

2
0 [3γA2(T1)Ā(T1)

+ 10ξ A3(T1)Ā2(T1)+ · · ·]+
1
2

F e i∆ωT1 = 0,
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A′(T1) =
dA
dT1

. (30)

Equation (30) is just the same as Eq. (4.10) in Ref. [18]. Fol-
lowing Ref. [18] let

A(T1) =
1
2

B(T1)e iϕ(T1),

ϕ(T1) = ∆ωT1−ψ(T1),

(31)

and substituting Eq. (31) into Eq. (30), one has

−2iω0
[
A′(T1)+RA(T1)

]
−ω

2
0 [3γA2(T1)Ā(T1)

+ 10ξ A3(T1)Ā2(T1)+ · · ·]+
1
2

F e i∆ωT1 = 0. (32)

In order to obtain the steady-state motion, let

B′(T1) = ψ
′(T1) = 0,

and equation (32) becomes

RB(T1) =
F

2ω0
sinψ(T1),

∆ωB(T1)−ω0

[
3γ

8
B3(T1)+

5
16

ξ B5(T1)+ · · ·
]

=− F
2ω0

cosψ(T1), (33)

Eliminating ψ(T1) from Eq. (33) yields{
R2 +ω

2
0

[
∆ω

ω0
− 3

8
γB2− 5

16
ξ B4− 35

128
ςB6−· · ·

]2
}

B2

=
F2

4ω2
0
. (34)

This is the relationship between the fundamental amplitude
and the driving force. If ξ , η , . . . = 0 and only γ 6= 0, obvi-
ously, equation (34) becomes the frequency response equation
for the Duffing oscillator. Substituting Eqs. (31) and (33) into
Eq. (28), we find that the first approximation solution is given
by

u(0)a = Bcos(ωt− k0a− γ)+O(ε), (35)

of which the amplitude–frequency response will be described
by Eq. (34).

4. Cumulative solutions

Substituting Eq. (31) into Eq. (29) yields[
D2

0− c2
0

∂ 2

∂a2

]
u(1)a =

∞

∑
n=2

αn e in(ω0t−k0a+ϕ)+ c.c., (36)

where

α2 = βB2 +δB4 +
15
16

ηB6 + · · · ,

α3 =
9
8

γB3 +
45
32

ξ B5 +
189
128

ςB7 + · · · ,

α4 = δB4 +
3
2

ηB6 + · · · ,

α5 =
25
32

ξ B5 +
175
128

ςB7 + · · · ,

α6 =
9

16
ηB6 + · · · ,

α7 =
49
128

ζ B7 + · · · ,

· · ·

(37)

Let

u(1)a = u(1,2)a +u(1,3)a +u(1,4)a +u(1,5)a + · · · . (38)

Substituting Eq. (38) into Eq. (36), one has[
D2

0− c2
0

∂ 2

∂a2

]
u(1,n)a = αn e in[ω0t−k0a+ϕ]+ c.c.,

n = 2,3,4, . . . . (39)

This result shows that each harmonic wave has its secular term,
which makes it more difficult to solve the problem. In order to
find the periodic solutions of Eq. (26), a method is proposed
as follows. For the fundamental wave solution, the conditions
must be satisfied that the secular term is eliminated; how-
ever, for the harmonic waves, the cumulative solutions will
be sought instead of eliminating secular terms. It is known
that the cumulative solutions are also periodic. In the follow-
ing, the Lagrange parameter variation method will be used to
obtain the cumulative solutions. Let

u(1,n)a = fn(a)e in[ω0t+ϕ]+ c.c.

Substituting it into Eq. (39) yields[
d2

da2 +(nk0)
2
]

fn(a) =−
αn

c2
0

e−ink0a + c.c.

The cumulative solutions can be (see Appendix A)

fn(a) =−
αn

4n2ω2
0
(1+2ink0a) e−ink0a + c.c.,

and

u(1)a =− 1
2ω2

0

∞

∑
n=2

αn

n2

√
1+4n2(k0a)2

× cos[n(ω0t− k0a+ϕ +ψ)],

tanψ = 2nk0a. (40)

If k0a >> 1, ψ = π/2, one has

u(1)a ≈
1

ω2
0

∞

∑
n=2

αn

n
k0acos

[
n
(

ω0t− k0a+ϕ +
π

2

)]
. (41)

Since u(1)a is the first-order quantity, all of the αn are of the
same order of magnitude. Furthermore, all amplitudes of the
harmonic waves increase linearly with the distance from the
source (cumulative).
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5. Discussion
In order to research the mechanism of nonlinear vibration,

the authors of Refs. [5] and [6] applied the Duffing oscillator
to the experimental data and carried out numerical computa-
tions. As is well known, the Duffing oscillator is a special ideal
model, a lumped system which only performs a lump motion
with no stationary waves inside, so that it only has a natural
frequency and therefore only the fundamental wave has the
secular term. Moreover, it only has the third-order harmonic
wave in u(1)a that has no cumulative effects. However, vari-
ous harmonic waves have indeed been observed in numerous
experiments.[2,4] The investigation in this paper is performed
on the longitudinal vibration for an isotropic solid bar, which
is a logically reasonable model (with the stationary waves oc-
curring in it) and, particularly, not only the fundamental wave
but also various harmonic waves have the resonant frequen-
cies nω0 (n = 1,2, . . . ), indicating that all of them must have
the secular terms and consequently make the problem much
more complicated. In order to overcome these difficulties, a
suggestion is made as follows. For the fundamental wave, the
secular term is eliminated, however, for the harmonic waves
the cumulative solutions are solved so that the useful results
such as Eqs. (37), (40), and (44) are given, based on which the
second- third-, . . . , order coefficients can be measured through
measuring the resonant frequency shift and amplitude of each
of the harmonic waves at different locations.

