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A further study on the spreading and directionality of Gaussian
array beams in non-Kolmogorov turbulence*

Lu Lu(Fi 3%), Ji Xiao-Ling(Z/N%)T, Deng Jin-Ping(X54:°F), and Li Xiao-Qing(Z=HEK)
Department of Physics, Sichuan Normal University, Chengdu 610066, China

(Received 21 September 2013; revised manuscript received 4 November 2013; published online 10 April 2014)

It is found that in free space, the curves of the mean-squared beam width may each have a cross point at a certain
propagation distance z.. For Gaussian array beams, the analytical expressions of z. are derived. For the coherent com-
bination, z. is larger than that for the incoherent combination. However, in non-Kolmogorov turbulence, the cross point
disappears, and the Gaussian array beams will have the same directionality in terms of the angular spread. Furthermore,
a short propagation distance is needed to reach the same directionality when the generalized exponent is equal to 3.108.
In particular, it is shown that the condition obtained in previous studies is not necessary for laser beams to have the same
directionality in turbulence, which is explained physically. On the other hand, the relative average intensity distributions at
the position where the Gaussian array beams have the same mean-squared beam width are also examined.
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1. Introduction

The turbulence-induced spatial broadening of laser beams
is a limiting factor in most applications. In recent years,
much work has been carried out concerning the spreading
and directionality of different laser beams in atmospheric

=111 Tt has been shown that the turbulence results

turbulence.!
in broadening and partially coherent beams are less sensitive
to the turbulence than fully coherent ones.!'~"! In 2003, Shirai
et al.!81 pointed out that under a certain condition there ex-
ist equivalent Gaussian Schell-model (GSM) beams that may
have the same directionality (i.e., the same angular spread) as a
fully coherent Gaussian laser beam in Kolmogorov turbulence.
In 2008, wel!ll extended this result from GSM beams to gen-
eral beams, i.e., general beams may generate the same angular
spread as a fully coherent Gaussian laser beam both in free
space and in Kolmogorov turbulence if the diffractive coeffi-
cients of the mean-squared beam width are the same. In this
paper, we show that this condition is necessary in free space
but not in turbulence.

It has been experimentally shown that generally atmo-
spheric turbulence might possess a different structure from the

(12-14] The atmospheric turbu-

conventional Kolmogorov one.
lence may exhibit non-homogeneity and/or anisotropy.[!>! The
atmosphere was shown to be layered in terms of the power

L.U617] jntroduced a

spectra at different altitudes. Toselli ef a
non-Kolmogorov power spectrum by using a generalized ex-
ponent and a generalized amplitude factor. The conventional

Kolmogorov spectrum can be treated as a special case of this
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non-Kolmogorov power spectrum when the generalized ex-
ponent is equal to 11/3. Recently, the spreading of GSM
beams propagating through non-Kolmogorov turbulence was
examined.[!8) The coherence and polarization of stochastic
electromagnetic beams in non-Kolmogorov turbulence were
studied.!'”! The intensity fluctuation of flat-topped beams in
non-Kolmogorov weak turbulence was studied.?”! The effec-
tive radius of curvature of spatially partially coherent beams
and the dynamic evolutions of composite coherence vortices
in non-Kolmogorov atmospheric turbulence were studied in
Refs. [21] and [22], respectively. Very recently, we found that
polychromatic laser beams are less sensitive to turbulence than
monochromatic ones, and decentred laser beams are less sen-
sitive to turbulence than centred ones. %3]

On the other hand, in the past decades laser array beams
have attracted a great deal of attention!>*~>"! because of their
wide applications in high-power system, inertial confinement
fusion, high-energy weapons, and so on. Until now, only
very few papers have dealt with the propagation of laser ar-
ray beams in non-Kolmogorov turbulence. Recently, the av-
erage intensities of the truncated laser beam arrays with beam
distortions in non-Kolmogorov turbulence were investigated
in Ref. [28]. The spreading of a radial Gaussian beam array in
non-Kolmogorov turbulence was studied in Ref. [29], in which
the influences of the beam number, the generalized exponent,
and the ring radius on the mean-squared beam width were ex-
amined.

