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We propose an efficient scheme for realizing quantum dense coding with three-particle GHZ state in separated low-Q
cavities. In this paper, the GHZ state is first prepared with three atoms trapped, respectively, in three spatial separated
cavities. Meanwhile, with the assistance of a coherent optical pulse and X-quadrature homodyne measurement, we can im-
plement quantum dense coding with three-particle GHZ state with a higher probability. Our scheme can also be generalized

to realize N-particle quantum dense coding.
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1. Introduction

Quantum entanglement is one of the most fascinating
features of quantum information theory and it plays a vi-
tal role in quantum mechanics. With the wide application
of entanglement in quantum information processing, such as
quantum teleportation,!!! quantum dense coding,'”! quantum
cryptography,®! etc., a lot of schemes for preparing various

4-15

entangled states have been proposed.[*'>) Quantum dense

coding, [16]

as one of the most important applications of quan-
tum entanglement in quantum communication, can transmit
more bits of classical information with the help of entan-
glement. Utilizing the characteristic of quantum entangle-
ment, many schemes of quantum dense coding have been
proposed; for example, by using an optical system and nu-
clear magnetic resonance (NMR).!!7-1) A cavity QED sys-
tem has been considered as one of the most promising can-
didate systems for experimentally realizing quantum commu-
nication. Consequently, many kinds of protocols are pro-
posed that carry out dense coding by using bipartite or tri-
partite entangled states.!?*2"1 There are also some examples

[28-301 Recently, Nemoto

that use an extended GHZ-type state.
and Munro, ! and Wang er al.13?) have put forward a proto-
col to simplify the original photon parity meter'3!! by remov-
ing two polarization beam splitters (PBS) and the cross-Kerr
nonlinearity. 32! Motivated by their ideas, we propose a new
protocol to generate N-particle GHZ state with the help of the
low-Q cavity (k > y) and X-quadrature homodyne measure-
ment. Unlike previous schemes, >34 the present scheme has
a low requirement for the quality factor of the cavity. The

probability of success to achieve GHZ state is 100%, which is
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higher than that in Ref. [35], whose successful probability is
25%. Moreover, in this scheme we adopt the detection method
of X-quadrature homodyne measurement, whose nature is to
detect the phase of the coherent state. Since the photon detec-
tor is probabilistic while phase detection is deterministic, and
this detection method can overcome the quantum noise caused
by repeated operations, in principle the X-quadrature homo-
dyne measurement can be accurate to an arbitrarily weak sig-
nal. In summary, this plan is much more efficient than single-
photon detection and it is able to cater to the demands of mod-
ern experimental technology. That is to say, this scheme has a
more highly successful probability than that in Ref. [36]. The
most important thing is that our plan conforms to the features
of a computer, which likes to operate the same and simple op-
eration. From the perspective of dense coding, this scheme
has some other significant advantages. Firstly, this scheme
can carry more classical information than that of Refs. [25]
and [37]. This advantage will be able to be put to good use
in the design of superquantum computer in the near future be-
cause, properly speaking, it can reduce the number of nodes of
the quantum computer but still maintain the stability of the su-
perquantum computer. In our scheme, Alice encodes her two
particles of three-bit GHZ state while three bits of classical in-
formation can be carried. However in Refs. [25] and [37] Alice
encoded only one particle of the three-bit entangled state, and
only two bits of classical information can be transmitted. So,
our scheme carries more classical information. Secondly, our
scheme is more feasible than those proposed in Refs. [37]-
[42] due to the fact that it overcomes the defects of cross-Kerr
nonlinearity medium, which can only achieve a small angle.
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The rest of this paper is organized as follows. In Sec-
tion 2, we prepare the GHZ state depending on the interaction
between coherent state and atomic state. In Section 3, we will
show how to implement quantum dense coding with three par-
ticles and generalize it to N-particle dense coding. We will
then give a conclusion in Section 4.

2. Generation of GHZ state

Firstly, we will explain the working mechanism of single-
photon input—output process with respect to low-Q cavities.
We consider the case that the confined atom has a three-level
configuration. As shown in Fig. 1(b), in which there are shown
an excited level and two ground levels, the atomic state trans-
forms from |1) to |e), which can be driven by the input field.
For the large hyperfine splitting result, the state |0) is decou-
pled from the cavity mode.

