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In this paper, the global asymptotic stability problem of Markovian jumping stochastic Cohen—Grossberg neural
networks with discrete and distributed time-varying delays (MJSCGNNSs) is considered. A novel LMI-based stability
criterion is obtained by constructing a new Lyapunov functional to guarantee the asymptotic stability of MJISCGNNSs.
Our results can be easily verified and they are also less restrictive than previously known criteria and can be applied to
Cohen—Grossberg neural networks, recurrent neural networks, and cellular neural networks. Finally, the proposed stability

conditions are demonstrated with numerical examples.
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1. Introduction

Cohen and Grossberg!!! proposed a class of neural net-
works in 1983, which has received increasing interest!?3] due
to its promising potential for applications in classification,
parallel computing, associative memory, especially in solving
some optimization problems.!¥ For Cohen—Grossberg neural
networks (CGNNs), many sufficient conditions for global sta-
bility have been obtained by several authors. By using a Lya-
punov functional, some criteria for the globally asymptotic
stability of this model were established in Ref. [5]. Recently,
a great deal of work has been carried out in the literature, see
for example Refs. [6]-[8]. Although discrete time delays in
the delayed feedback neural networks having a small number
of cells usually serve as good approximation of the prime mod-
els, a real system is usually affected by external perturbations.
Therefore, it is significant and of prime importance to con-
sider stochastic effects on the stability property of the neural
networks with delays (see Refs. [9]{11]).

Neural networks usually have a spatial extent due to the
presence of a multitude of parallel pathways with a variety of
axon sizes and lengths, and hence there is a distribution of
propagation delays over a period of time. It is worth noting
that, although the signal propagation is sometimes instanta-
neous and can be modeled with discrete delays, it may also be
distributed during a certain time period so that the distributed
delays should be incorporated in the model. In other words, it
is often the case that the neural network model possesses both
discrete and distributed delays.[!?! In recent years, the stabili-
ties of Hopfield neural networks, cellular neural networks, and
recurrent neural networks with distributed delays have been
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discussed in Refs. [13]{37].

When the neural network incorporates abrupt changes in
its structure, the Markovian jump linear system is very appro-
priate to describe its dynamics. This class of system is a hy-
brid system with two components in the state. The first one
refers to the mode, which is described by a continuous time
finite-state Markovian process, and the second one refers to a
state that is represented by a system of differential equations.
Markovian jump systems have the advantage of modeling the
dynamic systems subject to abrupt variation in their structures,
such as component failures or repairs, sudden environmental
disturbance, changing subsystem interconnections, and oper-
ating in different points of a nonlinear plant.!3®! Recently, there
has been a growing interest in the study of neural networks
with Markovian jumping parameters (See Refs. [39]{44]).

Motivated by the above discussion, we shall study a
class of stochastic CGNNs with discrete and distributed time-
varying delays and Markovian jumping parameters. The main
purpose of this paper is to study the global asymptotic stabil-
ity of MJSCGNNs. To the best of the author’s knowledge,
there are no results for global asymptotic stability problem for
MIJSCGNNSs in terms of linear matrix inequalities (LMIs). The
main advantage of the LMI-based approach is that the LMI
stability conditions can be solved numerically using MATLAB
LMI toolbox, > which implements the state of art interior-
point algorithms.®! We also provide numerical examples to
demonstrate the effectiveness of the proposed stability results.

Notations: Throughout the manuscript the following no-
tations are used. A > 0 (or A < 0) to denote that the matrix A is
a symmetric and positive-definite (or negative definite) matrix.
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Let (2,F,{Fi}i>0,P) be a complete probability space with
a filtration {F;},>0 satisfying the usual conditions (it is right
continuous and Fy contains all P-null sets); Lp}-O([—’L',O];R”)
be the family of all bounded, Fo- measurable C([—7,0];R")-
valued random variables & = {£(0) : —7 < 6 < 0} such that
sup_,-g<oE|§(0)[? < oo. The mathematical expectation op-
erator with respect to the given probability measure P is de-
noted by E{-}. The shorthand diag {- - - } denotes the block di-
agonal matrix. || - || stands for the Euclidean norm. Moreover,
the notation * always denotes the symmetric block in one sym-
metric matrix. (22, F,{F;};>0,P) is probability space, where
Q is the sample space. {n;,# > 0} is a homogeneous, finite-
state Markovian process with right continuous trajectories and
taking values in finite set S = {1,2,...,s} with given a prob-
ability space (2, F,{F;}/>0,P) and the initial model 7. Let
I' = [m;], k,j € S, which denotes the transition rate matrix
with transition probability