In this paper, some new propagation properties of Gaus-
sian array beams through non-Kolmogorov turbulence are dis-
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covered. In Section 2, we find out that in free space there may
exist a cross point of curves of the mean-squared beam width
at a certain propagation distance, and the condition derived in
previous studies®111 is not necessary for laser beams to have
the same directionality in turbulence. In Section 3, we give
the physical reasons for the results obtained in Section 2, and
examine the relative average intensity distributions at the posi-
tion where Gaussian array beams have the same mean-squared
beam width. In Section 4, the main results obtained in this pa-
per are summarized.

2. Cross point of curves of the mean-squared
beam width versus propagation distance

2.1. Theory model and formulae

Assuming that the one-dimensional array beam consists
of N individual off-axis Gaussian beams which are correlated
with perfect replicas of each other. For such a case, the off-
axis Gaussian beams are combined coherently. Specifically let
N be an odd number. Thus, the cross-spectral density func-
tion of the Gaussian array beam in the source plane z = 0 is
expressed as

W(O)(xllvxévz = 0)
W-1/2  (N-1)/2

m=—(N-1)/2n=—(N-1),2

() — mxa)? + (3 — nxg)?

>
Wo

; )

X exp |—

where wy is the waist width of individual off-axis Gaussian
beams, and x4 is the separation between adjacent off-axis
Gaussian beams.

Based on the extended Huygens—Fresnel principle, the
average intensity of the coherent combined Gaussian ar-
ray beams represented by Eq. (1) propagating through non-

Kolmogorov turbulence reads!’!

. o
(1(x.2)) = 5 / &, WO (¢ 2,2 = 0)

k / / / /
X exp{;Z [(x?—x%) —Z(x] —x2)x}}
x (exp [y* (x.x1,2) + v (x.15,2)]),. @)

where k is the wave number related to the wavelength A by
k=2m/A, w(X, x,7) represents the random part of the com-
plex phase of a spherical wave due to the turbulence, (e),, de-
notes the average over the ensemble of the turbulent medium,
andB30!

<exp [l,l/* (x,x’l,z) + W(X,XIZ,Z)] >m
1 oo
- exp{ —47t2k2z/ / kP, (k, o)
0 JO

x [1—1Jo (k& |xy —x)|) drd&] } 3)

Here, Jy(e) is the Bessel function of the first kind and order
zero, @, (k, ) is the power spectrum of fluctuations in the
refractive index of the turbulent medium, K is the magnitude
of the spatial wave number, and « is the fractal constant of
the atmospheric turbulence power spectrum (i.e., the general-
ized exponent). In this paper, we assume that the turbulence
is governed by non-Kolmogorov statistics, and that the power

spectrum has the van Karman form, i.e.,!'®!

oexp|—(kK2/K2
@, (k. ) ﬂ(a)CﬁW’

0<Kk<oo, 3<a<4, 4

where C?2 is a generalized refractive-index structure parameter
in units of m*~%; ky = 27/Ly, with Ly being the turbulence
outer scale; K, = c(at)/ly, with [y being the turbulence inner

scale, and[1®

Ala)= #F(a —1)cos (%) )

cla)= {F (5;04) A(a)in} Ve , Q)

When o = 11/3,
the spectrum reduces to the con-

with I'(e) being the Gamma function.
A(11/3) =0.033, C2 = C2,

ventional Kolmogorov spectrum.
The mean-squared beam width is defined as

W2(2) = 4 [ x> (I(x,z))dx
J{U(x,2)) dx

Substituting Egs. (2) and (3) into Eq. (6) and following

the treatment of deriving Eq. (22) in Ref. [11], we obtain the

mean-squared beam width of the coherent combined Gaussian

(6)

array beams propagating in non-Kolmogorov turbulence, i.e.,

w?(2)|eo =A+ B +F2, (7
where
1 (Nfl)/2 (Nfl)/z 5
A=< ) Swg+ (m+n)>23),  (8)
szf(Nfl)/anf(Nfl)/Z
| Woh2 N2y
B = G Z 2S2
e N1y J2n=— (N-1)/2 WK
X {l—g(m—n)zxg], ®
wo
1
S = exp[—=— (m—n)*x3], (10)
Zwo
N=1/2  (N=1)/2
G = S, (11)
m=—(N—1)/2n=—(N—1)/2
F = gnz/ K, (x, o) dx. (12)
0

