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Partially coherent Gaussian–Schell model pulse beam
propagation in slant atmospheric turbulence∗
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Based on the extended Huygens–Fresnel principle, a two-frequency, two-point cross-spectral density function of
partially coherent Gaussian–Schell model pulse (GSMP) beam propagation in slant atmospheric turbulence is derived.
Using the Markov approximation method and on the assumption that (ω1−ω2)/(ω1 +ω2) ≤ 1, the theory obtained is
valid for turbulence of any strength and can be applied to narrow-band signals. The expressions for average beam intensity,
the beam size, and the two-frequency complex degree of coherence of a GSMP beam are obtained. The numerical results
are presented, and the effects of the frequency, initial pulse width, initial beam radius, zenith angle, and outer scales on the
complex degree of coherence are discussed. This study provides a better understanding of the second-order statistics of a
GSMP beam propagating through atmospheric turbulence in the space-frequency domain.
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1. Introduction
The problem of pulse signal propagation through atmo-

spheric turbulence has received increasing attention in recent
years. This interest is supported by the applications in ar-
eas such as ground-to-satellite, high-data-rate communication
links, lidar operation, precise ranging as well as remote sens-
ing. Mintzer[1] used the Born approximation to study the
statistics of acoustic pulses in ocean turbulence. Subsequently,
the signal distortion caused by the propagation of the pulse
signal through random media was studied by Shirokova[2]

and Knollman[3] using the Rytov approximation. Alimov and
Erukhimov[4] proposed the statistical signal characteristics for
the pulse signal through an inhomogeneous layer and reflec-
tion from the inhomogeneous layer using the phase screen
method. Su and Plonus[5] discussed the statistical character-
istics of the mean-square amplitude and phase fluctuations for
optical pulse propagation through atmospheric turbulence by
use of the Rytov method. As a follow-up to that study, Gard-
ner and Plonus[6] used the Born approximation to study light
pulse signal propagation in atmospheric turbulence. This ap-
proach has been used by a number of investigators to study the
propagation of optical pulses in atmospheric turbulence.

The pulse propagation characteristics of a wave in a tur-
bulent medium are determined by the two-frequency mutual
coherence function (MCF). The two-frequency MCF is an im-
portant quantity by itself as it provides a measure of such pulse
propagation characteristics as the instantaneous pulse intensity
and the coherence bandwidth. In general, the two-frequency
MCF provides a complete description of the second moment of

a field. Using a different approach based on the two-frequency
MCF, a number of authors[7–9] have investigated the propaga-
tion of pulses in a turbulent ionosphere and in an interplanetary
medium. Most of these previous two-frequency MCF-based
analyses have used the parabolic equation method, which is
theoretically valid in all regimes of optical turbulence. Un-
fortunately, analytic solutions of the MCF by this method, us-
ing standard spectral models for refractive-index fluctuations,
have been obtained only in the limiting case of a uniform
plane wave.[9,10] Sreenivasiah and Ishimaru,[11] however, were
successful in calculating the two-frequency MCF for a Gaus-
sian pulse in a special case of a Gaussian atmospheric spec-
tral model under the Markov approximation. Their solution is
valid for wideband pulses and in the strong fluctuation regime.

Fante[12] used the extended Huygens–Fresnel principle to
find the two-point, two-frequency MCF of an electromagnetic
beam in a turbulent medium. Young et al.[13] developed an
analytic expression for the two-frequency MCF of Gaussian
beam pulses based on weak fluctuation theory and the modi-
fied von Karman spectrum for refractive-index fluctuations. In
a weak turbulence, the Rytov approximation has been used to
obtain an analytical expression for the MCF of Gaussian beam
pulses through using the Kolmogorov spectrum of refractive-
index fluctuations.[14] More recently, Antonio et al.[15,16] stud-
ied the long-term temporal broadening of a space–time Gaus-
sian pulse propagating along a horizontal path through weak
optical turbulence and depicted pulse distortion and broad-
ening in atmospheric turbulence using a simple rate adap-
tive transmission technique. Chen et al.[17] studied the aver-
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age spectral density and the spectral degree of coherence of a
GSMP beam propagating in atmospheric turbulence based on
the cross-spectral density function. Later, Chen et al.[18] de-
rived an analytical formula for the turbulence-induced, tempo-
ral half-width of spherical-wave Gaussian (SWG) pulses prop-
agating through either non-Kolmogorov or Kolmogorov tur-
bulence under strong fluctuation conditions and the narrow-
band assumption. Furthermore, there are some researchers
who have studied the propagation characteristics of other types
of beams in atmospheric turbulence.[19–25]