i j AI+O(AZ‘)7 i J,

b L
t(har = i =) {1+7r,»jm+o(m),i:j7

where At > 0,
o(At)
—~—7) =0,
Ago( At )
and 7;; > 0 is the transition rate from mode i to mode j satis-
fying 7;; > 0 for i # j with
N

Y my, ijes.
=1,

T = —

2. System description and preliminaries

Delayed stochastic Cohen—Grossberg neural networks
can be described by the following delay differential equation

ax(t) = { = o) a(0) B G(0) - A (x0)
BB HO)-C) [ flas)as]}

t—1(t)

x dt+o(t,x(t),x(t —h(t),(n:)))do(r), (1)

where x(t) = [x1(t),x2(),. . .,%:(¢)]T € R" is the state variable
and a(n,)(+(1)) = diag( &1 (N)(x1(0); ., (M) (i(1)))T
represents the amplification function, S (n,)(x(¢)) =
diag(B1 (M) (x1(¢)), ..., Bu(n:) (x,(£)))T is the behaved func-
tion, and f;(x) = [fi1(x1(2)),..., fin(xa(t)]T, (i = 1,2,3) are
the neuron activation functions. The matrices A(1n;) € R,
B(n;) € R™", and C(n;) € R™*" are, respectively, the connec-
tion weight matrix, the discretely delayed connection weight
matrix, and the distributively delayed connection weight ma-
trix. h(z) and t(¢) are the discrete delay and distributed de-
lay, respectively, and satisfies 0 < 7(t) < T, 0 < h(t) < h,
h(t) <d < 1. wt) = (wi(t),wa(t),...,wu(t))T is an m-
dimensional Brownian motion defined on (2,F,{F;};>0,P)

and o(¢,x(¢),x(r — h(2))) : R4 X R" X R" — R"™™ is locally
Lipchitz-continuous and also satisfies the linear growth condi-
tions. Moreover, o (¢,x(z),x(t —h(t))) satisfies,

tr (07 (,3(0), (1 = h(1)) 0 (1,(1), x(1 = h(1))) )

<xN(0)Xx(t) +xT(t — h(2))Yx(t — h(r)), 2)
where X and Y are positive-diagonal matrices with appropriate
dimensions.

In the above equation (1) for (1,) =k, k € S, A(1,) = Ay,
B(n;) = B, C(n) = Gy,
ax(r) = { = @ (x(1) [Bu(x(0)) ~Au i (+(0)) ~ B x(r—h(0)))
e /14([) f3(x(s))ds} }dt

+ 0t x(1). x(t — (1)) doo(r), 3)

Definition 1[47]

{x(t) }19<i<r is called a solution of equation

A R"-valued stochastic process

dx(1) = y(1)di + g()deo (1),

if it has the following properties:

(i) {x(r)}i,<i<r is continuous and F; adapted;

(D) {y(t)hy=i<r € L1([to, T];R") while {g(r)}ip<r<r €
L2 ([to, T): R™™);

(iii) for any ¢ € [to, T| equation

x(0) =x(t0) + [ y(s)ds+ [ g(s)dw(s)

Io 1o
holds with probability 1.
Fact 18] The trivial solution of a stochastic differential
equation,

dx(r) = F(t,x(¢))de + G(¢,x(z) ) dw(z),
x(t) = ¢.(r) forevery € [—1,0],

ont € [ty,T], where F : Ry xR" - R" and G : R X R" —
R™™  are globally asymptotically stable in probability if there
exists a function V(7,x(r)) € Ry x R" which is positive-
definite in the Lyapunov sense and satisfies,
av 1 T
LV(t,x(1)) = ar +grad(V)F + Etr(GG JHess(V) < 0.

The matrix Hess(V) is the Hessian matrix of second-order par-
tial derivatives.