From Eq. (34), we can obtain the resonant peak shift as
follows:

∆ω

ω0
=

{
3γ

8
+

5
16

ξ B2 +
35

128
ςB4 + · · ·

}
B2

± 1
ω0

√(
F

2ω0B

)2

−R2. (42)

Obviously, ∆ω is real only when the quantity in the radical
sign is not less than zero, thus, the maximal amplitude equals

Bm =
F

2ω0R
, (43)

and the maximal frequency shift is

∆ωm

ω0
=

[
3γ

8
+

5
16

ξ B2
m +

35
128

ςB4
m + · · ·

]
B2

m. (44)

This result indicates that when a frequency sweep experiment
is conducted in this system where the direction of the fre-
quency shift of the resonant peak (or the sign of ∆ωm) de-
pends on the signs and the magnitudes of γ , δ , ξ , η , ζ , . . . ,
unfortunately, we cannot find any data of various nonlinear
coefficients and can only make the following analysis: (i) for
infinitesimal strain, the absolute value of the frequency shift
is proportional to B2

m; (ii) if signs of ξ , η , ς , . . . are negative
and as maximum strain increases, the absolute value of the fre-
quency shift is proportional to (Bm)

n and n > 2; (iii) since the

Lamé coefficients are positive and β ,γ < 0, we can guess that
if δ , ξ > 0 and η , ς < 0, in this way, the sign of the subsequent
term in the amplitude of each harmonic wave will vary alter-
nately with the increasing of Bm. Moreover, from Eq. (37), a
fact is worth noticing that certain similarities exist among the
amplitudes of odd- (or even-)order harmonic waves, for exam-
ple, by comparing the amplitudes of various harmonics we can
see that there is only an extra term βB2

m between second- and
fourth-order harmonic waves and γB3 between third- and fifth-
order harmonic waves. Based on Eqs. (37), (40), and (44), the
nonlinear coefficients can be measured by varying the strains
and measuring the amplitudes of the harmonic waves at differ-
ent locations.

The theoretical results are only valid in the quasi-
equilibrium dynamical process, i.e., B < εM as mentioned in
Refs. [5] and [6].

6. Conclusions
The Duffing oscillator is a special ideal model-lumped

system, and it cannot be applied to harmonic waves. In this
paper, the longitudinal vibration in an isotropic solid bar is in-
vestigated. In order to overcome the secular-terms obstacles
both in fundamental wave and in various harmonic waves, we
propose that the secular term is eliminated for the former and
the cumulative solutions are sought for the latter and there-
fore, the useful Eqs. (37) and (38) are obtained, which show
that the frequency shift and the amplitude of harmonics depend
closely on the nonlinear coefficient. Based on Eqs. (37), (40),
and (44), the nonlinear coefficients can be measured by vary-
ing the strains and measuring the amplitudes of the harmonic
waves at different locations.

Appendix A: Cumulative solutions
From Eq. (39) one has[

d2

da2 +κ
2
]

f (a) = Ae−iκa, (A1)

where A is a constant. Obviously, this equation has cumulative
solutions, which can be solved by Lagrange parameter varia-
tion method.[17] Let

f (a) = A1(a)e iκa +A2(a)e−iκa, (A2)

then we will have

d f (a)
da

=
dA1(a)

da
e iκa +

dA2(a)
da

e−iκa

+ iκ
[
A1(a)e iκa−A2(a)e−iκa

]
.

Assuming that

dA1(a)
da

e iκa +
dA2(a)

da
e−iκa = 0, (A3)
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one has

d2 f (a)
da2 =−κ

2 f (a)+ iκ
[

dA1(a)
da

e iκa− dA2(a)
da

e−iκa
]
.

Substituting them into Eq. (A1) yields

dA1(a)
da

e iκa− dA2(a)
da

e−iκa =
A
iκ

e−iκa. (A4)

From Eq. (A3) one has

dA2(a)
da

=− A
2iκ

(A5)

or

A2(a) =−
A

2iκ
a. (A6)

Substituting Eq. (A5) into Eq. (A3) yields

A1(a) =
A

4κ2 e−2iκa. (A7)

Inserting Eqs. (A6) and (A7) into Eq. (A2), the cumulative so-
lutions can be obtained as

f (a) =
A

4κ2 (1+2iκa) e−iκa. (A8)
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