Based on the extensive Huygens–Fresnel principle to-
gether with the paraxial approximation, we study the MCF of
a partially coherent GSMP beam at a single frequency as well
as at two frequencies under a modified von Karman turbulence
spectrum in the slant path. In many applications, the exact
shape of the pulse may not be needed. Rather, quantities such
as the time delay, pulse broadening in the time-domain, the in-
stantaneous intensity, and the complex degree of coherence of
pulses in the frequency-domain caused by random scattering
are of importance. Due to the complexity of the theory and
the calculations involved in this study, we mainly concentrate
on the instantaneous intensity, beam size, and spatial com-
plex degree of coherence of the GSMP beam in the frequency-
domain. An in-depth study related to the time delay and pulse
broadening in the time-domain of the GSMP beam through
atmospheric turbulence on the basis of the above theory will
be undertaken in the future. In the frequency limiting case of
(ω1−ω2)/(ω1 +ω2)≤ 1, the proposed theory is theoretically
valid at all levels of optical turbulence.

2. Analytical formulations
Supposing that a GSMP beam propagates from the source

plane z= 0 into the half-space z> 0 (nearly parallel to the pos-
itive z axis), the MCF of a GSMP beam in the plane z = 0 is
given by[26]

Γ
(0) (𝑟1,𝑟2, t1, t2) = Γ0 exp [−Λ (𝑟1,𝑟2)−Ξ (t1, t2)] , (1)

where 𝑟1 and 𝑟2 denote two position vectors in the plane z= 0,
Γ0 is a constant, and

Λ (𝑟1,𝑟2) =
r2

1 + r2
2

w2
0

+
|𝑟1−𝑟2|2

2σ2
0

, (2)

Ξ (t1, t2) =
t2
1 + t2

2

2T 2
0

+
(t1− t2)

2

2T 2
c

+ iω0 (t1− t2) , (3)

where w0 is the initial beam radius, σ0 is the partially coher-
ent length describing the partially coherent properties of the
transmitter source, r j is the modulus of 𝑟 j ( j = 1,2), T0 is the
expectation value of the initial pulse width, Tc is the tempo-
rally coherent length, and ω0 is the central angular frequency
of the pulses. Using the Fourier transform, the cross-spectral

density function of a GSMP beam in the source plane is given
by[26]

W (0) (𝑟1,𝑟2,ω1,ω2) =W0 exp [−Λ (𝑟1,𝑟2)−Ξ (ω1,ω2)] , (4)

where ω j ( j = 1,2) is the angular frequency, W0 =

Γ0T0/(2πΩ0) is a coefficient independent of both position vec-
tors and angular frequencies, Ω0 =

(
1/T 2

0 +2/T 2
c
)1/2 repre-

sents the spectral width, and

Ξ (ω1,ω2) =
(ω1−ω0)

2 +(ω2−ω0)
2

2Ω 2
0

+
(ω1−ω2)

2

2Ω 2
c

, (5)

with Ωc = TcΩ0/T0 representing the spectral coherence width.
The cross-spectral density function of a GSMP beam in the
source plane is written as

W (0) (𝑟1,𝑟2,ω1,ω2)

= W0 exp

[
− r2

1 + r2
2

w2
0
− (𝑟1−𝑟2)

2

2σ2
0

]
exp [−Ξ (ω1,ω2)] . (6)

Assuming that any source fluctuations are statistically in-
dependent of the fluctuations in atmospheric turbulence and
using the extended Huygens–Fresnel principle together with
the paraxial approximation,[27] the cross-spectral density func-
tion of a GSMP beam in the half-space z > 0 can be written
as[12]

W (𝜌1,𝜌2,ω1,ω2,z)

=
ω1ω2

(2πcz)2

∫
∞

−∞

∫∫∫
d2r1 d2r2W (0) (𝑟1,𝑟2,ω1,ω2)

× exp
{

i (ω1−ω2)z
c

+
iω1

2cz
(𝜌1−𝑟1)

2− iω2

2cz
(𝜌2−𝑟2)

