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We study the entanglement (measured by negativity) evolution and the non-Markovianity for the dynamical process
of a spin-S system embedded in dephasing environments. The exact analytical solution is presented, which shows that
the decoherence function governs the evolutions of coherence, entanglement, and the non-Markovianity of the correspond-
ing dynamical processes. For Ohmic and sub-Ohmic reservoirs, the negativity decreases monotonically in time and the
corresponding dynamics is Markovian. While for super-Ohmic reservoirs with non-monotonic decoherence function, the
negativity appears as the phenomenon of revival and the corresponding dynamics is non-Markovian. The relation between

non-Markovianity and the system dimension is studied.
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1. Introduction

During the last few years, there has been an increas-
ing interest in open quantum systems with memory; that
On the one hand,

the memory effect is crucial in many realistic systems, such
1-3

is, non-Markovian dynamical systems.

as quantum optical systems, =3 solid systems,*>! quantum

chemistry,[®7! and biological systems.[3° On the other hand,

it can induce some interesting phenomena, such as entangle-

[10-13]

ment trapping, correlation quantum beat,!'*! and impos-

sible thermalization.!">) More importantly, non-Markovianity
may be used as a useful resource in the context of quan-
tum metrology,!'®!7 quantum key distribution, '8! quantum

20,21

teleportation, '] atomic squeezing,”>?!! and quantum infor-

mation transmission. 2>-24]

Identifying and quantifying the non-Markovianity of an
open quantum process is a fundamental problem in the
study of open quantum systems. The existing measures of
non-Markovianity may be grouped into two types. One is
mainly from the physical point of view, such as the trace

[26] which is based

distance,*! fidelity, or relative entropy
on the distinguishability of quantum states, the quantum
entanglement, *’! and quantum mutual information,?® which
are based on the quantum correlation property. The other starts
from more mathematical points of view, such as the semi-
group property!?®! or the divisibility of dynamical maps.*’!
These measures capture the intrinsic characteristics of non-
Markovianity of quantum processes from different aspects and

[30-32

do not coincide exactly. I In this paper, we will use the
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measure based on the entanglement negativity?*34 to study
the non-Markovianity of the considered system because neg-
ativity can be straightforwardly extended to high-dimensional
systems and the calculation is feasible.

In the previous works about non-Markovian quantum pro-
cesses, much attention has been poured into the study of two-
level open quantum systems that has seldom involved their
higher-dimensional versions. However, high-spin systems or
effective multi-level systems extensively exist in nature.35-37]
This can increase security *®%! in quantum cryptography by
exploiting the high-dimensional systems. Furthermore, high-
dimensional systems have advantages in fault-tolerant quan-
tum computation and quantum error correction.*°! Motivated
by these facts, in this paper we study the entanglement evo-
lution and the non-Markovianity of the spin-S systems em-
bedded in dephasing environments. Special attention is paid
to the dependence of entanglement evolution on the initial-
state parameter and bath structure, and the dependence of non-
Markovianity on the system dimension.

This paper is organized as follows. In Section 2, we pro-
vide the microscopic model for a spin-S system coupled to a
dephasing environment and present the exact solution. In Sec-
tion 3, we study the evolution of entanglement for the three-
dimensional Werner-like state and the d-dimensional GHZ
state. In Section 4, we study the dependence of the non-
Markovianity on the dimension of the system. Finally, a con-

clusion is given in Section 5.
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2. Interaction model

Consider a spin-S system interacting with a thermal reser-
voir, which is modeled by an infinite chain of quantum har-
monic oscillators, with @y, by, and bz being, respectively, the
frequency, annihilation, and creation operators for the k-th os-
cillator. The total Hamiltonian in the Schrédinger picture is
given by

H = wS.+ Y axbibe+ Y S:(gb) + gibr), (1)
k k

where @y is the transition frequency between any neighboring
energy states of the spin, and S, is the z component of spin
operator, which in the eigen-basis {|j}|j =s,...,—s} can be
—s]. The
spin couples to its environment via dephasing interaction with

denoted by a diagonal matrix S, = diag[s,s —1,...,

coupling strength g;. This kind of dephasing model is reason-
able. It is a natural generalization of dephasing interactions
from spin-1/2 systems to higher dimensional spin systems, and
in the limit of infinite dimensions it describes the dephasing of