Defining the following state variables for the
MIJSCGNNG,
y(t) = oy (x(1))y1 (1), 4
31(1) = = Be(1)) = A (x(0)) = Befa(x(t = h(0)))
—G /H@ f(x(s)ds] )
8(t) = oy (t,x(t), x(t — h(1))). (©6)
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The MJSCGNNSs can then be represented as
dx(r) =y(t)dr+g(r)d(z). (7

Moreover, the following equality holds,
t
(1) —x(t —h(1)) = / dx(s)
t—h(t)
t ot
= [ s@ds+ [ gls)dals). ®)
t—h(r) Jt—h(r)

Throughout this paper, we assume that

(H1) oy;(x(¢)) > 0, oy; are bounded; that is, there exists
Oyi» Ok > 0 such that o; < o4 < Oy, i =1,2...,n, O =
max{0y;}, o, = min{ay;}, O = diag{®1, A2, ..., g }-

(H2) xi(1) Pu xi(t) > pi x2(1), Mg > 0 and Ay =
diag{ i1, - -, hkn }-

(H3) Each of the neuron activation functions in sys-
tem (1) f1:(:), fo(-), and f5:(-) (i = 1,2,...,n) satisfies the
following conditions

0< Si(y1) = fii(y2)
yi—y

< Lkia

where Ly; (k= 1,2,3), (i =1,2,...n) are some constants
and they can be positive. So, it is less restrictive than
the descriptions on both the sigmoid activation functions
and the Lipschitz-type activation functions. Denote L; =

diag{Lkl, e ;Lkn}-

3. Global stability results

In this section, some sufficient conditions of stability cri-
terion for system (3) are obtained.

Theorem 1 Given scalars T, &, and d, then the equi-
librium point of system (3) is globally asymptotically sta-
ble, if there exist symmetric positive-definite matrices R >
0,S>0,U>0,V >0, W> 0, positive-diagonal matrices
B >0, 0>0, T >0, T, > 0, symmetric matrices Ny, Ny,
N3, N4, Ns, and scalars p; > 0, u > 0, v > 0 such that the
following conditions hold fork =1,2,... s

Q Qk -Qk
x =V % <0, ®
* x W

Q1 2 13 Qs s e
¥ Qoo Q03 Qs Qs Qe

0, — ¥ Q3 Q4 Qs Q36
=

*
* * * Qg Qs Qe
* * * * .Qk55 -Qk56
* * * * *  Qies
P <pl, (10)
Q< ul, (11)

W < v, (12)

where

Q1 = —PAe *AkTPk +R+LISL, 4+ 72 Lg ULs
+(p+pu+hV)X + NI+ N — AN — NT A

+ i mj P},
j=1

Q2 = —N1+N; — AN,
Q3 = Ay — AL O +N§ +NiA, — AINS + LT,
Quis = PBy+Nj +NiBy — AN],
Qs = PG+ NGy,
Que = Ng —Ni — AN,
Qi = (p+1+hV)Y —(1—d)R—N; =Ny,
= —Nj +NoAy,

Qs = —Nj +NoBy+ Lo T,

Qs = NaCr, Qo = —Np —NJ,

Quz3 = QA+ AL Q" + N3A, +A{N; —2T;,

Qi34 = OB+ N3By + AN, Quas = OC + N3Gy,

Q36 = A{Ng — N3,

Quag = NyBy +BiN; — (1—d)S — 2T,

Quis = NaCy, Qya6 = BiNa — Nu,

Q55 = U,

Qis6 = C{ N3 ,

Qo6 = WO V O — N; — N5,

O = O = NI NJ NT NF oNTTT.

Proof We use the following Lyapunov functional to de-

rive the stability result

V() =Vi(t) +Va(t) + V3(t) + Va(t) + Vs (2) + Ve (1),

where
Vi =2Y Y s g
1) = p i/ S,
k=1i=1 “Jo i(s)
n x;i(1) fll(s)
Vo(t) =2 ,'/ ds,
2(1) i;q 0 0i(s) ’

Vo) = [ [ (5)Re(s) + x9S x(5))] s,

tfho(t) ,
Vi =% [ [ (0)Uf(x(0))d0ds,
=i [ [ sTevye)deas
Ve (1) /_(:l/[;tr (s7(0)Wg(6))d6ds,

in which R, S, U, V,W are positive matrices, p;, ¢; are posi-
tive scalars to be determined.
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We can calculate the derivative of V (¢) along the trajecto-
ries of the system (3), it can then be obtained by It&’s formula
that