2
}

× 〈exp [ψ (𝑟1,𝜌1,ω1)+ψ
∗ (𝑟2,𝜌2,ω2)]〉 , (7)

where ∗ represents the complex conjugate. Equation (7) in-
cludes the effects of turbulence and is valid for an arbitrary
source coherence state. If it is assumed that the turbulence is
statistically stationary and that the complex phase fluctuation
ψ induced by the turbulence is a Gaussian random variable, it
can be readily demonstrated that[28]

〈exp(ψ +ψ
∗)〉= exp

[
−1

2
D12 (ρ1−ρ2,r1− r2)

]
, (8)

where

D12 (𝜌1−𝜌2,𝑟1−𝑟2)

=
〈
|ψ (𝜌1,𝑟1,ω1)−ψ (𝜌2,𝑟2,ω2)|2

〉
. (9)

Ishimaru[29] used the method of smooth perturbations to ob-
tain a formal expression for D12 for isotropic turbulence that
is expressed as

D12 (𝜌1−𝜌2,𝑟1−𝑟2)

= (2π)2
∫

∞

0
kdk

∫ z

0
dz′Φn

(
k,z′
){ω2

1 +ω2
2

c2
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−2J0 (kβ )
ω1ω2

c2 cos
[

z′c(z− z′)
2z

k2
(

1
ω1
− 1

ω2

)]}
, (10)

where

β =

∣∣∣∣ z′z (z− z′
)
+

(
1− z′

z

)
(𝑟1−𝑟2)

∣∣∣∣ . (11)

The above term Φn (k,z′) is the spectrum of the index-
of-refraction fluctuations of the turbulence, J0 (x) is the zero-
order Bessel function, and k is the optical wave number (ω =

ck). In deriving Eq. (10), it is implicitly assumed that the sig-
nal wavelength is smaller than the inner scale size of the tur-
bulent eddies.

Because it has been assumed that ψ is a Gaussian random
variable and because the method of smooth perturbations has
been used to evaluate D12, these results are strictly valid only
in weak turbulence. However, in the limit when ω1 = ω2, it
has been found[30] that equations (8)–(10) are identical with
the results obtained using the Markov approximation, an ap-
proach that is valid for turbulence of any strength. The valid
range of Eqs. (8)–(10) for ω1 6= ω2 is uncertain, but it is ex-
pected that if (ω1−ω2)/(ω1 +ω2)≤ 1, we can also safely use
these results in turbulence of arbitrary strength.[12] We evalu-
ate Eq. (10) for turbulence having a von Karman spectrum[12]

Φn
(
k,z′
)
= 0.033C2

n
(
z′
)

exp
(
−

k2l2
0

4π2

)(
k2 +

1
L2

0

)−11/6

, (12)

where C2
n (z
′) is the index-of-refraction structure constant[31]

in the slant atmospheric turbulence, L0 and l0 are the outer and
inner scale sizes of the turbulence, respectively. A diagram of
the slant propagation is shown in Fig. 1.

In Fig. 1, θ is the path zenith angle, L is the slant length
from the transmitter to the receiver, H is the vertical height of
the receiver. h and z (h ≤ H, z ≤ L) are the vertical propa-
gation height and the slant propagation distance of the beam,
respectively, both of which are variables. Let ξ = z′/z = h/H
(0 < ξ < 1), the atmospheric structure constant C2

n(z
′) can be

written as C2
n(ξ z) =C2

n(ξ H/cosθ).

H

z

h

transmitter

receiver

tu
rb
ul
en
ce

L0

l0

z′
θ

Fig. 1. (color online) Diagram of the laser beam propagation through
atmospheric turbulence in the slant path.

If equation (12) is substituted into Eq. (10), we obtain

D12 (ρ1−ρ2,r1− r2)

≈ 0.782L5/3
0 z

(ω1−ω2)
2

c2

∫ 1

0
dξC2

n (ξ )

+8.69z
ω1ω2

c2

∫ 1

0
dξC2

n (ξ )

× Re
{

k−5/3
m

[
1F1

(
−5

6
,1,−k2

mβ 2

4

)
−1
]}

, (13)

where 1F1 is the hypergeometric function, Re denotes the real
part, and

k2
m =

1(
l0
2π

)2

+
izcξ (1−ξ )

2

(
1

ω1
− 1

ω2

) . (14)

Equation (13) can be simplified considerably under the
following assumptions.[12]

Assuption 1 Either |𝜌1−𝜌2| or |𝑟1−𝑟2| is much greater
than the inner scale size l0, and is much smaller than the outer
scale size L0 of the turbulent eddies (reducing the diffraction
and refraction effects of the turbulence on the beam);