[
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Fig. 1. (color online) (a) Schematic setup to implement a phase change
in coherent beam induced by input—output process, and (b) the level
structure of the atom, with g being the coupling induced by a cavity
field.

The sw; is a classical feedback control operation accord-
ing to Ref. [43], which acts as a quantum switch to allow the
coherent optical pulse to selectively pass through the in-path
road or out-path road. The coherent light pulse enters into
the cavity from the in-path road as a precondition to drive the
atom interacting with its cavity and the coherent state. After
their interaction, the coherent state obtains a phase but differ-
ent atomic states (the ground state, the excited state) gives rise
to different phases in the coherent state. Then, owing to the
reflective coating on the inner surface of the cavity, the coher-
ent optical pulse will leave out of this cavity and enter into the
next cavity through the out-path road to participate in the in-
teraction with the next set of atom and cavity, while this atom
and its cavity have been out of the driving field, they should
be stable in the present state after the first interaction. After
repeating the above operation, the coherent light will eventu-
ally obtain a total phase. There is a corresponding relationship
between the coherent light’s phase and atomic state. In the
following, we will recount how the systematic state evolves
under the mechanism described in Fig. 1(a). In the interaction
picture, the system Hamiltonian is[**

H = h(a)o—wp) le) <e|+h(a)c—a)p)aTa
+hg(acy +a'o_), (1)

where 0} = |e) (1], 6_ = |1) {e|, my denotes the resonant fre-
quency between the excited state |e) and the ground state |1),
. and @, refer to the frequencies of the cavity and the input
pulse, respectively. We use d; and &, to denote wy — @, and
. — @y, respectively, for simplicity. The cavity mode satis-
fying the commutation relation [aj, (¢) ,a;rn )] =68(@—1)is
driven by the input field a;,, and the quantum Langevin equa-

tion of the cavity is!*!

a=—(162+§)a—igo_—ﬁam, @)

where K is the cavity damping rate. Moreover, the atomic low-
ing operator also obeys a similar equation

6 —— (161 + %’) 6. +igG.at \/70bin, 3)

where ¥ is the decay rate of the two-level atom, o, = |e) (e| —
[1) (1|, and by is the vacuum input field with the commutation
relation [biy (f) ,biTn ()] = 8 (t—1'). The contribution of the
vacuum field is much less than that of the photon pulse!**l, so
we regard it as being negligible. Thus, we will not consider
b;, in the following. The relation between the input and output

fields of the cavity is
Aout = Qin + \/ELL @

Assume that x is large enough to determine that we have a
weak excitation by the single-photon pulse on the atom, which
is initially prepared in the ground state. In accordance with
Egs. (1), (2), (3), and (4), we can obtain the input—output rela-
tion that can be expressed as

Aout = Fdin,
. (1% —K/2) (18 +7/2) +4°
' (16 +x/2) (181 +7/2) + 82
i6—x/2

out = 10Qin, 10 = —o——=
out 0lin, 0 162—|—K'/2

(atom in state [1)), (5)
(atom in state |0)). (6)

When the initial input pulse is prepared in the coherent
state |@) , and the atom is prepared in state % (10) +|1)), then
the initial state of the system in Fig. 1(a) will be

‘0>+|1> a —ata;
|§>1:Tea in % i |0),. . )

When 8, > y/2, after applying the cavity-assisted trans-

formation, state |{), is evolved into

1£)2 = %<IO>\aei%>out+\1>|aei91>om>, ®)

where 6, = arg(r,) (n =0,1) are controlled by &;, &,, and g
in the case of low-Q cavity (k> ¥).

Now, we will show the generation of three-particle GHZ
According to Ref. [36] when &, = & = /2 and
g = k/v/2 the input coherent optical pulse will pick up
7 /2(—m/2) phase shift conditioned the atomic state |0) (|1)).

state.
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Now, we make 6y = 7/2; that is to say, as shown in the left
dotted box of Fig. 2. Firstly, we input a sustainable and strong
coherent light pulse |ct) and only turn on sw and sw; to make
atoms A and B interact with each cavity and the coherent state
|er), the initial state of the whole system

1
2V2

will be evolved into the state

1920 =5 (100 +]1)), @ (10) + 1))@ (10) + 1)) ) 9)