5.1 Tt can also be used to describe the de-

harmonic oscillator
phasing of N spin-1/2 particles in a common environment with
S, =YY, 0,.l'*1 By introducing Eq. (1) into the interaction

picture, one has,
Hy =Y S.(gibye' ™ + gibge 1), 2)
k

which, up to an overall phase factor, produces the unitary prop-
agator,

1
V(i) =exp [2&2(0@2 - a;‘m)] : )
k

with o = 2g;(1 — e!®") /@y. This is a displacement operator
acting on the bath modes, with the displacement parameters
conditional on the spin states.

Suppose that the initial state of the spin-bath system is in
a product state pr(0) = p(0) ® pg, where p(0) is the initial
state of the spin, and

pp = e BTN,
B= 7o

is the thermal equilibrium state of the bath with partition func-
tion Zg and inverse temperature 3 = 1/kgT. The dynamical
density-matrix elements of the spin system can thus be calcu-

lated as
pnm(t) = <n|trB[V(I)pT(O)V71(t)]‘m>
= pum(0)(exp[Y (Bibf —Bibo))), )
k
where n,m = s,...,—s and B, = (n —m)oy /2. The angular

brackets denote the expectation value with respect to the ther-
mal state pg. Following the process in Ref. [1], the expecta-
tion can be easily evaluated and, finally, equation (4) may be

expressed as
Pun(t) = Pum(0) exp[—(n —m)*I" (1)), )

where, in the continuum-mode limit, the decoherence function
is defined by

ri= /0 " J(0) coth(a)/ZkBT)l_#z(wt), 6)

with spectral density J(®) = ¥ |gx|>6 (@ — @y). It is shown
that the decoherence function determines the evolution of the
off-diagonals of spin density matrix. All the off-diagonals de-
cay exponentially with I"(¢), with the rates proportional to the
distances (n —m)? of the elements p,, to the diagonals p,,
or Pym. If I'() is a monotonous increasing function of time,
then the off-diagonals (or equivalently the coherence) decay
monotonously with time. If there exist some time intervals in
which I'(r) decreases, then the off-diagonals increase in these
time intervals; that is, produces the phenomenon of recoher-
ence. The behavior of I'(¢) is closely related to the character-
istics of environments. In this paper, we mainly involve the
Ohmic-like reservoirs with spectral density
wr
J(®) = ——e /% @)

ol !

where @ is the bath cutoff frequency. By changing the param-
eter r, one can go from sub-Ohmic reservoir (» < 1) to Ohmic
(r=1) and super-Ohmic (r > 1) reservoirs, respectively. Such
engineering of the Ohmic-like spectrum is possible when sim-
ulating the dephasing model in trapped ultracold atoms.#? In
Fig. 1, we present the evolution of the decoherence function
I'(7) versus the dimensionless time 7 = tkgT for Ohmic-like
reservoirs, where we set the dimensionless cutoff frequency
@; = 0. /kgT = 20. This shows that I"(7) increases monoton-
ically with time for sub-Ohmic or Ohmic reservoirs, but ap-
pears as an oscillation for the super-Ohmic reservoir. In fact it
was shown!*3! that the monotonic increasing property of I'(7)
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Fig. 1. (color online) Evolution of I'(7) versus dimensionless time 7 for
(a) sub-Ohmic reservoir with r = 1/2 (solid line) and Ohmic reservoir
(dash line), (b) super-Ohmic reservoir with r = 2.5.
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could be broken only for the super-Ohmic spectrum with » > 2.
In addition, we see from the figure that at given times, I"(7)
for super-Ohmic reservoir is apparently much smaller than that
for Ohmic or sub-Ohmic reservoirs, implying that the decoher-
ence induced by the super-Ohmic reservoir is relatively much
weaker.

3. Entanglement evolution

Entanglement is a unique quantum mechanical phe-
nomenon that has no counterpart in the classical world. So
far, much attention has been poured into its research and many
effective measures have been presented. Here, we will use the
notion of negativity 3>34! to describe the entanglement of the
considered system. Given the state pA? of a bipartite system,
the negativity is defined by

_ I -1

: ®)

A (") =¥ [
k

where 7LkT A (7), lkT A are, respectively, the negative and all eigen-
values of the partial transpose of p48 with respect to subsys-
tem A.

