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Generation of hyperentangled four-photon cluster state via
cross-Kerr nonlinearity*
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We propose a scheme for generating a hyperentangled four-photon cluster state that is simultaneously entangled in
polarization modes and spatial modes. This scheme is based on linear optical elements, weak cross-Kerr nonlinearity, and
homodyne detection. Therefore, it is feasible with current experimental technology.
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1. Introduction

Quantum entanglement is an important concept in quan-
tum mechanics. It is a key ingredient in the field of quan-
tum information processing,!'~’! such as quantum teleporta-
tion,®°1 quantum key distribution (QKD),"%! and quantum
secure direct communication (QSDC).['!l' Recently, grow-
ing attention has been focused on the so-called hyperen-
tanglement.['>~14] Hyperentanglement is a new form of entan-
glement, which involves simultaneous entanglements of more
than one degree of freedom; for example, simultaneous po-
larization entanglement and spatial-mode entanglement. It
can be applied to increase the level of security and simpli-
fying quantum logic, which are offering significant advan-
tages in quantum communication and quantum information
processing.!!>-171 Hyperentanglement plays a very important
role in assisting the complete Bell-state analysis, !®!1°! which
is the completion of the most fundamental quantum commu-
There
has been much progress in terms of hyperentangled state.

nication processes involving bipartite entanglement.

In 2010, Sheng et al. proposed a complete hyperentangled-
Bell-state analysis scheme for quantum communication. '8! In
2012, Wang et al.
hyperentangled Bell state for photons, assisted by quantum-

generated and completely analyzed the

dot spins in optical microcavities.['”) In 2013, Deng et al.
presented a hyperentanglement concentration for two-photon
four-qubit systems with linear optics.>!

Currently, cross-Kerr nonlinearity has been well studied,
both experimentally and theoretically. Nemoto et al. pre-
sented a pioneering cross-Kerr nonlinearity in quantum infor-
mation processing.[>! In their paper, they constructed a quan-
tum nondemolition detector (QND) based on the cross-Kerr
nonlinearity. After their work, a series of studies have been
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done on the cross-Kerr nonlinearity, for example, Bell state
analysis, entanglement purification, entanglement concentra-

tion, controlled-NOT (CNOT) gate construction, [22-25] gnd so
on. [26-301

The cluster statel3!]

is a kind of entangled state
that is harder to be destroyed by local operations than
the Greenberger—Horne—Zeilinger (GHZ) state and the W
state.[3?! Several physical systems have been proposed to pre-
pare cluster states, such as cavity quantum electrodynamics
(CQED) system and ion-trap system.[>3-33] However, many
schemes have focused on cluster states in a single degree of

36.37] Few schemes are proposed to generate hyper-

freedom. !
entangled cluster states. In this paper we present a scheme for
generating a hyperentangled four-photon cluster state, which
is based on weak cross-Kerr nonlinearity, linear optical ele-
ments, and homodyne detection.

This paper is organized as follows. In Section 2, we in-
troduce the cross-Kerr nonlinear interaction between two light
modes. In Section 3, we introduce the CZ gate and the parity
analyzer with weak cross-Kerr nonlinearity. In Section 4, we
present a scheme for preparation of the hyperentangled four-
photon cluster state. A brief discussion and conclusion are
given in Section 5.

2. Cross-Kerr nonlinearity

The cross-Kerr nonlinear interaction between a signal
beam S and a probe beam P is shown in Fig. 1. The Hamilto-
nian for the interaction is

H = —hyhsp, (D

where x is the coupling strength, 75 and 7, are the photon
number operators of the signal mode and the probe mode, re-
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spectively. If the signal mode is in a Fock state |n)s and the
probe mode is in a coherent state |ct)p, then the combined sys-
tem (signal mode + probe mode) evolves as follows:

eixﬁsﬁpt|n>s|a>p N |n>s|ocein(9>p7 (2)

where 0 = xt and ¢ is the interaction time. From expression (2)
we can see that the state of the signal mode is unaffected, while
the state of the probe mode picks up a phase shift that is pro-
portional to the number of photons in the signal mode. 38! The
phase shift of the probe mode can be measured by homodyne

1391 In this way, we can determine the state of the sig-

detection.
nal mode without destroying it by measuring the probe mode.

This is a kind of non-destructive measurement.