LVi(r) < 26T (OR] = Bx(0) +Acfi (+(0))

B HO) +C [ ila(s)ds]
0 (O (1, 3(0) X(— (1)) Peoi(1,3(0) x(1—h(r)
T(I) Zﬂ'ij Pj x(t), (13)
=1

LVa(r) < 2T ((0)Q| = Bilx(0)) +Aufi (x(1))
B0 G [ )]

+tr (o} (t,x(t),x(t —h(t)))
x Q oy (t,x(t),x(t = h(r)))), (14)
LVs(t) < [x"(1) Rx(1) + f3 (x(1))Sf2(x(1))]
—(1—d) [x"(t — h(t))Rx(t — h(t))
)

+£3 (x(t = h(1)))Sfa(x(t — h(1)))] (15)
LVi(t) < 72 f1 (x(1))U f3(x(r))

= / AU f(x (16)
LVs(1) < 2T (0)OF V O (i h/ a7

£v(0) < he (O W g0) - [ u(EWels)ds. (8)

[49]

By using Jensen’s inequality,'™! we have

t

—h Y T(s)Vy(s)ds

s—[/{’ho (s)dsrvutM)Y(s)ds], (19)

[ AG)UAG
‘[/Hmﬁ( x((s )))ds} U[/ttr([>f3(x((s)))ds] (20)

From expressions (2), (13), and (14) we have
te (0 (,2(0), x(1 — h()) P01, (1) x(t — (1))
< Aaa (PO (1) Xx(t) + X (1 — (1)) Y x(t — h(2))
< pIT(1)Xax(t) +2" (e~ h(t ))Yx(r h( DL @D
te (0 (.3(0), x(1 = h(1))) Q0 (1, (1) x(¢ — h(1)) )
< A (@) (0)Xx(r) +x (1 - <>Yx<r h(1))]
< " ()X x(t) +27 (¢ — h(e) V(e -

IN

h(1))]; (22)

tr (o (0.0, (e = (1)) W 03 1,x(1) x(¢ (1))
<zM<w>[x (X (1) " (t = h(e) Yt = (1))
VI (OXx() (0= YR =R @3)

Thus, we have

LV (t) < x'(t)[—PcAe—Af Pe+R+LYSLo+(p+u+hv)X

+ 22 LIUL; + i mj Pj|x(t) +2x" (£) PAg fi (x(1))
j=1

+2x"(1))PBifo(x(t — h(1)))
+2xT(1)PCy /lir(t) f3(x(s))ds
— 27 (x(0)) Qvx() + 2T (x(1)) QAL f1 (x(1)
+ 211 (x(1)) OBifo(x(t — h(1)))
P2AT0)0G [ filxts))ds
+x1(t—h(t))[(p+p+hv)Y —(1—d)R]x(t—h(t))
+I2Y1 ()0 VO (1)
—(1=d)f3 (x(t — (t)))sz(( h(t)))

([ ) (L )
(L dS) (/ +(s))ds)
/t ir (g7 (s)Wg(s)) ds )} (24)

From expressions (4)—(6), we can see that the following equa-

[

tions are true for any matrices Ny, N, N3, N4, and N5 with
appropriate dimensions,

2 [xT(t) Ny 42T (r — h(r)) N>+ T (x(t)) N3

Al — () Ns+5TON5] [x(0) —x(t = ()

/tth([)y(s)ds/tth(t)g(S)dw(S)} =0, 25

2 [xT(z) Ny 2T (1 — h(r)) Mo+ fT(x(t)) N3

A= b)) Na+5TON] [ 310~ Bilate)
A 0) + Bplale=H0) +C [ ple))ds

=0. (26)
It follows from Lemma in Ref. [50] that

2 [xT(r) Ny 2T (1 — h(r)) Mo+ fT(x(t)) N3

A=) Ne-+T N [

d
Hw)y(S) s

<ETNVTINTE®D

+(/tih(r)y(s)ds>T v (/,ihmy (s)ds>’ @7

2 [xT(t) Ni+2T( = h(1)) Mo+ FT(x(t)) N3

A= h0) NeesToms] [ s(s)dol)

<ENWINTE®)
+( /, th(t)g(ﬂdW(s))T W (./,th(t>g(s>dw(s))7 (28)

where

ET(r) = " (1) (e = h(e)) T (x(0)) fo (x(e = h(2)) ¥i (1)),
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NT = [NT N NI N ND).