Now, we consider two spins A and B, which are embedded
in two equal but independent dephasing environments. Ac-
cording to the method presented by Bellomo et al.,!**! the dy-
namics of the two-spin system can be obtained from one of
the individuals. After a tedious but straightforward deduction,
we arrive at the dynamical density-matrix elements of the two-
spin system

(nang|p (1) lmams)
= (nanp|p"?(0)mamg)
x exp{—[(na —my)? + (np me)z}F(t)}, )

with ng,ng,ma,mg =s,...,—s.
Let us firstly study the entanglement evolution of the

[45

Werner-like state,[*] which is composed by a maximally

mixed state and a maximally entangled state. For a two-qutrit
system (i.e., s = 1), the Werner-like state may be written as

Pe = (lg—g)welwwﬂ*% (10)

where I denotes the three-dimensional identity matrix, and
|PABY = (|1418) + |0408) + | — 14 — 1)) /V/3 is a two-qutrit
GHZ state. This state is separable for 0 < & < 1/4, and entan-
gled for 1/4 < € < 1. By defining the tensor basis by

[1415) = [1), [170%) =2), |1 —1%) =]3),
0415) = [4), [0%0%) =15), 0" —1%) =]6),
|—141%) =17), |-170%) = 8),

|—14—1%) =19), (11)

the dynamical density matrix of the Werner-like state in the lo-
cal dephasing baths has only the following nonzero elements,

1—¢
P22 = P33 = Paa = Po6 = P77 = P88 = —5 >
142¢
P11 = P55 = P99 = 9
£ _
Pis = P19=psy = e 8, (12)

After some straightforward calculations, we get its negativity,

1
N(p) = _,(1_£)+% [2372F(t>+e—8r(t>}

6
l—e € rg
+ 9 3e
Lil-g € _srq
2' 5 3¢ . (13)

It is clear that .4"(p) is a function of I"(z). In order to more
clearly find the dependent relation of .4 (p) on I'(z), we dis-
tinguish the problem into three cases according to the values of
I'(1). Firstly, for small I'(¢) satisfying e 3®) > (1 —¢)/3e,
both of the two expressions in the inner of | - | of the third and
fourth terms in Eq. (13) are negative, thus equation (13) be-

comes
1 2
M= a(l—g) L MO s, (14)
3 3 3
Secondly, for intermediate I'(z) satisfying e 8 () <
(1—¢€)/3e < e 2'0), equation (13) becomes,
2 2
</V2:—§(178)+?Ee_2r(’>. (15)

Finally, for large I"(¢) satisfying e 2’ *) < (1 —¢)/3¢, equa-
tion (13) becomes

N =0. (16)

Note that equations (14)—(16) form a continuous function
of I['(¢), that is, at the crossovers e 3'") = (1 —¢)/3¢ and
e 2l = (1—¢)/3¢, one has A = A5 and A5 = A3, re-
spectively. Since both .4 and .4 are the monotonic de-
creasing functions of I'(¢), we thus conclude that A4 (p) is
a monotonous decreasing function of I"(t).

For sub-Ohmic or Ohmic reservoirs, since I'(¢) is the
monotonous increasing function of time, the negativity is thus
the monotonic decreasing function of time. The condition and
time for negativity sudden death is determined by

For the super-Ohmic reservoir, since the monotonicity of I"(¢)
can be broken, the negativity may appear in the phenomenon
of revivals. In Figs. 2, 3, and 4, we plot the evolution of neg-
ativity versus time and the initial-state parameter € for sub-
Ohmic, Ohmic, and super-Ohmic reservoirs, respectively. For
clarity, we make the areas where the negativity is zero in blue.
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It is clear that the initial entanglement is nonzero only for
1/4 < € < 1. From these figures, we can sum up two features.
Firstly, the entanglement for the sub-Ohmic or Ohmic environ-
ments decays monotonically, revealing the feature of Marko-
vian dynamics. While for the super-Ohmic environment it de-
cays oscillatorily, revealing a non-Markovian dynamical fea-
ture. Secondly, the speed of the decay of entanglement from
sub-Ohmic reservoir to Ohmic and super-Ohmic reservoirs de-
creases in turn (also see Fig. 5), implying that super-Ohmic
reservoir is more favorable for entanglement preservation.