Assuption 2 The quantity ωd ≡ ω1−ω2 is sufficiently
small that

ωd

ωc
� 2ωcr2

m

cz
, (15)

where ωc ≡ (ω1 +ω2)/2 and rm = max(|𝜌1−𝜌2| , |𝑟1−𝑟2|).
When the aforementioned conditions are satisfied, equa-

tion (13) is reduced to

D12 (𝜌1−𝜌2,𝑟1−𝑟2)

= 0.782L5/3
0 z

ω2
d

c2

∫ 1

0
dξC2

n (ξ )+2.92
ω1ω2

c2 z

×
∫ 1

0
dξC2

n (ξ ) |ξ (ρ1−ρ2)+(1−ξ )(𝑟1−𝑟2)|5/3 . (16)

Note that equation (16) reduces to the conventional wave-
structure function[32] when ω1 = ω2, so that ωd = 0.

Substituting Eqs. (6), (8), and (16) into Eq. (7), and con-
verting the center-of-mass coordinates 𝜌c, 𝑟c, ωc and differ-
ence coordinates 𝜌d, 𝑟d, ωd as follows:

𝜌c = (𝜌1 +𝜌2)/2, 𝜌d = 𝜌1−𝜌2,

𝑟c = (𝑟1 +𝑟2)/2, 𝑟d = 𝑟1−𝑟2,

ωc = (ω1 +ω2)/2, ωd = ω1−ω2, (17)

equation (6) can be rewritten as

W (0) (𝑟d,𝑟c,ωd,ωc)

= W0 exp
[
−

2r2
c + r2

d/2
w2

0
−

r2
d

2σ2
0

]
exp [−Ξ (ωd,ωc)] , (18)

where

Ξ (ωd,ωc) =
(ωc−ω0)

2

Ω 2
0

+

(
1

4Ω 2
0
+

1
2Ω 2

c

)
ω

2
d . (19)
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We can then rewrite Eq. (7) as

W (𝜌d,ωd,z)

= C (ωd)
∫

∞

−∞

∫∫∫
d2rd d2rcW (0) (𝑟d,𝑟c,ωd,ωc)

× exp
{

i
ωc

cz
(𝜌c−𝑟c) · (𝜌d−𝑟d)

+ i
ωd

2cz

[
(𝜌c−𝑟c)

2 +
1
4
(𝜌d−𝑟d)

2
]

−η (𝜌d,𝑟d,ωd,ωc)

}
, (20)

where

C (ωd) =

(
ω2

c −ω2
d/4
)

(2πcz)2 exp
(

iωdz/c−αω
2
d/c2) , (21)

η (𝜌d,𝑟d,ωd,ωc)

= 1.46
(

ω
2
c −

ω2
d

4

)
z
c2

×
∫ 1

0
dξC2

n (ξ ) |𝜌dξ +𝑟d (1−ξ )|5/3 , (22)

α = 0.391L5/3
0 z

∫ 1

0
dξC2

n (ξ ) . (23)

Approximating Eq. (22) by[12]

η =
(
1.46ω

2
c z/c2)6/5

×
∫ 1

0
dξ
[
C2

n (ξ )
]6/5 |𝜌dξ +𝑟d (1−ξ )|2 , (24)

substituting Eqs. (18) and (24) into Eq. (20), we obtain

W (𝜌d,ωd,z)

= W0C (ωd)exp [−Ξ (ωd,ωc)]

×
∫

∞

−∞

∫∫∫
d2rd d2rc exp

[
−

2r2
c + r2

d/2
w2

0
−

r2
d

2σ2
0

]
× exp

{
−l𝜌2

d−m𝜌d ·𝑟d−nr2
d

+i
ωc

cz
(𝜌c−𝑟c) · (𝜌d−𝑟d)

+ i
ωd

2cz

[
(𝜌c−𝑟c)

2 +
1
4
(𝜌d−𝑟d)

2
]}

, (25)

where Ξ (ωd,ωc) is given by Eq. (19).
By converting cylindrical coordinates into rectangular co-

ordinates, we obtain the final expression for the cross-spectral
density function of a GSMP beam in the half-space z > 0,
which is valid for turbulence of any strength

W (x1,y1,x2,y2,z)

=
π2∆

dg
exp [2l (x1x2 + y1y2)]exp

(
p2 +q2

d
+

f 2 +h2

g

)
× exp

[
i

ωc

2cz

(
x2

1 + y2
1− x2

2− y2
2
)