From Eq. (7) it can be seen that A denotes the mean-
squared beam width in the source plane, and B is the diffrac-
tive coefficient in free space. The third term on the right-hand
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side of Eq. (7) represents the effect of spreading due to tur-
bulence, which is independent of the array beam parameters.
When F = 0, equation (7) reduces to the mean-squared beam
width of the coherent combined Gaussian array beams in free
space.

From Eq. (7), we can see that for the coherent combina-
tion, in free space the i-th and the j-th curves of w(z) versus z
will have a cross point at the position z; |0, which is given by

Aj—A
Bi— B,

, (,j=123..), 13)

Zc |c0 =

where A; and B; are the corresponding parameters of A and B
in Eq. (7) for the i-th curve w(z) versus z, and A; and B; are
the corresponding parameters of A and B in Eq. (7) for the j-
th curve w(z) versus z. It is noted that equation (13) is valid
only when B; # B; because there does not exist a cross point
between two curves of w(z) versus z when B; = B;.

The smaller A means that Gaussian array beams have the
smaller waist width in the source plane z = 0. In physics,
the smaller waist width results in the larger diffraction (i.e.,
the larger diffractive coefficient B). It must be A; —A; > 0
and B;—B; >0, 0or Aj —A; <0 and B; — B; < 0. Therefore,
(Aj —A;)/(B; — Bj) is always non-negative in Eq. (13). On the
other hand, equation (7) shows that the curve of w(z) versus z
—B;) > 0 must
be satisfied if there exists a cross point between two hyperbola

is a hyperbola. In mathematics, (A; —A;)/(B;

curves of w(z) versus z.

Similarly, for the incoherent combination, we can obtain
the mean-squared beam width of Gaussian array beams prop-
agating in non-Kolmogorov turbulence, i.e.,

Ww(2) linco = A"+ B2 +F2, (14)

where
A =wi+ (N* = 1)x3/3, (15)
B =4/(wik?). (16)

For the coherent combination, from Eq. (14) we can also
obtain the position z |inco Of the cross point between different
curves of w(z) versus z in free space, i.e.,

Zc | inco

1
= ——=kikjwoiwo;

2V3

3(w3, —ng) + (N2 = 1)x3, — (N}. - 1)x§j

x (17)

2.2 12,72
kiWOi_kjWOj

From Eq. (17) we have z¢ |inco = Woiwo;/2, if k; = kj, Ny =Nj,
and xg; = xq;. In addition, zc [inco — o2 if wo; = wo; and k; = k;.

2.2. Numerical examples and analysis

In the numerical calculation examples in this paper we
take Ly = 1 m, [y = 0.01 m, and A = 1.06 um. The changes of
w with ¢ are shown in Fig. 1. From Fig. 1 it can be seen that
for the coherent combination w is smaller than for the incoher-
ent combination, and for both the coherent combination and
incoherent combination the values of w reach their maxima
when o = 3.108. Figure 2 shows the changes of w/wee With
a, where wy, is the corresponding mean-squared beam width
in free space. It is known that the large w/wg.. means that the
spreading is more affected by turbulence. Figure 2 indicates
that for the coherent combination, the spreading is more af-
fected by turbulence than for the incoherent combination, and
for both the coherent combination and incoherent combina-
tion, the influences of turbulence on the spreading reach their
maxima when o = 3.108.