Apart from qutrits, the entanglement evolution of more
higher dimensional systems may be studied in a similar way,
but the process will become more and more cumbersome. Af-
ter an incomplete induction, we find when the initial state of
the two spins is in the maximally entangled GHZ state,

N

B\ 1
ly8) = —%Hk;s\k‘*ﬁ% (17)

then the corresponding negativity of the evolved state seems

to have a universal expression

(18)

Negativity

Fig. 2. (color online) Negativity as a function of the dimensionless time
7 and the initial state parameter € for sub-Ohmic spectrum reservoir
with r = 1/2 and @ = 20.

Negativity

Fig. 3. (color online) Negativity as a function of the dimensionless time
7 and the initial state parameter € for Ohmic spectrum reservoir with
@ = 20.
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Fig. 4. (color online) Negativity as a function of the dimensionless time
T and the initial state parameter € for super-Ohmic spectrum reservoir
with r =2.5 and @ = 20.
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Fig. 5. (color online) Comparison of entanglement evolutions for three
Ohmic-like reservoirs: Red, black, and blue lines indicate respectively
sub-Ohmic (r = 1/2), Ohmic, and super-Ohmic (r = 2.5) reservoirs,
where € = 0.338 and @. = 20.

with d = 2s + 1 being the dimension of the spins. This equa-
tion is verified to be correct for systems with a spin quan-
tum number up to s = 5/2. Equation (18), which is a sum
of (d — 1) positive functions, is clearly a decreasing func-
tion of I'(¢). Thus, for sub-Ohmic or Ohmic reservoirs,
A (y) monotonously decreases in time, while for some super-
Ohmic reservoirs with non-monotonic I'(¢), .4 (y) appears
non-monotonicity.

It is worthwhile to point out that Haikka er al.[*3! have
recently studied the non-Markovianity of qubit dynamics in
Ohmic-like dephasing environments and find that only a super-
Ohmic bath can give rise to the increase of entanglement.
Here, from the discussion of entanglement evolution for two-
qutrit Werner-like state and high-spin GHZ state, we seem to
also conclude the same results. However, from the deduction
processes we see clearly that the generalization from qubit to
high-spin systems is nontrivial. Moreover, due to the complex-
ity of deductions, we consider only two special kinds of initial
states. For other types of high-dimensional initial states, fur-

ther verifications are needed.
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In Fig. 6, we give the time evolution of negativity for dif-
ferent spin quantum numbers and in the super-Ohmic reservoir
with r = 2.5, @, = 20. This shows that larger spin quantum
numbers have a larger initial entanglement and the entangle-
ment decays faster in the beginning stage. This implies that
the entanglement of high-dimensional systems seems to lose
more easily.

2.5 T T T T T
H —s=1/2
! —s=1
2.0k ---5=3/2
. —s5=2
5 \ ---s=5/2
+ U
Z 15))
gl
<
)
9)
Z 1.0
0.5

Fig. 6. (color online) Time evolution of negativity for different spin
quantum numbers and in the super-Ohmic reservoir (r = 2.5, @, = 20),
where the initial state is given by Eq. (17).

4. Non-Markovianity

From the above section, we see that the entanglement for
sub-Ohmic and Ohmic reservoirs decreases monotonously, re-
vealing Markovian behavior. While for super-Ohmic reservoir
with » > 2 it can increase in some time intervals, revealing
non-Markovian behavior. In this section, we proceed to study
the non-Markovianity of the dynamical process of the open
spin-S system. We will use the non-Markovian measure!?!
based on the entanglement with an ancillary particle. Suppose
that a system of interest is initially prepared in a maximally en-
tangled state with an ancillary particle, where only the system
is influenced by a noise environment and the ancillary parti-
cle is noise-free. Then, the quantity for measuring the non-
Markovianity of the quantum process is defined as!>”!