+

(
i

ωd

4cz
− l
)(

x2
1 + y2

1 + x2
2 + y2

2
)]

, (26)

where

∆ =W0C (ωd)exp [−Ξ (ωd,ωc)] ,

C (ωd) =

(
ω2

c −ω2
d/4
)

(2πzc)2 exp
(

iωdz/c−αω
2
d/c2) ,

b =
2

w2
0
− i

ωd

2cz
, d = n+

1
2w2

0
+

1
2σ2

0
− i

ωd

8cz
,

g = b+
ω2

c

4c2z2d
,

Ξ (ωd,ωc) =
2ω2

c +2ω2
0 +ω2

d/2−4ω0ωc

2Ω 2
0

+
ω2

d
2Ω 2

c
,

p =−i
ωc

4cz
(x1 + x2)−

(
i

ωd

8cz
+

m
2

)
(x1− x2) ,

q =−i
ωc

4cz
(y1 + y2)−

(
i

ωd

8cz
+

m
2

)
(y1− y2) ,

f = i
ωc p
2czd

− i
ωd

4cz
(x1 + x2)− i

ωc

2cz
(x1− x2) ,

h = i
ωcq
2czd

− i
ωd

4cz
(y1 + y2)− i

ωc

2cz
(y1− y2) ,

l =
(
1.46ω

2
c z/c2)6/5

∫ 1

0
ξ

2 [C2
n (ξ )

]6/5
dξ ,

m = 2
(
1.46ω

2
c z/c2)6/5

∫ 1

0
ξ (1−ξ )

[
C2

n (ξ )
]6/5

dξ ,

n =
(
1.46ω

2
c z/c2)6/5

∫ 1

0
(1−ξ )2 [C2

n (ξ )
]6/5

dξ .

2.1. Average beam intensity and beam size

Let ρ1 = ρ2 = ρ , ω1 = ω2 = ω , then average beam inten-
sity will be obtained from Eq. (26) as

I (ρ,ω,z)

= W (ρ,ρ,ω,ω,z)

=
W0

χ (ω,z)
exp
[
− 2ρ2

w2
0 ·χ (ω,z)

]
exp

[
− (ω−ω0)

2

Ω 2
0

]
, (27)

where

χ (ω,z) = 1+
4c2z2

w2
0ω2

(
2n+

1
w2

0
+

1
σ2

0

)
,

n =
(
1.46ω

2z/c2)6/5
∫ 1

0
(1−ξ )2 [C2

n (ξ )
]6/5

dξ . (28)

Now, we consider how the random medium affects the
spot size of the beam. The radius wc of the beam spot is de-
fined as[11]

I (ρ =Wc,𝜌d = 0,z)/I (ρ = 𝜌d = 0,z) = exp(−2) . (29)

The equation for the beam size wc of a collimated beam is ob-
tained as

wc = w0χ (ω,z)1/2 , (30)

where w0 is the initial beam radius and χ (ω,z) is given by
Eq. (28).
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2.2. Pulse propagation
2.2.1. Two-frequency, single-point complex degree of

coherence

Let 𝜌1 = 𝜌2 = 𝜌, ω1 6= ω2, then equation (26) will be
expressed as

W (ρ,ρ,ω1,ω2,z)

=
π2∆

dg
exp
{[

1
4c2z2dg

(
ω4

c

4c2z2d
−gω

2
c

− dω
2
d − i

ω2
c ωd

cz

)
+ i

ωd

2cz

]
ρ

2
}
, (31)

where

∆ =W0C (ωd)exp

[
− (ωc−ω0)

2

Ω 2
0

−
(

1
4Ω 2

0
+

1
2Ω 2

c

)
ω

2
d

]
,

C (ωd) =

(
ω2

c −ω2
d/4
)

(2πzc)2 exp
(

iωdz/c−αω
2
d/c2) ,

d = n+
1

2w2
0
+

1
2σ2

0
− i

ωd

8cz
,

g =
2

w2
0
+

ω2
c

4c2z2d
− i

ωd

2cz
.

The two-frequency, single-point complex degree of co-
herence in the z plane is expressed as[13]

γ (ρ,ρ,ω1,ω2,z)

=
W (ρ,ρ,ω1,ω2,z)

W 1/2 (ρ,ρ,ω1,ω1,z)W 1/2 (ρ,ρ,ω2,ω2,z)
, (32)

where W (ρ,ρ,ω1,ω2,z) and W (ρ,ρ,ω j,ω j,z), j = 1,2 are
given by Eqs. (31) and (27), respectively.