[n)s corss-Kerr ————[n)s

nonlinearity |aeindy

la)p

Fig. 1. The cross-Kerr nonlinear interaction between a signal beam and
a probe beam.

3. The controlled-Z gate and the parity analyzer

In our scheme for generating a hyperentangled four-
photon cluster state, besides the cross-Kerr nonlinear interac-
tion, there are also some other ingredients, for example: the
controlled-Z (CZ) gate and the parity analyzer (PA). Let us
first introduce the CZ gate and the parity analyzer.

The CZ gate with weak cross-Kerr nonlinearity is shown
in Fig. 2. We suppose that the input photons are prepared in
the state

|01)be = a|HH ) pe +bIHV )pe +c|VH) pe +d|VV ) e, (3)

where |a|*> + |b|> 4 |c|*> + |d|*> = 1, H and V represent hori-
zontal and vertical polarizations, respectively. The controlling
photon b passes through a balanced Mach—Zehnder (MZ) in-
terferometer made up of two PBSs, while the target photon ¢
passes through a balanced MZ interferometer made up of two
BSs. The Pauli operator o, acts on one arm. The input pho-
tons b and c, respectively, interact with the probe mode (in a
coherent state |ct) ) via the cross-Kerr nonlinearities, the state
then evolves as follows:

|01)pe @ |a) = (a|HH)pe +bIHV )pe
+c[VH)pe +dIVV )ie) @ |) — |)

R\ T: i
- \/?(awm,,c+b|HV>bc)|06e )
TiR '
+ﬁ<c|VH>hc—d|VV>m>lae“’>

T\R
/=5 alHH)pe = b|HV )sc)
R\T
| T (eVH) e +dV Vi) @ @), (4)

where R and T represent reflection and transmission coeffi-
cients, respectively. We perform the homodyne detection on
the quadrature X of the probe mode. If we find that the probe
ii9>

mode is in the coherent state |oce , we do a feed-forward

operation on photon ¢ and obtain the following state

|92)pc = VRITa(a|HH ) pe +bIHV )pe)
+ VTR (c|VH) pe —d|[VV)pe). (&)
On the other hand, if we find that the probe mode is in the co-

herent state |a), we carry out a single photon operation o, on
photon ¢ and obtain the the following state

|93)bc = VTiR2(a|HH)pe +bIHV )pe)
+VRI G (c|VH) pe —d|VV ). (6)

When the conditions /TiRy; = /RiT» and T} = R, = 1/2 are
satisfied, we obtain a nearly deterministic CZ gate; that is, the
success probability is p =4T1R, = 1.

PBS; PBS»

L] L]

classical
<+ feedforward

Fig. 2. The controlled-Z gate. PBS: polarization beam splitter; BS:
beam splitter; HD: homodyne detection.

The schematic diagram of the PA is shown in Fig. 3. The
input photons are prepared in the spatial mode

1

5 (B1)s+1b2)5) @ (Ih)e +e2)e). (7
by ¢
by

Fig. 3. The parity analyzer (PA). 8, —0: cross-Kerr nonlinearity. b
(b2), ¢ (ch): the spatial modes of photons.

The function of the PA can be described as
1
§(|bl>b+ b2)p) @ (|c})e + Ich)e) @ o) —
1
§(|bl Dblct)e+ b2)p]ch)e)| o)

1 : .
+§(|b1>b\6'z>c\ae‘9>+|bz>b\6’1>c|ae_‘9>)- ®

060306-2



Chin. Phys. B  Vol. 23, No. 6 (2014) 060306

If the probe mode picks up no phase shift, we get the even
parity state

\%(VHMCDC +1b2)plch)e)-

If the probe mode picks up a +0 phase shift, we get the odd

9

parity state

1
—=(1b1)sler)e +1b2)plct)e)- (10)

V2

4. Preparation of the hyperentangled four-
photon cluster state

In the following, we present the scheme for generating
the hyperentangled four-photon cluster state in detail. The

We suppose that the input photons are prepared in the
state

1
91") = S5 (HH)w +1VV)w)