I = E(t)dt, (19)
‘/E(t)>0

where E(t) denotes the time derivative of some kind of entan-
glement between the system and the ancillary particle, and the
integration is extended over all time intervals in which E(¢) is
positive. For two-level systems, one usually measures the en-
tanglement E(¢) by concurrence, while for higher dimensional
systems the entanglement negativity may be a suitable choice.
In the following, we will use the time evolution of negativity
to signify the dynamical non-Markovianity of spin-S systems.

To return to our problem, we suppose that two spins A and
B are initially prepared in the maximally entangled GHZ state
of Eq. (17), where only spin A is influenced by the dephasing

bath and spin B keeps noise-free. In terms of the incomplete
induction as given above, we obtain the dynamical negativity
between the two high-dimensional spins,

- - eszl"(t) (20)

with dimension d defined as before. This equation is also ver-
ified for systems with up to six dimensions. By replacing the
entanglement E(¢) in Eq. (19) by the negativity .4 (¢), we ob-
tain the non-Markovianity of d-dimensional system,

d—12

Iy = —k; k(a;k)/FUKOexp[—kZF(t)]F(t)dt. (21)
It is clear that .#; > 0 if and only if I'(#) < 0 in some time
intervals. Thus, the non-Markovianity can only possibly ap-
pear in the super-Ohmic reservoir, while sub-Ohmic or Ohmic
reservoirs cannot induce non-Markovian dynamics. Note that
for two-dimensional systems, I"(¢) is the dephasing rate. 4"
This is also true for high-dimensional spin systems because the
dynamical state of Eq. (5) satisfies the time-dependent master
equation,

p=T(t)[25.pS. —S2p — pS2]. (22)

Thus, for the high-dimensional systems in the dephasing en-
vironments, we conclude a consistent result with the case
of qubit systems that negative decay rates lead to non-
Markovianity. It is easy to find that the difference of the
non-Markovianity measures for d-dimensional and (d — 1)-
dimensional spin systems is

d=1 13
Ig—Fg_1 = _kgl m/l;(r)d)
x exp[—Kk*I (1) (r)dr. 23)

Obviously, .#; — .#; 1 > 0 provided I"(t) < 0 in some inter-
vals. Therefore, non-Markovianity increases with the system
dimension. We have stressed that this result is correct for
any structured dephasing bath. In Fig. 7, we plot the relation
of non-Markovianity versus the system dimension in a super-
Ohmic environment.
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Fig. 7. (color online) Schematic diagram of non-Markovianity versus
system dimension d for the super-Ohmic reservoir with » = 2.5 and
@, =20.

Intuitively, one can imagine that, as the system’s dimen-
sion increases, the degrees of freedom coupling to the en-
vironment also increase, so that the exchange ability of the
energy or information enhances, leading to a stronger non-
Markovianity. However, recent research!*’! has showed that
non-Markovianity can increase or decrease with the number
of qubits, depending on whether they are embedded in in-
dependent or common environments. Therefore, the relation
between non-Markovianity and the system size is subtle and
nontrivial.

5. Conclusion

We have studied the dynamics of a spin-S system embed-
ded in the dephasing environment and found that the decoher-
ence function plays an important role in the evolution of co-
herence and entanglement, as well as in the non-Markovianity
of the dynamical process. First, all the off-diagonal elements
of spin density matrix decay exponentially with respect to
the decoherence function, with the decay rates proportional
to the distances of the elements to the diagonals. Next, we
have found that the entanglement evolution, whether for the
three-dimensional Werner-like state or for d-dimensional GHZ
state in the local dephasing environment, is a monotonous de-
creasing function of the decoherence function. The condition
of entanglement sudden death for three-dimensional Werner-
like state is also given by the decoherence function. Finally,
we have quantified the non-Markovianity of d-dimensional
systems in terms of the measure based on entanglement,
which shows that the condition for the emergence of non-
Markovianity is given by I"(t) < 0. We have also analytically
demonstrated that non-Markovianity increases with the system
dimension.