2.2.2. Single-frequency, two-point complex degree of
coherence

Let 𝜌1 6= 𝜌2, ω1 = ω2 = ω , then equation (26) will be
written as

W (𝜌1,𝜌2,ω,ω,z)

= W (x1,y1,x2,y2,z)

=
π2∆

dg
exp [2l (x1x2 + y1y2)]exp

(
p2 +q2

d
+

f 2 +h2

g

)
× exp

[
i

ω

2cz

(
x2

1 + y2
1− x2

2− y2
2
)

− l
(
x2

1 + y2
1 + x2

2 + y2
2
)]

, (33)

where

∆ =W0

(
ω

2πcz

)2

exp

[
− (ω−ω0)

2

Ω 2
0

]
,

d = n+
1

2w2
0
+

1
2σ2

0
, g =

2
w2

0
+

ω2

4c2z2d
,

p =−i
ω

4cz
(x1 + x2)−

m
2
(x1− x2) ,

q =−i
ω

4cz
(y1 + y2)−

m
2
(y1− y2) ,

f = i
ω p

2czd
− i

ω

2cz
(x1− x2) ,

h = i
ωq

2czd
− i

ω

2cz
(y1− y2) ,

l =
(
1.46ω

2z/c2)6/5
∫ 1

0
ξ

2 [C2
n (ξ )

]6/5
dξ ,

m = 2
(
1.46ω

2z/c2)6/5
∫ 1

0
ξ (1−ξ )

[
C2

n (ξ )
]6/5

dξ ,

n =
(
1.46ω

2z/c2)6/5
∫ 1

0
(1−ξ )2 [C2

n (ξ )
]6/5

dξ .

The single-frequency, two-point complex degree of co-
herence is expressed as

γ (𝜌1,𝜌2,ω,ω,z)

=
W (𝜌1,𝜌2,ω,ω,z)

W 1/2 (𝜌1,𝜌1,ω,ω,z)W 1/2 (𝜌2,𝜌2,ω,ω,z)
, (34)

where W (𝜌1,𝜌2,ω,ω,z) and W (𝜌 j,𝜌 j,ω,ω,z), j = 1,2 are
given by Eqs. (33) and (27), respectively.

2.2.3. Two-frequency, two-point complex degree of co-
herence

Using Eq. (26), we obtain the two-frequency, two-point
complex degree of coherence as follows:

γ (𝜌1,𝜌2,ω1,ω2,z)

=
W (𝜌1,𝜌2,ω1,ω2,z)

W 1/2 (𝜌1,𝜌1,ω1,ω1,z)W 1/2 (𝜌2,𝜌2,ω2,ω2,z)
, (35)

where W (𝜌1,𝜌2,ω1,ω2,z) and W (𝜌 j,𝜌 j,ω j,ω j,z), j = 1,2
are given by Eqs. (26) and (27), respectively.

3. Numerical results and analyses

We consider a GSMP beam, of which the central wave-
length λ0, corresponding to the central angular frequency
ω0 = 1.2× 106 GHz (ω1 = 1.198× 106 GHz, ω2 = 1.202×
106 GHz), is 1.55 µm, and the expectation value of the ini-
tial pulse width T0 is 200 fs (when T0 > 20 fs, the signal is
narrow band, 1 fs = 1× 10−15 s). Note that the angular fre-
quency ω is related to wavelength λ by ω = 2πc/λ , the nu-
merical results in Figs. 2–6 are all based on taking values of
H = 500 m, θ = 60◦, and L0 = 1 m. If Tc = ∞ (when Tc = ∞

and σ0 = ∞, the beam is fully coherent), the spectral width
Ω0 = 5×103 GHz, and, for the case of Tc = 100 fs, the spec-
tral width Ω0 = 1.5× 104 GHz. These parameters are cho-
sen to meet the conditions of (ω1−ω2)/(ω1 +ω2) ≤ 1 and
ωd/ωc� 2ωcr2

m/cz.
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Fig. 2. (color online) Variations of (a) average intensity and (b) beam
size with frequency for different initial beam radii.