NG
®%<|HH>M+ VV)ea),

where H and V denote horizontal and vertical linear polariza-

an

tions, respectively. Let us first apply a CZ gate on photons b
and c. The unitary transformation of the CZ gate can be de-

scribed as

|HH)pe — |HH ),

‘Hv>bc — |HV>17C;

schematic diagram is shown in Fig. 4. [VH)pe = [VH)pe, |[VV)pe = —|VV)pe. (12)
BS;
a
as
BS
b 2 by
CZ by
BS;3 PA cl
c C1
>< BS5(BSe)
' C2
C2
BS
d 1 dy
dy
Fig. 4. The schematic diagram for generating a hyperentangled four-photon cluster state. BS: beam splitter; HD: homodyne detection;
6, —0, 20, —26: cross-Kerr nonlinearities; CZ: controlled-Z gate; PA: parity analyzer. The probe light is initially in a coherent state
|et), while photons a and b (¢ and d) are initially in the polarization entangled states.
. ) 1
S
.After carrying out the CZ gate.: on photorTs b. and ¢, we |‘P2( )> _ Z(|a1>a +la2)a) ® (1b1)p + |b2)p)
obtain the four-photon cluster state in the polarization mode , ,
®(le)e+le2)e) @ (ldi)a+d2)a).  (15)

1
= §(|HHHH>abcd +|HHVV ) apea

+ |VVHH>abcd - |VVVV>abcd)'

p
o3")
(13)
Then, we let photons a, b, ¢, and d pass through the beam

splitters BSy, BS;, BS3, and BS4, respectively. The functions
of the four beam splitters can be described as

a%&?%%ﬂ@m,bééimnﬂmm,
¢ %(\C’Oﬁ c3)e), d— \%(Id1>d+ db)q). (14)

The four-photon state in the spatial mode will evolve as

01%) = |abed) apea —

The photons in the spatial mode by, b, ¢/, and ¢, pass through
a parity analyzer (PA). If the photons b and c are in the even
parity state, the state of the four-photon spatial mode will
evolve as

o8 = 9§y
:Z%WW+MM®MMM%H%M®J

@ (ld1)a +|d2)a)- (16)

On the other hand, if the photons b and ¢ are in the odd parity
state, we obtain the following four-photon state in the spatial
mode

1057) = ——(Ja1)a + laz)a) @ (1b1)lch)c

1
2V/2
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+[b2)slch)e) @ (di)a + |da)a)- (17)

When we have the four-photon state \(p3(sl)>, we let the pho-
tons in the spatial modes ¢} and ¢} pass through BSs, which
can realize the following transformation

€he = —=(lex)e + le2)e),

V2

1
[e2)e = 5 (Ier)e = leale). (18)
Otherwise, when we have the four-photon state |(p3(52)>, we let
the photons in the spatial modes ¢/ and ¢}, pass through BSg.
The beam splitter can accomplish the following transforma-
tion

che \%ucw —lex), Iehe = %um Flea)). (19)

After the transformation, both the states |(p3(sl )> and \(p3(S2)> will
change into

o) (j9)) —

o)) = i(|a1>a +laz)a) @ [[b)s(|er)e +le2)e)

+ 1b2)s(ler)e = le2)e)] @ (|di)a +|d2)a).  (20)

After obtaining the state |(p4<15)>, we let the photons in the spa-
tial modes a;, by, c1, and d; interact with a coherent state via
the cross-Kerr nonlinearities. Suppose the photons in the spa-
tial modes a;, by, c1, d; induce, respectively, phase shifts 6,
—0, 20, —20 in the coherent state, that is

Ulai)a| @) = |ar)d|ae’®),

Ulby)pler) = |by)p|ae ™),

Uler)ela) =e1)e|ae™?),

Uldi)ale) = |di)aloe™2°), 1)

then the state of the combined system will evolve as follows:

o) at) — 162)
Lo (so) (S| 1y .16 (S—1)\| o —i6
= (e )la) +los)lae’™) + o )lae™)

10§ lae?) + g ) lae2?)
loy)lae™) + o) ae ). @2)
where
|(p£50)> = %(‘alblcldﬁabcd""|alblc2d2>abcd
+lazbac1di) abca — |a2barc2da) abea),
|<P£Sl)> = \%(|alb2cld1>abcd*|alb2c2d2>abcd
+lazbic1da)apea),
\(pis’l)> = %(|azb1€1d1>abcd*|alb262d1>abcd

+|asbicada) abed)