These results are in principle independent of the structure
of environment; that is, independent of the spectral density.
As an exemplary example, we have numerically simulated the
evolution of entanglement and the non-Markovianity of the
system dynamical process for Ohmic-like environments. We
have found that, for sub-Ohmic and Ohmic reservoirs, the co-
herence (i.e., off-diagonals of the system density matrix) and
the entanglement decay monotonously in time, and the dynam-
ics is Markovian. However, for some super-Ohmic environ-
ments with non-monotonic I"(¢), the coherence and entangle-
ment appear the phenomenon of revivals, and the dynamics
become non-Markovian.

Our main contributions are the exact solution of the de-
phasing model for high-dimensional spin systems, and the
subsequent analytical results for the entanglement evolution
and the non-Markovianity of the dynamical process. We find

that, on the one hand, some similar phenomena observed in
qubit systems, such as ESD*8! and the relation between non-
Markovianity and negative decay rates,!*®! can also exist in
high-dimensional systems. On the other hand, some new re-
sults or properties, such as the dependency of entanglement
and non-Markovianity on the system dimensions, have been
found. We believe that these results are useful in the study of
non-Markovianity of high-dimensional systems and in quan-
tum information processing.

Appendix A: Derivation for Eqs. (18) and (20)

The derivation of Eq. (18) is straightforward but tedious.
Here we give some outlines of the derivation. Starting from
the initial state Eq. (17) and after each spin influenced by the
local dephasing environments, the dynamical state at time ¢ is
governed by Eq. (9). For spin-1/2 system and in the tensor

L= fo)er

4D -

the dynamical state at time ¢ can be written as

basis

1 1 —2I'(¢t)
> 00 5¢
0 00 0
Pan(t) = 0 00 0 Al
L orw 1
Z 00 -
2° 2
The partial transpose matrix with respect to subsystem A is
1
= 0 0 0
2 1
. 0 0 e 0
pTA (1) = . (A2
" 0 Le2rn o o
1
0 0 0 =
2
which has eigenvalues
1
== 2-fold;
Jo=3. o

1
A= ii e 2 singlet,

that is, Ay is two-fold-degenerate and Ay are not degener-
ate. Thus, the negativity is A{;—p) = e~2'") /2. Following
this process, we can in principle obtain the negativity of more
higher dimensional systems. For example when s = 1, the cor-

responding partial transpose matrix has 9 eigenvalues:
1

o=~

3-fold;
3’ ©

1
Aoy = 3 e 2@ 2-fold;

1
Aty = ig e 80 singlet.
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Thus the negativity is

For s = 3/2, the corresponding partial transpose matrix
has 16 eigenvalues:

1
=- 4-fold;
Jo= 7, o
L org
Ar1 = iZ e , 3-fold;
1 sr
7Li2 = iz € s 2—f01d;
L _wsre) o
Az = iz e , singlet.
Therefore, the negativity is
3 2 1
N = e 2(0) L 2 —80() |~ o —18L(1)
(d=4) 4 + 4 + 1 e

Through the above derivation, we can summarize the fol-
lowing rules. For spin-S or equivalently d = 2s + 1 dimen-
sional systems, the corresponding partial transpose matrix has
total d” eigenvalues. Apart from the d-fold degenerate Ao, the
other eigenvalues are paired in positive—negative forms. Thus,
there are total sd negative eigenvalues. We can compactly ex-

press these negative eigenvalues as

)Lfn _ _l 672n21"(1)

p ) (A3)

withn=1,2,...,(d —
Therefore, the negativity for this d-dimensional system is

1). The degeneracy for A_, is (d —n).

d—1 —
A=Y [Aal(d—n)

n=1 n=1

52
e 2n=I(t)

)

in agreement with Eq. (18). We have justified this rule for
dimensions up to d = 6.

The derivation for Eq. (20) can be done in the same way
as above, but note that only spin A is influenced by the de-
phasing environment. In fact, we find that the corresponding
partial transpose matrices have a similar distribution of eigen-
values as mentioned above, but they only require to halve the
exponentials in all the above eigenvalues. For example, all the
negative eigenvalues for d-dimensional systems can now be
expressed as

)“—n e _leinzr(t)

e T, (Ad)

where n =1,2,...,(d — 1) and the degeneracy for A_, is still

(d —n). Thus, the negativity in this case becomes
d—1 -

JVd—ZMﬂd n) =

n= n=1

(1)

)

which is in agreement with Eq. (20).
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