5.5
5.0f
45f
40|

EX],

$3.0
25|
2.0f

1.5}
. _a=3.108
1.0 IIA/l 1 1 1 1 ' 1 '

3.0 3.2 3.4 3.6 3.8 4.0

—a—coherent combination
—e—incoherent combination

Fig. 1. (color online) Changes of w with ¢, under wy = x4 =5 mm,
N=7,z=20km,and C2 =5x 10~1* m3~%,

—=—coherent combination
—e—incoherent combination

—_
o

W/ Wi,
= N W R gl O N 0 ©

3.0 3.2 3.4 3.6 3.8 4.0

Fig. 2. (color online) Changes of w/wiee With o under wo =xq =5 mm,
N=17,z=20km,and C2 =5x 10714 m3~%

Figure 3 displays three curves of w versus z for the co-
herent combination case. The three curves have different val-
ues of wg and N, but satisfy Eq. (13). From Fig. 3(a) it can
be seen that in free space, the three curves cross at the same
point, z¢ |co = 5396 m. However, in Kolmogorov turbulence
(see Fig. 3(b), oo = 11/3) and in non-Kolmogorov turbulence
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(see Fig. 3(c), a = 3.108) the cross point of the three curves
disappears, and the three curves are close to each other as the
propagation distance z increases, namely, they may have the
same directionality. Comparing Fig. 3(b) with Fig. 3(c), we
can see that the three Gaussian array beams reach the same
directionality earlier when o = 3.108 than when o = 11/3.
The physical reason is that the influence of turbulence on the
spreading reaches its maximum when o = 3.108 (see Fig. 2).

For the coherent combination case, changes of w with z
for different values of x4 and N, and changes of w with z for

different values of wg and x4 are depicted in Figs. 4 and 5, re-
spectively, where equation (13) is satisfied. Comparing Figs. 4
and 5 with Fig. 3 we can see that similar results can be ob-
tained. It is noted that in free space, the beam spreading is
smaller before the cross point and it becomes larger after the
cross point.

For the incoherent combination case, the changes of w
with z for different values of wg and N, the changes of w with

z for different values of x4 and N, and the changes of w with

- wy=10 mm, N=7 035 - wy=10 mm, N=7 0.35 - wy=10 mm, N=7
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Fig. 3. (color online) For the coherent combination case (a) in free space and (b) and (c) in turbulence, changes of w with z for different values of wy and N,

xg = 10 mm, and C‘,% =5x%x 10713 m32,

0.7
0.26 | za=30 mm, N=7 - 24=30 mm, N=7 0.7} w4 24=30 mm, N=7
0.24 [~ 24=25.12 mm, N=11 0.6 | *24=25.12 mm, N=11 ——1,=25.12 mm, N=11
: —A—72,=20 mm, N=15 —A—72,=20 mm, N=15 0.6 —ag,=20 mm, N=15
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Fig. 4. (color online) For the coherent combination case (a) in free space and (b) and (c) in turbulence, changes of w with z for different values of x4 and N,

wo =133 mm, and C2 =5 x 10713 m3~%,
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Fig. 5. (color online) For the coherent combination case (a) in free space and (b) and (c) in turbulence , changes of w with z for different values of wy and

x4, N =11, and C’,% =5x 10713 m3-2,
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z for different values of wy and x4 are depicted in Figs. 6—
8, respectively, where equation (17) is satisfied. Comparing
Figs. 6-8 with Figs. 3-5, we can obtain that in free space
Zc linco 18 smaller than z¢ | , and in turbulence the shorter prop-
agation distance is needed to achieve the same directionality
for the incoherent combination than for the coherent combi-
nation. It is mentioned that in Fig. 7(a) a cross point of the

three curves does not exist because wo; = wo; and k; = k; (i.e.,
Bi = B), which is in agreement with the result obtained in
Eq. (17). The reason is that the two hyperbolas (i.e., the two
curves of w versus z) never meet when B} = B and A} # A',
which is different from the behavior for the coherent combi-

nation case (see Fig. 4(a)).