1

|(pi32)> = —\/i(‘alblcld2>abcd+|azb201d2>ahcd)a
1

|(p§572)> - \ﬁ(‘alblqdl)alwd — |aabacady)apea),

04%)) = |arbacido)apea,
08°)) = Jasbicad: apea- (23)
With the help of the homodyne detection on the quadrature P,

if the probe mode does not have a phase shift, the state |¢,)
will collapse into

1
|(P£SO>> = §(|alblcldl>abcd +|aibic2da) abea
+lazbacidr)apea — lazbrcada)apea).  (24)
This is a four-photon cluster state in the spatial mode. Thus, by

combing Eq. (13) with Eq. (24), we generate a hyperentangled
four-photon cluster state in the following form

|(péps)) = %(|HHHH>abcd+‘HHVV>abcd
+|VVHH ) apea — [VVVV) abea)
® (la1bicrdr)apea + |a1b1cada) abea
+|azbacrdy) abea — lazbrcads) apea).  (25)

5. Discussion and conclusion

Now, we discuss the probability of getting the four-
photon cluster state in the spatial mode \(p£50)> Eq. (24) from
the state |¢») Eq. (22) with the homodyne detection on the
quadrature P. The state (22) are made of a spatial mode and a
coherent beam mode, so with the homodyne detection on the
quadrature P of the coherent beam, the state |¢) will change

into
3 (sn)
[02(p)) = (Plo2) = Y cml@s™), (26)
m=-3
where
1. . 3 -
co = Efoelro, c4] = Tfile”il,
2 i‘L'iz 1 i‘L'i3
= Tf:tZe , C+3= ZfiSe ) (27
1\ 1
fn= () exp {— —(p— \ﬁasinme)z] ,
T 2
1
T = V20 (p - ﬁsinm9> cosm6. (28)
The density operator of the combined system can be written as
P = [02)(¢2]. (29)

And the reduced density operator of the spatial mode will be

400

pr = Tra(p) =/

—oo

(pl92)(¢|p)dp
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— e %) o (Sm) (Sn)d 30
- Zcmcn|(p4 )@y |dp. (30)

Therefore, the probability of getting the four-photon cluster
state in a spatial mode |(pf°)> is

S S T 1
Py = (0} |pi| o °)>:/ coPdp=5.

€29

So far, we have fully presented our scheme. Let us now
discuss its experimental feasibility. Our scheme is based on
the cross-Kerr nonlinearity. However, we know that natural
cross-Kerr nonlinearities are extremely weak. If the signal
mode is in a single photon state, then the phase shift of the
coherent probe field is very small, and this creates a consid-
erable challenge in experiments. Hofmann, Banacloche and
Shapiro pointed out these problems in their work. [“*#!! Fortu-
nately, much effort has been made for the large phase shift with
weak cross-Kerr nonlinearity. Hofmann et al. showed that a
phase shift of 7 can be achieved with a single two-level atom
in a one-sided cavity.[*?! Feizpour et al. showed that weak
measurement could be used to amplify optical nonlinearities
at the single-photon level, such that the effect of one properly
postselected photon on a classical beam may be as large as
that of many unpostselected photons.*3! Hoi e al. showed
that they could get giant cross-Kerr effect for propagating mi-
crowaves induced by an artificial atom.*#! That is to say, if
we can choose appropriate Kerr media and effective measure-
ment, the weak cross-Kerr nonlinearity can be efficiently en-
hanced. The non-destructive measurement is also a crucial in-
gredient in our scheme. With weak cross-Kerr nonlinearity,
we can implement non-destructive measurements with a high
precision. This scheme is also influenced by the quantum CZ
gates, and we have introduced a nearly deterministic CZ gate
with a simple structure.

In summary, we have presented a scheme for generating
the hyperentangled four-photon cluster state, the advantage of
this scheme is the achievement of the simultaneous entangle-
ment in polarization modes and spatial modes. In our scheme,
we first construct a controlled-Z (CZ) gate and a parity an-
alyzer (PA) by using the cross-Kerr nonlinearity, the homo-
dyne detection, and some linear optical elements (for exam-
ple, BS and PBS). It is interesting that the constructed CZ gate
is nearly deterministic. Then, by using the CZ gate and the
PA, combining with the cross-Kerr nonlinearity, the homodyne
detection, and some linear optical elements, we construct a
scheme for generating the hyperentangled four-photon cluster
state.
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