As shown in Fig. 2(a), in the frequency range near the
central angular frequency (1.16 × 106 GHz< ω < 1.24 ×
106 GHz), the average intensity is not equal to zero but ob-
tains its maximum value near the central angular frequency.
Within this frequency band, the average intensity increases
with increasing initial beam radius. Figure 2(b) shows that
the variation of the beam size with changing frequency is not
obvious when the beam propagates through atmospheric tur-
bulence, i.e., the magnitude of the frequency has a small effect
on the beam size in atmospheric turbulence. Finally, a larger
initial beam radius indicates a greater beam size.
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Fig. 3. (color online) Two-frequency, single-point complex degrees of
coherence of beams versus the off-axis distance ρ for different initial
beam radii.

Figure 3 shows the comparisons between the two-
frequency, single-point complex degree of coherence of the

partially coherent GSMP beam and that of the fully coherent
Gaussian pulse beam for different initial beam radii. We note
that as we move away from the beam axis, the complex de-
gree of coherence decreases and the value is close to be zero
when the off-axis distance reaches a certain value (for the par-
tially coherent GSMP beam with w0 = 5 cm, |γ| → 0 when
ρ = 11.2 cm). We notice that the off-axis distance correspond-
ing to the complex degree of coherence close to zero shifts to a
larger value as the initial beam radius increases. The complex
degree of coherence of the partially coherent GSMP beam is
larger than that of the fully coherent Gaussian beam, and a
larger initial beam radius indicates a greater complex degree
of coherence.
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Fig. 4. (color online) Two-frequency, single-point complex degrees of
coherence of beams versus the initial pulse width T0 for different values
of temporally coherent length Tc and partially coherent length σ0.

Figure 4 shows that the values of |γ (ρ,ρ,ω1,ω2,z)| ver-
sus T0 for σ0 = 10 cm and σ0 = 5 cm are very close together
for beams having identical values of Tc, but the values of |γ| for
beams having different values of Tc vary considerably. i.e., the
temporally coherent length imposes a more maximal effect on
|γ (ρ,ρ,ω1,ω2,z)| than on that of the partially coherent length,
and the smaller the temporally coherent length, the larger the
complex degree of coherence is.
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Fig. 5. (color online) Single-frequency, two-point complex degrees of
coherence of beams versus frequency ω for different values of distance
d between the two points.
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We use Eq. (34) to compute |γ (𝜌1,𝜌2,ω,ω,z)|. The re-
sults are shown in Fig. 5. In a range of frequency near the
central angular frequency ω0, the single-frequency, two-point
complex degree of coherence is not close to zero. However,
the value of |γ| tends towards zero when the frequency varies
outside this range and the range of the fully coherent Gaus-
sian beam is small compared with that of the partially coher-
ent GSM beam. Furthermore, |γ| at the central angular fre-
quency reaches its maximum value. The complex degree of
coherence of a partially coherent beam is larger than that of a
fully coherent beam with the same value of d. It can be seen
that at the central angular frequency, |γ (ρ1,ρ2,ω,ω,z)| = 1
if a spatially partially coherent pulsed beam (Tc 6= ∞,σ0 6= ∞)

propagates through atmospheric turbulence when d = 0, this
result agrees with what one might expect (in this sense, the
use of a partially coherent beam is better than that of a fully
coherent beam). We find that |γ| varies more rapidly with ω

as the value of d decreases. The value of |γ| decreases with in-
creasing distances between the two points. Figure 5 shows that
no matter whether spatially partial coherence of the source or
atmospheric turbulence is present, the complex degree of co-
herence is smaller for a GSMP beam at a higher frequency
than at a lower frequency when ω > ω0, which is opposite to
the result when ω < ω0. This is inconsistent with the results
of Fig. 1 in Ref. [17], in which it was generally considered that
in the presence of spatially partial coherence of the source and
(or) atmospheric turbulence, the degree of transverse spatial
coherence in an observation plane z > 0 was slightly smaller
for a GSMP beam at a higher frequency than at a lower fre-
quency. The degree of coherence for a GSMP beam is depen-
dent on the frequency, but the central angular frequency ω0 is
the critical point.
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Fig. 6. (color online) Single-frequency, two-point complex degrees of
coherence of beams versus the initial pulse width T0 for different values
of temporally coherent length Tc and partially coherent length σ0.