¢ = 2\/[(IO> Al0)g ae®®) 4|1, (1) |ace™12%))

+(10) [1) +[1)[0) ap ) ] © (0) + 1)) .-

Now we carry out the first X-quadrature homodyne measure-
ment (we call it XQHM;) on particles A and B, on the basis
of Refs. [46] and [47], X-quadrature homodyne measurement

(10)

can reveal the coherent states that have different size phases
but it does not distinguish the phase signs (plus or minus) of
the coherent states. So, according to the measurement result of
the coherent state’s phase, the corresponding states of atom A
(|0> 10} + [1)4[1)p)- Next,
we keep the sw; on, but turn off swp and turn on swj to just

and atom B will collapse into —=

allow atom B and atom C to participate in the reaction with
their respective cavity and pulse, the state of the system can be
expressed as

|P)2 = [(10)410)5/0)c|ore %)

2\f
+[1)al1)p|1)cloe %))
+(10)40)5|1)cloce®)

+[1)4]1)5[0)c|ore 1)), (11)

this time we perform the second X-quadrature homodyne mea-
surement, which is called XQHM), on particles B and C. Then
according to the results of detecting the coherent state’s phase,
we will have the corresponding atomic states

(10)4l0)8|0)c +[1)al1)5|1)c),

(10)al0)|1)c +[1)al1)|0)c),

S-Sl

respectively. From above analyses we see that the scheme of
preparation three-particle GHZ state is deterministic.

The generation of N-particle GHZ state is similar to the
above operation process, the only things needed are more con-
trol switches, an X-quadrature homodyne measurement, and
atoms dropped in low-Q cavity (k > y) with the original state
of atom 1, 2, 3, ... NN, and should be set to be

1E) 123, = (|0) +1)). (12)

: f

After a series of similar operations, finally, according to
the result of (N — 1)-th X-quadrature homodyne measurement,
the N-particle GHZ state

|GHZ)123,.n

= \%(|O>] [0)2]0)3...]100x — [1)1[1)2]1)3...|1)N),
|IGHZ)123,.n

= 50011011210~ [Dal1)2]Da... 0})

will, respectively, be prepared.

3. Dense coding with three-particle GHZ state

Now, we implement the quantum dense coding with the
three-particle GHZ state.

The operations on the left dotted box are manipulated by
Alice and are composed of two parts: the operations to pre-
pare 3-particle GHZ state are designed in part I and Alice’s
encoding operations on her particles are presented in part II.
The operations in the right dotted line box are performed by
Bob. Parts 1, 2, and 3 separately represent the first, the sec-
ond, and the third step, just taking advantage of the three steps
Bob can successfully distinguish Alice’s encoding operations
on her particles.

After the operations contained in part I, we succeed in the
preparation of the three-bit GHZ state. Suppose that Alice and
Bob share the entangled state

lW)o = %(|000>A3C +|111)apc)-

Alice owns particles A and B, while Bob has particle C.

(13)

To realize the quantum dense coding, Alice simultaneously
performs each of the four local operations {/, 0y, icy,0.} (I
is the identity operator and o; are three Pauli operators), re-
spectively, on her atoms (atom A and atom B) as shown in part
I1. The operations on atoms A and B evolve the state |y)¢ into
the states which are given in the following forms:

lW)14= 7(|000>ABC:|3 [111)ac), (14)
1

¥)23 = 7(|101>A3Cj3 |010)aBC), (15)
1

lW)sg = 7(|100>ABC:|3 |011)aBc), (16)
1

|W)6,7 = —=(]001)apc £ [110)apc). (17)

S

Then, Alice wants to send her atoms A and B to Bob. Accord-
ing to Refs. [48] and [49] she can adjust the powers of the laser
beams used to trap atoms A and B to move out of her cavities,
and load atom A and atom B to pass through other two cavities
of Bob’s laboratory. Here, Bob must ensure that the conditions
of the two cavities are exactly the same as the previous ones to
prevent the entanglement characteristics among the particles
from being destroyed. The more important point is how Bob
distinguishes the eight states.
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Fig. 2. (color online) Diagram for preparing GHZ state and achieving quantum dense coding, where H denotes the Hadamard gate
operation, CBM the computation basis measurement, |x) (x| the X-quadrature homodyne measurement, XQHM; (i = 0,1,2,3) the i-th
X-quadrature homodyne measurement, and sw; the i-th control switch.

