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Fusion, fission, and annihilation of complex waves
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With the help of the symbolic computation system, Maple and Riccati equation (&’ = ag + a1 & + ay£?), expansion
method, and a linear variable separation approach, a new family of exact solutions with g = Ix +my +nt +I"(x,y,t) for the
(241)-dimensional generalized Calogero—Bogoyavlenskii—Schiff system (GCBS) are derived. Based on the derived solitary
wave solution, some novel localized excitations such as fusion, fission, and annihilation of complex waves are investigated.
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1. Introduction

The interactions between solitons of integrable models
are usually considered to be completely elastic. That is to
say, the amplitude, velocity, and wave shape of solitons are
not changed after nonlinear interaction.!!'! However, for some
specific solutions of (2+1)-dimensional models, the interac-
tions among solitonic excitations are not completely elas-
tic since their shapes are changed after their collisions.!
Furthermore, for some nonlinear models, two or more soli-
tons may fuse into one soliton at a specific time while
sometimes one soliton may fission into two or more soli-
tons at another specific time.!¥) These phenomena are of-
ten called soliton fusion and soliton fission, respectively, and
they have been observed in many kinds of physical sys-
tems, such as some organic membranes and macromolecu-
lar materials, and many physical fields like plasma physics,
nuclear physics, and hydrodynamics./*>! Recently, Wang et
al. were the first to discuss two (1+1)-dimensional models,
the Burgers equation, and Sharma-Tasso—Olver (STO) equa-
tion, via Hirota’s direct method and the Bicklund transfor-
mation, and they found the soliton fission and soliton fusion
phenomena.®! Furthermore, Ma et al. also found these phe-
nomena in the (2+1)-dimensional higher-order Broek—Kaup
(HBK) system.!®! Along this line, in this paper, we further
study the fusion, fission, and annihilation phenomena of com-
plex waves in the following (2+1)-dimensional generalized
Calogero—Bogoyavlenskii—Schiff (GCBS) system

aVy + VWiV + BVy Vi + Vi = 0, (1)
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where, V =V (x,y,t), & # 1, v, B are the two arbitrary con-
stants. This system has been studied by many scholars with
different methods.[”8) When o = 4, y = 4, B = 2, equa-
tion (1) can be changed to Bogoyavlenskii—Schiff system. !
When o« =4, y=38, B =4, equation (1) can be changed
to Calogero—Bogoyavlenskii—Schiff system.!!! Zhang, Chen
and Li obtained the integrability condition (y = 23) of GCBS
system by Painlevé test. Based on this condition and Painlevé
test, the bilinear form of GCBS system is found.!'!!

In the following discussion, we will investigate the case
vy =2 for Eq. (1), namely

oV +2BViViy + BV Vie + Viy = 0. )

2. Exact solutions of the GCBS system

As is well known, to search for the solitary wave so-
lutions of a nonlinear physical model, we can apply sev-
eral different approaches.['>?7l One of the most efficient
methods of finding soliton excitations of a physical model
is the so-called mapping approach.?*?$-381 Previously, Mei
and Zhang have obtained exact traveling wave solutions for
the Gross—Pitavskii system with the Riccari equation (£’ =
ap + a1 & + a,E?) expansion method.*” In this section, we
will extend this method to construct complex wave solutions
with ¢ = Ix+my +nt + I'(x,y,t) of Eq. (2). The basic ideal
of the algorithm is as follows. For a given nonlinear partial
differential equation (NPDE) with the independent variables
x = (xo = t,x1,x2, ...,%n), and the dependent variable u, in
the form

P(M,M[,Mxi,lxlxixj,...):o, (3)

*Project supported by the National Natural Science Foundation of China (Grant No. 11375079), the Scientific Research Fund of Zhejiang Provincial Education
Department of China (Grant No. Y 201120994), and the Natural Science Foundation of Zhejiang Province, China (Grant Nos. Y6100257, LY 14A010005, and