From assumption (H3) we know that

Silx(0)[f1(x()) = Lix(2)] <0, 29)
H(x(t=h@®)[fa(x(t —h()) — Lax(t — h(2))] <0. (30)
Then, for T} = diag{#11,...,t1,} >0, T» =diag{rn,...,t2n} >
0 we have
LV(1) < LV(t) =271 fi(x(0)) [/ (x(t)) — L1x(2)]
—2T2f2(x(t = h(1)))[f2(x(t = h(1)))
— Lox(t — h(t))]. 31)
From expressions (13)—(31) we obtain

LV () < yh(6) (o)
+( /tihg(s)dw(s))TW( ,i;; £(s)aw(s))

— /t_]_ tr (gT (s)Wg(s)) ds, (32)
where

w(0) =[x X"~ h0) AT (e h()
([ pGtas) o)
t—1(1)

Then, there must exist a scalar & > 0 such that
aol 0 0 0 O

Qp + <0.

EE R
* % % ¥ O
* ¥ ¥ OO
* ¥ O O O
* OO OO
[Nl Ne Nl

Noting that, ']

E{ (/tiﬁg(s)dw(s)>TW(/t;lg(s)dw(s)>}

= E{/tiﬁtr (gT(s)Wg(s))ds}. (33)

Taking the mathematical expectation on both sides of in-
equality (32), one can obtain that

ELV () <E[yT(1)Quy(1)] < aElx(1)[%,

which indicates from the Lyapunov stability theory, that the
dynamics of the neural network (3) is robustly, globally,
asymptotically stable in the mean square, which completes the
proof.

We now consider the following stochastic CGNNs with
discrete and distributed time varying delays, as in Ref. [52]

dx(t) = —ou(x(t)) [ﬁ (x(2)) —Afi(x(2)) — Bf2(x(t — h(2)))
_C./Fw) f (x(s))ds} dr
+o(t,x(t),x(t —h(r)))do(), (34)

when s = 1 it is a special form of Eq. (3). For convenience, we
have deleted the subscript “1”.

Theorem 2 Given scalars 7, &, and d, the equilibrium
point of system (34) is globally asymptotically stable, if there
exist symmetric positive-definite matrices R >0, § >0, U >
0, V>0, W > 0, positive-diagonal matrices P > 0, Q >
0, 1 > 0, T, > 0, symmetric matrices Ny, N>, N3, N4, N5, and
scalars p > 0, > 0, v > 0 such that the following conditions
hold

-V x| <0, (35)

* ¥ O

L x —W
[Q1 Qi Qi3 Quu Q15 Qi

¥ Ly L3 oy s L
¥ ok L33 3y Q35 36 7 (36)
* ok * 0 Qua s Ly
ES * % * .Q55 .Q56
| * * * * x  Qeg
P<opl, (37)
0 < ul, (38)
W < v, (39)
where
Q= —PA—ATP+R+LISL,+ 72 LT UL,

+(p+p+hv)X +NT+N — AN —NTA,

Qi = —Ni +N; —A™N],

Q3 = PA—ATQ+N] +NJA—A™NT + LTy,

Qi = PB+N; +NB— AN},

Q5 = PC+N|C, Qi6=Ni—N —A™NI,

Qn = (p+pu+hv)Y —(1—d)R—N; — Ny,

Q3 = —Nj +NaA,

Q4 = —NJ + N,B+ LT,

Qs = N2C, Qy6=—N>—Ns,

Q33 = QA+ATQT + NsA+ATNT — 213,

Q34 = OB+N3B+ATN],

Q35 = QC+N3C,

Q36 = ATNS — N,

Quy = NyB+B'NJ] — (1 —d)S — 2T,

Q45 = N4C,

Qu6 = B'NJ — Ny,

Qss = —U, Qs56=C"Ng,

Qe = K*OTV © — NI — N5,

O = & = [NT NY NI NF oNIT

Proof The proof of the theorem is similar to that in the
proof of Theorem 1.