Step 1 Bob simultaneously turns on sw4 and sws but
turns off swg to allow atoms A and C to participate in
the interaction with their own cavity and the coherent state,
then utilizes the third X-quadrature homodyne measurement
(XQHM3) on atom A and atom C, the coherent state gains
a phase 0, the phase change of Egs. (14)—(17) similar to
Eq. (10). By judging whether 6; is equal to zero Bob can

distinguish
)14 = 7(|000>i‘111>)ABC; (61 #0), (18a)
V)2 = %(|101)i\010>)ABC, (61 £0), (18b)
and
[W)ss = 7(|100>i\011>)ABc, (61=0), (19a)
W)os = —=(1001) £ [110))aac, (6 =0). (19b)

S

Step 2 Still keeping sw4 and sws on but swg turns off,
Bob performs a Hadamard gate operation on atom A, which
will cause the change

0y s %<|0>A+|1>A>
and
1 f<|o>A—|1> 2

according to Ref. [50], equations (18) and (19) then evolve
into

W) = 50004100} + |11))ac+[1)a(100) ~ [11))c].

(6, #0), (20a)
W)s = 311000100} — [11))nc +[114(100) + 11))c],

(61 #0), (20b)
W)a = 2(10)(01) +110))ac -+ [1)a(~101) + 10},

(6, #0), (20¢)
W)s = 2010)(01) ~ 10))ac -+ [1)a(~101) ~ 10},

(61 #0), (20d)

and

W)s = 51004100} + [11))sc + 1)a(~100) +[11))ac],

(6, =0), (21a)
W)s = 3110)a(100) — [11)) e+ [ Da(~100) — [11))ac].

(6, =0), (21b)
W)e = 50)a(01) +]10)) e+ |1)a(101) ~ [10))c],

(6, =0), (21c)
W)= 500)a(01) = [10))5c+ 14101 +[10))sc], 210)

(6, =0). 2le)

Afterwards, Bob sets the computation basis measurement
on atom A, when the result is |0)4, the above states will col-
lapse into
0)4(]00) +

V)i = ly)) = |11))5c,

(61 #0

~
TSl
V]

(22a)
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W)s = )= %\O>A<|oo>f|u>>3c,

(61 #0), (22b)
W = 904 = =104 (101) +10)c,

(61 #0), (22¢)
W3 = [W)5 = 5101401 = [10))sc

(61 #0), (22d)

and

W)s = 1¥)5 = 51014(00) 1)

(61 =0), (23a)
Whs = W5 = 5101a(100) = 1)

(6, =0), (23b)
Who = W) = 5101a(01) +[10) s

(61 =0), (23¢)
W7 = 1¥)5 = —=101a(08) = 10))c

(91 = 0). (23d)

Otherwise, if the result is |1)4, equations (20) and (21)
will evolve into the following form
1

Wh = 11 = —=104000) = [1D)sc. (6 £0), @4
W) = W)Y = = ID4(100)+ 1), (61 70). @4y
W) = W) = %|1>A<—|01>+|10>>Bc, (81 #0), 240)
W) = W% = = IDa(=101) —[10))ac. (61 #0), @4
and

¥)s = W4 = —=DACI00)+ [1D)se. (61 =0). (25)
¥hs = [W)§ = —=1DAC100) = [1D)se. (61 =0). @5b)
Who = [)§ = =140 ~[10))sc. (61 =0).  (250)
¥ = 1§ = =040 +[10))sc. (6 =0). @50)

By comparing Egs. (22) and (23) with Egs. (24) and (25),
Bob can see that the second case can be equal to the first case
only if exchanging |y), for [)5. )} for [y)5. [y for [,
and |y)g for |y),. So, the same operations can be imple-
mented for these two cases, but the corresponding measure-
ment results and output states will be different.

Bob takes the first situation for example in the following.
The distinguishing result of the second case is given out later.