Y6110140).
fCorresponding author. E-mail: msh6209 @aliyun.com
© 2014 Chinese Physical Society and IOP Publishing Ltd

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn

060505-1


http://dx.doi.org/10.1088/1674-1056/23/6/060505
mailto:msh6209@aliyun.com
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn

Chin. Phys. B  Vol. 23, No. 6 (2014) 060505

where P is in general a polynomial function of its arguments,
and the subscripts denote the partial derivatives, the solution
can be assumed to be in the form

w= A+ 3 {BwElawl + il @

with
& =ap+ a1 +ar?, (5)

and
qg=Ix+my+nt+I (x,y1), 6)

where ag, a1, az, I, m, n are constants, I' = I"(x,y,7) is an

arbitrary function of (x,y,#). Substituting Egs. (4), (5), and (6)
|

into the given NPDE and collecting coefficients of polynomi-
als of &, and then eliminating each coefficient to derive a set
of equations of A, B;, C;, and ¢, and solving these equations
to obtain A, B;, C;, and g, finally, as equation (5) is known to
possess the solutions, ! one obtains the complex solutions to
the given NPDE.

Now we apply the Riccati equation expansion method to
Eq. (2). By the balancing procedure, ansatz (4) becomes

V =A(x,y,1) +B(x,y,t)& (q(x,y,1)) + éc(xd’vt)

o) P

where A, B, C, and g are functions of (x,y,?) to be determined.
By substituting Egs. (7) and (5) into Eq. (2) and collecting co-
efficients of polynomials of &, then setting each coefficient to
be zero, we have

Ao L / —0g3q; + 16a0a2qqy + 401930y qec + 101Gy + 20505 G — Getly 4
= 35 ,

4arqy 4aopqx
B=-— ’ C= ) (8)
B B
with
q=bx+tmy+nt+I, I=x(x)+eo(y—ct). )

Based on the solutions of Eq. (5), we can derive the following
complex wave solutions of Eq. (2).
Case 1 Solitary wave solutions

C

= A+ Btanh 1
Vi + Btanh(q) + anh(q)’ (10)
C
V, = A+ Bcoth 11
2 + Bcoth(q) + coth(q)’ (1)
C
V3 = A+ B(coth h 12
3 + B(coth(q) +csch(q)) + coth(g) Losch(q)’ (12)
C
V4 = A+ B(tanh(q) +1 sech(q)) + @nh(g) -1 sech(g)’ (13)
coth(gq) C
Vs-=A+B 14
3 + 1+1 csch(q) coth(q) ' (1
141 csch(q)
tanh(q) C
Ve=A+B : 15
6 | +tanh?(q) = tanh(g) ()
1 + tanh?(g)

withg=Ix+my+n+I,I =y(x)+@(y—ct). A, B, C are
the same as Eq. (8).
Case 2 Periodic wave solutions

C
=A+B _— 1
Vie + Btan(q) + tan(q) , (16)
C
Vs =A+Bcot(q) + o)’ (17)

f])chy
\ C
V9 :AJrB(tan(q)Jrsec(q))er, (18)
C
Vio = A+ B(csc(q) — cot(q)) + oselq) —cot(q)’ (19)
B cot(q) C
Vit =A+ By —esela) T otg (20)
1 —csc(q)
B tan(q) C
V12—A+Blitan2(q) “an(g) (21
1 —tan2(q)

withg=Ix+my+nm+I,I =x(x)+¢@(y—ct). A, B, Care
the same as Eq. (8).
Case 3 Variable separated solution

1 C
ag+k 1/(ag+k)’

Viz=A—-B (22)
withg=Ix+my+n+LT, T = y(x)+@(y—ct). A, B, Care
the same as Eq. (8), a and k are two constants.