0.25 _—l—w0:10mm, N=T7 +wU:10mm, N=T7 +wU:10mm, N=7
: ——w,=13.3 mm, N=11 0.3+ wy=13.3 mm, N=11 0.3 F—e—w,—=13.3 mm. N=11
1w, =20 mm, N=1 4wy =20 mm, N=13 o0 N =1
0.20 I ) Wo ) —A—w, =20 mm, N=13
£ 0.15 - 0.2
5 8
s a 3 (b)
0.10 |- (2)
| a=11/3 0.1r
0.05 l
- | 2.=2244 m a=11/3
0 1 1 1 0 1 1 1 1 0 1 1
0 2 4 6 8 0 05 10 15 20 25 0 0.5 1.0 1.5
2/10°m 2/10°m 2/10°m

Fig. 6. (color online) For the incoherent combination case (a) in free space and (b) and (c) in turbulence, changes of w with z for different values of wy and

N, under x4 = 10 mm and C2 = 5 x 10~13 m3~¢,

0.45 0.7
—2,=30 mm, N=7 | #24=30 mm, N=7 0.7 F-2,=30 mm, N=7
0.40 F—®z4=25.12 mm, N=11 o6k —-13=25.12 mm, N=1 r o xy=25.12 mm, N=11
—A—2,=20 mm, N=15 | —A—24,=20 mm, N=15 0.6 F -4z, =20 mm, N=15
0.35 L
0.5
0.30 L
g g
E 0.25 3 041
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0.10 1 L L L 0.1 1 | 1 | 1 | 1 0 1 1 1 1 1 1 1 1 1
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Fig. 7. (color online) For the incoherent combination case (a) in free space and (b) and (c) in turbulence, changes of w with z for different values of x4 and

N, under wg = 13.3 mm and (:’,% =5x 10713 m3-2,

—— wo=10 mm, za=10 mm [ wo= 10 mm, x4 =10 mm 0.7 | —— wo=10 mm, z4=10 mm
0.25 |—0—w,=13.3 mm, za=15 mm 0.6 —®—wo=13.3 mm, zs=15 mm ’ |0 wo=13.3 mm, zq=15 mm
—A—wo =20 mm, x4=17.65 0.5 —A— 1w, =20 mm, z4=17.65 mm, 0.6 |—A— 1w, =20 mm, 2= 17.65 mm
0.20T 0.4
g g
L = 0.3
3 0.15 (a) 3 (b)
| 0.2
0.10 I
I 0.1
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0.05"'“/"" ol v 0 R RN S S R
0 2 4 6 8 0 1 2 3 0 0.5 1.0 1.5 2.0
2/10° m 2/10° m 2/10° m

Fig. 8. (color online) For the incoherent combination case (a) in free space and (b) and (c) in turbulence, changes of w with z for different values of wy and

xg, under N = 11 and C2 =5 x 10713 m3~%,
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3. Further discussion
3.1. Angular spread

From Egs. (7) and (14), for the coherent combination and
the incoherent combination, their angular spreads of Gaussian
array beams propagating through non-Kolmogorov turbulence
are obtained as follows:

co :Zlggo@ = VB+Fz, (18)
and
0 linco = VB +Fz, (19)
respectively.

Equations (18) and (19) indicate that we have 6; = 6;
(or the same directionality) both in free space and in non-
Kolmogorov turbulence if the condition B; = B; (or B; = B')
is satisfied. It is mentioned that this condition has also been
derived in Refs. [8]—[11] for laser beams having the same di-
rectionality both in free space and in Kolmogorov turbulence.
A further discussion is given as follows.

In free space, equations (18) and (19) reduce t0 e |co =
VB and B |inco = VB’ respectively and the angular spread
depends on wy, k, and the type of beam combination. In addi-
tion, Bfree |co depends on N and xg, but e |inco 18 independent
of N and x4. Therefore, in free space, the angular spread (or
the directionality) will be different for different values of the
diffractive coefficient B or B/, which is in agreement with the
results obtained in Figs. 3(a)-8(a).

On the other hand, in Egs. (18) and (19), the second term
Fz caused by turbulence will dominate the angular spread
when the propagation distance z is large enough. When z
is large enough, we still have 6; ~ 6; (or the same direc-
tionality) in turbulence even though B; # B; (or B} # B)),
which are consistent with the results obtained in Figs. 3(b)-
8(b) and Figs. 3(c)-8(c). Therefore, in turbulence, the condi-
tion B; = B; (or B, = B;) is not necessary for Gaussian array
beams to have the same directionality. This result is also valid
for other types of laser beams.