Step 3 Bob keeps sws working meanwhile turning off
swy and turning on swyg to take the fourth X-quadrature homo-
dyne measurement on atom B and atom C (XQHMy,), and the

coherent state obtains a phase 6,, depending on 6, Bob can
tell the above states (Egs. (22) and (23)), as follows:

Wi = 510040100} +[11))ac. (61 #0562 £0). (26)
¥hs = 5100a(100) = [11))ac. (61 £ 056 £0). Q6b)
|w>2;»%|o>,4(|01>+\1o>)3c, (61 £0:0, = 0), (27a)
Vs = 50001~ [10))sc. (61 #0:6,=0), @7
and
W) = %|0>A<|oo> Fac, (6= 0:6, £0), (28
ly)s = \f|0> (|00) — [11))c, (6 =0;6, #0), (28b)
W= 5100a(101) +10))sc. (61 =0:62 =0, (299)
¥ = 5100a(101) = [10))sc. (61 = 0:62 =0). Q5b)

Then, Bob simultaneously performs Hadamard gate op-
erations on both atom B and atom C, and soon afterwards
he puts into use the fifth X-quadrature homodyne measure-
ment (XQHMs5) on these two particles, the above states will
be transformed and differentiated into the following forms:

Wi = 5 10)a(00)+ [11)sc.
(61 #£0;0, £0;03 £0), (30)
Vs 510001+ 10))c.

(61 #0;6, # 0,60 =0), 31
W2 = = 10)4(100) = 1) ac.

(61 #0;6,=0;0; #0), (32)
)3 = %|0>A<—|01> +10))ac,

(6, #0;6, = 0;65 = 0), (33)

and

¥)s = —51004(100) + 1) c.

(61 =0;6, #0:0; #0), (34)
W)s = =104 (101) +10)c.

(61 =0;6,# 0,63 =0), (35)
¥)a = 7[00 (100) = 1))

(6 =0;0, =0;603 #0), 36)
W) = 51004 (=101) +10) )

(6, =0;6, =0;6; =0). (37)
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So far, he has successfully distinguished eight states ac-
cording to the different phases obtained by coherent state in

different measurements. The discrimination results can be ex-
pressed as the following form (shown in Tables 1 and 2).

Table 1. Discrimination result of Bob when his computation basis measurement is on |0)4 state.

Measurement results

Final output states Coding operations

0, £0 O 6, % 0 63 £ 0
6, #0 OR 6,=0 03 £ 0
0, #0 0), 6 =0 03=0
0, £0 0), 0 # 0 03=0
6,=0 0), 0, # 0 03 £0
0, = 0), 0, = 03 £0
6,=0 0, 6 =0 03=0
6,=0 0), 0, # 0 03=0

w)s %/ 1004 (=101) +10))pc

)1 = 5 10)4 (100)+]11
W), = 5 1004 (/00) 11

))sc 1, 1(03, 03)
Ve 1, 61(03,102)

1,i02(03,01)

W) f 10)4 (101)+10))c 1, 03(03,1)

W)s f 10)4 (100)+[11))5c 01,1(i0y,03)
W) = 75 10)4 (100) = [11))5c 01,01(i0y,102)
lv), = \lf 0)4 (= 101) +10))5c o1,i0:(icy,01)

)
Ws = 5 1004 (101)+]10))5c 01,03(i02,1)

Table 2. Discrimination result of Bob when his computation basis measurement is on |1), state.

Measurement results

Final output states Coding operations

61 #0 ), 6 # 0 6, =0
61 #0 ), =0 6,=0
61 #0 ), =0 6y #0
61 #0 [1)4 6, # 0 0;#£0
0= 0 ), 6 # 0 0,=0
6= 0 ), 6 =0 0,=0
6= 0 ), 6 — 0 640
=0 ), 6 £ 0 0 40

lW)e = % [1)4 (=101) +10))pc

W) = 75 [1)a (101)+]10)) 5 1,1(c3, 03)

W)y = 75 [1)a (=101)+[10))5c 1, 61(03,102)
)3 = 75 114 (100) = 11)) ¢ 1, i0y(03,01)
W)y = 75 [1)a (100) +11)) 1, 3(03.1)

01,1(i02,03)

01,01(i02,i02)
W)y = 5 1), (l00) 11
W)s = 5 (D)4 (100)+]11

)

)

)

)
W)s = 75 [1)a (101) +]10))

)

)sc o1,i0cy(ios,01)

)

= =

BC 0'1,63(10'2,1)

That is to say, the target of dense coding is achieved.