Remark 1 Theorem 2 depends on the size of time delay
element, which means that it is less conservative than those

delay-independent ones, especially when the delay value is
very small. It is realized that the problems studied in many
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other papers, such as Refs. [52] and [53], are also special
classes of this paper.

4. Numerical example

In this section, we present numerical examples to illus-
trate the effectiveness of the proposed results.

Example 1 Consider an MISCGNN with time-varying
delays together with the mode s = 2 given, as follows:

dx(e) = —ou(x(e)) [ B x(1) ~ Aufy (x(0)) — Bia(x(t ~ (1))
_Ck/z o fg(x(s))ds} dr

+ Gk(t;c(t)ﬂc(f —h(r)))do(r),

with the following parameters,

A= :462 3(.)8:’ Ar= :061 o(.)z}’ Bi= {0(')3 O(.)l}’
S P PN T P
B = :061 0(.)1:’ G= _13 _2(.)55}7 &= [163 1(.)3]’
6, = :165 1(.)5:’ Li= {0(')2 o(.)z}’

i=1,23. piu=-2, p2=2, pr1=-3, ppn=3.

We select h = 1.5, T = 0.5, and d = 0.9. By using the Matlab
LMI toolbox, we solve the LMIs in Theorem 1 [LMIs (9)-
(12)], the feasible solutions are
P = {16.8462 0 } Py = [16.7954 0 ]
0 17.3251 |’ 0 16.9821 |’

47.5819 —29.9365 §—10 4.9030 0.0070
—29.9365 58.3134 |’ ° 0.0070 4.9064 |’

—0.1234] . 100750 0
T 00 00919

1.9677 o.oooo} Q_[14.7526 0 }

v [ 0.1566
= [ -0.1234 0.1920

0.0000 1.9687 0 14.5358

Therefore, the concerned neural network with time-varying
Figures 1 and 2

U:104[

delays is globally asymptotically stable.
presents the sample path simulation of state.

0.8 —_—x,
- -
0.4
[
= \
=1
2  Op2
~y !
2o
70,4-:
b
J
—0.81
0 2 4 6 8 10
Time t

Fig. 1. (color online) State trajectory of the system in Example 1
when s = 1.

0.8 —
R

0.4
[
o
2
= Of r~
o
g
<

—-0.4

—0.8

0 2 4 6 8 10

Time t

Fig. 2. (color online) State trajectory of the system in Example 1
when s = 2.

Example 2 Consider the Cohen—Grossberg neural
network °?! with

300 03 —1.8 0.5
Ai=a|030]|, Aj=|-1.1 16 1.1 |,
002 06 04 —03
[ 0.8 0.2 0.1 0.5 02 0.1
Bi=| 02 06 06 |, C;=]03 07 —03],
| —0.8 1.1 —1.2 12 -1.1 =05
[08 0 O
©;=| 0 08 0
| 0 0 08

Therefore, the concerned neural network with time-varying
delays is globally asymptotically stable. When & > 1.2989,
the criterion given in Ref. [52] will fail. Applying Theorem 2
in this paper for any value of amplification function the sys-
tem is asymptotically stable. If we choose a = 1, the system
is asymptotically stable by applying Corollary 1 in Ref. [52].
While choosing a > 0.31 Corollary 1 in Ref. [52] is invalid.
The allowable range of a is [0.31,0.6] in Ref. [54]. However,
by applying Theorem 2 [LMIs (35)—(39)], the allowable range
of ais [0.31,1.4429]. Which may imply that the developed ap-
proach in this paper leads to less conservative results, to some
extent.

5. Conclusion

In this paper, we have performed the stability analysis for
a class of Markovian jumping Cohen—Grossberg neural net-
work with discrete and distributed time varying delays. Some
new stability criteria have been presented to guarantee that the
MIJSCGNNSs are asymptotically stable. A LMI approach has
been used to solve the underlying problem. The applicabil-
ity of the derived results has been demonstrated through the
numerical examples and the results are compared with some
existing results to show the effectiveness and reduced conser-
vativeness of the proposed method.
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