3.2. Average intensity

In this section, we study the average intensity distribu-
tions of the coherent and incoherent combined Gaussian array
beams at the propagation distance where they have the same
mean-squared beam width.

The strong fluctuation condition of turbulence can be
written as k& |x}, —x}| < 1. The function Jo(x& |x, —x}|) in
the last exponential function on the right-hand side of Eq. (3)
may be replaced, to a good approximation, by the first two
terms in the power series expansion of Jo(k& [x, —x/|) when
k& X —xj| < 1, ie.,

1
Jo(K& |3y —x]|) ~ 1—1(;@ | —xq )% (20)

Taking into consideration Eq. (20), the average intensity
of the coherent combined Gaussian array beams propagating

through non-Kolmogorov turbulence is

(N=D)/2  (N=1)/2
<I(xvz)>:H
m=—(N—1)/2n=—(N—1)/2
x exp(—Px* + Qx+R), (21)
where
2
H= kz/ < - 22)
1, KzF k
e (@)
k\?|/2zHUT\? [1)?

P=(= - 23
&)@ @
dxg (42HAUVT  2m \C

Q:12d< ) - 2772 ) (24)
V4 k wgU

m? + n? ZHUV 2 m \?

R=x3|- + +{—>=]) |, @5
A ) ()] o

Y L . (26)
N w(2) 8 27
2n  mk*zF k2zF

v S ad T=1- 27
w(2)+4w(2)U2’ an 8U? @7

Similarly, under the condition & |x5 —x|| < 1, we can
obtain the average intensity of the incoherent combined Gaus-
sian array beams propagating through non-Kolmogorov turbu-
lence, i.e.,

(M—-1)/2

(I(x2)) =H Y,

m=—(M-1)/2
X mXx, 2
X exp l—2H2 ( - d) ] . (28)
wo wo

Figures 9 and 10 give the relative average intensity dis-
tributions (I(x,z))/{I(0,z)) at the propagation distance where
the three Gaussian array beams have the same value of w,
which correspond to Figs. 3 and 6 respectively. From Figs. 9
and 10, it can be seen that for both coherent combination and
incoherent combination, in free space the relative average in-
tensity distributions are not exactly the same even though the
three Gaussian array beams have the same value of w. How-
ever, both in Kolmogorov turbulence and in non-Kolmogorov
turbulence, the relative average intensity distributions are the
same when the three Gaussian array beams have the same

value of w.
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Fig. 9. (color online) Relative average intensity distributions (/(x,z))/(I(0,z)) corresponding to Fig. 3 at the position where Gaussian array beams have the

same w (a) in free space and (b) and (c) in turbulence under C’,z, =5x10"13
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Fig. 10. (color online) Relative average intensity distributions (/(x,z))/(I(0,z)) corresponding to Fig. 6 at the position where Gaussian array beams have the

same w (a) in free space and (b) and (c) in turbulence under C‘,% =5x%x 10713 m3-2,

4. Conclusions

In this paper, some new propagation properties of Gaus-
sian array beams through non-Kolmogorov turbulence are dis-
covered. It is found that in free space, the curves of the mean-
squared beam width may cross at the same point at a cer-
tain propagation distance z., and analytical expressions of z¢
are derived. For the coherent combination, the value of z. is
larger than that for the incoherent combination. However, in
non-Kolmogorov turbulence, the cross point disappears, and
the Gaussian array beams will have the same directionality in
terms of the angular spread. Furthermore, a short propaga-
tion distance is needed to reach the same directionality when
a = 3.108. In particular, it is shown that in turbulence, the
condition derived in previous studies!®~!! is not necessary
for laser beams to have the same directionality in turbulence,
which is explained physically. It is noted that the same direc-
tionality is exact in Refs. [8]{11], but only approximate in this
paper. On the other hand, it is found that in free space, the rel-
ative average intensity distributions are not exactly the same
at the position z.. However, in turbulence, the relative average

intensity distributions are the same at the position where Gaus-
sian array beams have the same mean-squared beam width.
The results obtained in this paper will be useful for applica-
tions of array beams propagating through atmospheric turbu-
lence.
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