As shown in Fig. 6, when T0 changes from 10 fs to 200 fs,
there is nearly no change in |γ| with identical values of Tc for
different values of σ0. The substantial variation in |γ| observed

for different values of Tc, for constant values of σ0, shows that
the effect of Tc on the complex degree of coherence is much
greater than that of σ0. This result is consistent with that in
Fig. 4, but the values of |γ| versus T0 curves are different for
the cases of the single-frequency, two-point complex degree of
coherence and the two-frequency, single-point one.

We take that 𝜌1 = (0.01,0.03), 𝜌2 = (0.01,0.06), ω0 =

1.2 × 106 GHz (ω1 = 1.198 × 106 GHz, ω2 = 1.202 ×
106 GHz).

Figure 7(a) shows that the two-frequency, two-point com-
plex degree of coherence decreases with increasing zenith an-
gle θ , the complex degree of coherence approaches to zero
when the zenith angle is close to 90◦ (representing horizontal
propagation). As the initial beam radius increases, the value
of |γ| decreases. While this effect is significant for w0 = 5 cm,
the curves of |γ| versus θ for w0 > 5 cm are very close to-
gether when θ ≤ 45◦. This is to be expected since |γ| does
not depend on w0 when w0 > 5 cm and θ ≤ 45◦. Figure 7(b)
shows that if the value of zenith angle is a fixed one, the two-
frequency, two-point complex degree of coherence decreases
as the receiver height increases, and the value of |γ| decreases
with the increasing magnitude of the turbulence outer-scale,
while the larger the outer-scale, the greater the effect on the
complex degree of coherence is.
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Fig. 7. (color online) Two-frequency, two-point complex degrees of co-
herence versus (a) zenith angle for different initial beam radii, and (b)
receiver height for different outer scales.
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Figure 8(a) shows that there is little change in the vari-

ation of |γ (ρ1,ρ2,ω1,ω2,z)| with T0 for the fully coherent

beam. The partially coherent length exerts a greater effect on

the complex degree of coherence than the temporally coherent

length, which is contrary to the results shown in Figs. 4 and 6.

Figure 8(b) shows that the variation of |γ| with T0 is not ob-

vious for different distances between the two points, and that

the values of |γ| change more gently with changing values of

T0 as the distance between the two points increases. The size

of d has a large influence on the complex degree of coherence,

and the complex degree of coherence decreases with increas-

ing distance between the two points.
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Fig. 8. (color online) Two-frequency, two-point complex degrees of
coherence versus initial pulse width T0 for different values of (a) tem-
porally coherent length Tc and partially coherent length σ0, and (b) dis-
tance d between the two points.

4. Conclusions

In this study, novel analytical expressions for the two-

frequency, two-point cross-spectral density function of a

GSMP beam propagating through atmospheric turbulence are

derived using the extended Huygens–Fresnel principle and the

quadratic approximation of the random phase structure func-

tion. Using the Markov approximation method and on the as-

sumption that (ω1−ω2)/(ω1 +ω2) ≤ 1, the results obtained

are valid for turbulence of any strength and can be applied

to narrow-band signals. From the cross-spectral density func-
tion, the expressions for the average beam intensity, beam size,
and the two-frequency degree of coherence of a GSMP beam
are obtained. It is shown that the average intensity and the
complex degree of coherence reach a maximum at the cen-
tral angular frequency and that the magnitude of the frequency
has a small influence on beam size in atmospheric turbulence.
For the variations of the two-frequency, single-point and the
single-frequency, two-point complex degree of coherence with
the initial pulse width T0, the temporally coherent length ex-
erts a greater effect on the complex degree of coherence than
the partially coherent length, which is contrary to the results
derived for the two-frequency, two-point complex degree of
coherence. The value of the single-frequency, two-point and
the two-frequency, two-point complex degree of coherence de-
creases with increasing distance between the two points. The
two-frequency, two-point complex degree of coherence de-
creases with increasing zenith angle and receiver height, and
decreases as the turbulence outer-scale increases. The com-
plex degree of coherence of the partially coherent GSM beam
is larger than that of the fully coherent Gaussian beam, and a
larger initial beam radius indicates a greater complex degree
of coherence.

The research work outlined in this report provides a better
understanding of the second-order statistics of a GSMP beam
propagating through atmospheric turbulence in the space-
frequency domain. Our results are useful for applications
involving spatially and spectrally partially coherent pulsed
beams. It should be mentioned that our analytical expres-
sions for the cross-spectral density function also provide a ba-
sis for the numerical study of the propagation characteristics
of a GSMP beam through atmospheric turbulence in the space-
time domain.
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