In a way similar to the above principle, we can achieve
N-particle quantum dense coding by making use of N-particle
GHZ state while encoding N — 1 particles. We briefly describe
the steps in theory.

Alice and Bob share the entangled state

1
\ﬁ(|000"'0>1,2,37.“1v+ [111---1

Alice owns particles 1, 2, 3, ..., (N —

|§)o = (38)

)123,..N)-
1), while Bob has
particle N. After Alice simultaneously performs each of the
four local operations {/, oy,i0y,0.} on her atoms 1, 2, 3, ...,
and (N —
then sends her atoms to Bob.

1), the state |@)o will evolve into 2V states, Alice

Step 1 Bob performs the X-quadrature homodyne mea-
surement on atoms 1 and N, and the 2V states are divided into
two parts.

Step 2 Bob carries out a Hadamard gate operation and
sets computation basis measurements on atom 1, afterwards
he performs the second X-quadrature homodyne measurement
on the atoms (N — 1) and N, the above states round into four

parts.

Step 3 Bob simultaneously performs Hadamard gate op-
1) and N and carries out the third
X-quadrature homodyne measurement on atom (N — 1) and
atom N, 2V states will then be divided into eight parts. The
following operations are similar to the above: only requiring

erations on both atoms (N —

us to change the corresponding every step action objects. The
action objects will be arranged as follows:

Action objects of the first step will become respectively
2and N; 3and N; 4 and N; ...; (N —2), and (N).
spondingly, in the second step, the action objects will be 2,
(N—1)andN;3,(N—1)and N;4, (N—1) and N; ...; (N=2),
(N —2), and (N). In Step 3, the corresponding action objects
are Nand (N—1); Nand (N—1); Nand (N—1);...; Nand
(N —1). Up to now, we have implemented the N-atom quan-
tum dense coding with N-particle GHZ state.

Corre-

We will briefly discuss the feasibility of our protocol
under the condition of modern experimental technology and
the success probability of our scheme. During this work,
atoms composed of low-Q cavities (x> y) are working in
the intermediate coupling region. In contrast to the previous
schemes, '%! our scheme places fewer demands on the Pur-

cell factor g2 /K7y, and is better suited to current experimen-
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tal technology. Moreover, according to recent reports,>3>41

researchers have demonstrated that the position of a single
atom could be manipulated experimentally. In addition, X-
quadrature homodyne measurement plays a practical role in
current quantum information processing, >3 which is a stan-
dard tool of continuous variable experiments’! and which is
also highly efficient (more than 0.99). The present experiment
has demonstrated that between the photon and the trapped
atom, 8! the entanglement lifetime 7p, is about 150 us; the
value of radiative time of atoms, 7g, is about 3 x 1072 s; the
decay time of the cavity, Tc, is approximately 1 x 1073 s. The
time of single particle rotation is much less than 1075, so we
could neglect it. After the analysis, we find that the interaction
time of this scheme is ideally about Tip < 5 x 150 x 1076 s
= Tpa s, 0 Tior1 < Te < T;. Therefore, based on the present
techniques, the proposed scheme may be realizable.

Next, we may simply assess the implementation of our
schemes, where the failure rate due to atomic decay is about
/g = 2%.5°1 Moreover, another imperfection rate, the photon
loss which occurs due to the cavity mirror absorption and scat-

[60] Besides, the error rate of

tering, can be assumed to be 6%.
the homodyne measurement is mainly caused by the overlap of
adjacent curves f(x, acos(n)) and f(x, occos|[(n+ 1)0]), and
it is given by pemor = 3 (1 —erf[y,/2v2]) &~ 2.3 x 107415
In summary, the success rate of our implementation is about
P=(1-2%)*x(1-6%)x (1-2.3x107%)3 ~0.8837.

4. Conclusions

In this paper, we provide an efficient scheme for realizing
quantum dense coding with three-particle GHZ state utilizing
a single atom trapped in separated low-Q cavities by using co-
herent optical pulse as a quantum channel and X-quadrature
homodyne measurement as the main method of measurement.
Beyond that, this scheme does not need a strong coupling cav-
ity nor single-photon source, so it is very well suited to the cur-
rent experimental condition. According to the above analyses,
our protocol has not only a high probability and easy operabil-
ity but also feasibility for large-scale and nonlocal quantum
computation and quantum communication.
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