3. Fusion, fission, and annihilation of complex
waves

Due to the functions g = Ix+my+nt +I', ' = y(x)+
¢(y — ct) included in the above cases, the physical quanti-
ties V may possess rich localized structures. In this section,
we mainly discuss some complex wave localized coherent ex-
citations from the potential of solitary wave solutions deter-
mined by Eq. (12) in Case 1 and rewrite them in a simple form,
namely

V=Vy=

 (qxely — @241 — 29yGxGrrx) cosh?(q) + 8greqqy sinh(q) cosh(q) — agxgr — g2.qy
2Bg2qy(cosh*(q) — 1)

(23)
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here, g =Ix+my+nmt+I,I" = x(x)+@(y—ct).

Now we focus our attention on these intriguing fusion,
fission, and annihilation phenomena for the complex wave so-
lution V, which may exist under certain circumstances. For
instance, when we select the arbitrary functions ¥ and ¢ to be

x = 1+tanh(x), ¢@=1+exp(y+ct)+sech(y—ct), (24)

and substitute Eq. (24) into Eq. (23), we can obtain a new kind
of solitary solution of Eq. (2). Figure 1 shows an evolutional
profile corresponding to the physical quantity V of the two
dromion complex waves expressed by Eq. (23) with fixed pa-
rameters . =2, B =1,¢c=1,1=0.5 m=0.5 n=0.5 at
times t = —10, —5, 0, 3,10, exhibiting a fusion phenomenon

for the two dromion complex waves. From Fig. 1, we can
clearly see that the two single dromion complex waves finally
fuse to one complex wave.

Along this line, since we consider ¥ and ¢ to be,

x = l+sech(x), @ =1+2sech(y+ct)+exp(y—ct), (25)
we can obtain another new type of solitary excitation with ap-
parently different properties presented in Fig. 2 with fixed pa-
rameters ¢ =2, =1,c=1,1=0.6,m=0.6, n = 0.6 at times
t = —10, 0, 2, 6, comparing with the fusion phenomenon in
Fig. 1. From Fig. 2, we can find that one single dromion com-

plex wave fissions into two complex waves.

Fig. 1. The evolutional profile of two dromion complex waves fusion into one dromion complex wave for the solution V expressed by
Eq. (23) with condition (24) at different times (a) t = —10, (b) t = —5, (c) t =0, (d) r = 3, (e) t = 10, respectively.
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Fig. 2. One single dromion complex wave fissions into two dromion complex waves evolutional plot of the solution V' expressed by
Eq. (23) with condition (25) at different times (a) t = —10, (b) t =0, (c) t = 2, (d) t = 6, respectively.
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Similar to other particles, solitons can also be annihilated
in some appropriate conditions. For example, by choosing )
and ¢ in solution (23) to be

% =1+2sech(x?), @ =1+2sech(y—ct)’>,  (26)

we can see the annihilation of dromion complex waves for the

physical quantity V of Eq. (23) under the condition (26) pre-
sented in Fig. 3 with fixed parameters ¢ =2, B =1, ¢ = 1,
[=0.8,m=0.8,n=0.8at times t = —10, —5, —2, 0, 2, 10.
From Fig. 3, we find that the amplitude and shape of the
dromion complex waves become smaller and smaller after in-

teractions. Finally, they reduce to zero.

Fig. 3. A plot of the annihilation of dromion complex waves for the solution V by Eq. (23) under the condition (26 ) at different times
(@t=-10,(b)t =-5,(c)t=-2,(d)t =0, (e) t =3, (f) t = 10, respectively.

4. Summary and discussion

Previously, Mei and Zhang have obtained the exact trav-
eling wave solutions for nonlinear evolution equations, such as
Gross—Pitavskii equation with the Riccati equation expansion
method.® In this paper, we extend this approach and con-
struct complex wave solutions of the (2+1)-dimensional gener-
alized Calogero—Bogoyavlenskii—Schiff system. Based on the
derived potential of solitary wave solution (12), we have stud-
ied the fusion, fusion, and annihilation phenomena of complex
waves. We can see that solitons have the same characteris-
tics of other particles in many aspects. Because of the wide
applications of the soliton theory, to learn more about the lo-
calized excitations and their applications in reality is worth
further study.
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