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New generating function formulae of even- and odd-Hermite
polynomials obtained and applied in the context of quantum optics∗
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By combining the operator Hermite polynomial method and the technique of integration within an ordered product of
operators, for the first time we derive the generating function of even- and odd-Hermite polynomials which will be useful
in constructing new optical field states. We then show that the squeezed state and photon-added squeezed state can be
expressed by even- and odd-Hermite polynomials.
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1. Introduction
It is common knowledge that Hermite polynomials Hn(x)

are widely used in quantum mechanics, mathematical physics,
nucleon physics, and quantum optics; for example, Hn(x) are
the wave function of quantum harmonic oscillator and the
eigenfunction of fractional Fourier transformation. Mathemat-
ically, Hermite polynomials can be defined from their generat-
ing function

∞

∑
n=0

tn

n!
Hn(x) = e2tx−t2

. (1)

One can see from some mathematical handbooks that
∞

∑
n=0

1
(2n)!

H2n(x) =
1
e

cosh2x,

∞

∑
n=0

1
(2n+1)!

H2n+1(x) =
1
e

sinh2x. (2)

Then, an interesting question naturally arises: what are the
summation formulae for the even-Hermite polynomials (since
Hn(−x) = (−1)nHn(x))

∞

∑
n=0

tn

n!
H2n(x) =? (3)

and odd-Hermite polynomials
∞

∑
n=0

tn

n!
H2n+1(x) =? (4)

And, what is
∞

∑
n=0

tn

n!
H2n+l(x) =?

Are there some physical applications of these summation for-
mulae? To our knowledge, these formulas have not been

reported in the literature before, so in this paper we tackle
them by combining the operator-Hermite-polynomial method
(OHPM) and the technique of integration within an ordered
product (IWOP) of operators.[1–3] In Section 2 we briefly re-
view the OHPM. In Sections 3 and 4 we derive the generat-
ing function of even H2n(x) and odd H2n+1(x), respectively.
In Section 5 we deduce the generating function of H2n+l(x),
where l is a positive integer. In Section 6 we derive new expan-
sion of the squeezed state and the photon-added squeezed state
in terms of H2n+l(X), where X is understood as the optical
field’s quadrature in quantum optics theory. This exhibits that
the quantum mechanical operator-ordering method can solve
some difficult problems in mathematical physics.

2. Brief review the operator Hermite-polyno-
mial method
The so-called quantum mechanical operator-Hermite-

polynomial method replaces the ordinary Hermite polyno-
mial Hn(x) by Hn(X), X is the coordinate operator, X =

(a+a†)/
√

2, [a,a†] = 1, [X ,P] = ih̄, P= (a−a†)/
√

2i. Since
the normally ordered form of Hn(X) has been given by[4–6]

Hn(X) = : (2X)n := :
√

2n(a+a†)n :, (5)

which is a power function within the normal ordering sym-
bol : :, within : : the creation operator a† is commutable with
the annihilation operator a, we have much convenience in
handling : Xn : than tackling with Hermite-polynomials. In
Ref. [7] we have also derived the inverse relation of Eq. (5);
that is,

Xn = (2i)−n : Hn(iX) : . (6)
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Equations (5) and (6) are the core formulae of the OHPM, and
are also useful when studying the properties of function Hn(x).
For instance, using Eq. (5) we have Hn(−X) = : (−2X)n :=
(−1)nHn(X), and using Baker–Hausdorff formula we can pro-
ceed

∞

∑
n=0

1
(2n)!

H2n(X)

=
∞

∑
n=0

1
(2n)!

: (2X)2n :

= : cosh(2X) :=
1
2
(: e

√
2(a+a†) : + : e−

√
2(a+a†) :)

=
1
2
(e
√

2(a+a†)/e + e−
√

2(a+a†)/e)

=
1
e

cosh2X , (7)

so equation (2) is proved. There is another formula that we
will use shortly

Hn( f X) = (
√

1− f 2)n : Hn

(
f X√

1− f 2

)
:, f 6= 1, (8)

which can be derived as follows:
∞

∑
n=0

tn

n!
Hn( f X)

= e2t f X−t2

= e
√

2t f (a+a†)−t2

= : e−t2(1− f 2)+
√

2t f (a+a†) :

= : exp

[
−t2(1− f 2)+2t

√
(1− f 2 f X√

1− f 2

]
:

= :
∞

∑
n=0

(t
√

1− f 2)n

n!
Hn

(
f X√

1− f 2

)
: (9)

by comparing the two sides of this equation we can obtain
Eq. (8).

3. The generating function of even H2n(x)2n(x)2n(x)

According to OHPM and using Eq. (5) we consider

∞

∑
=0

tn

n!
H2n(X) =

∞

∑
n=0

tn

n!
22n : X2n := : e4tX2

:, (10)

then we use the IWOP form of the coordinate representation∫
∞

−∞

dx |x〉〈x|= :
∫

∞

−∞

dx√
π

e−(x−X)2
: = 1, (11)

where

|x〉= π
−1/4 exp

[
−x2

2
+
√

2xa†− 1
2

a†2
]
|0〉 , (12)

we can deduce

eλX2
=
∫

∞

−∞

dxeλX2 |x〉〈x|

=
∫

∞

−∞

dx√
π

: exp
[
− (1−λ )x2 +

√
2x(a+a†)

− 1
2
(a+a†)2

]
:

=
1√

1−λ
exp
[

λa†2

2(1−λ )

]
exp
[
−a†a ln(1−λ )

]
× exp

[
λa2

2(1−λ )

]
=

1√
1−λ

: exp
[

λ

1−λ
X2
]

:, (13)

so

: e4tX2
:=

1√
1+4t

exp
(

4t
1+4t

X2
)
, (14)

then
∞

∑
n=0

tn

n!
H2n(X) =

1√
1+4t

exp
(

4t
1+4t

X2
)
. (15)

Changing X back to x we have the generating function of even
H2n(x)

∞

∑
n=0

tn

n!
H2n(x) =

1√
1+4t

exp
(

4t
1+4t

x2
)
. (16)

One can see that the above approach is concise and neat.

4. The generating function of odd H2n+1(x)2n+1(x)2n+1(x)

According to OHPM we replace H2n+1(x) by H2n+1(X),
using Eqs. (5) and (13) we consider

∞

∑
n=0

tn

n!
H2n+1(X) =

∞

∑
n=0

tn

n!
22n+1 : X2n+1 :

= : 2X e4tX2
:

= :
√

2(a+a†)e4tX2
:

=
√

2a† : e4tX2
: +
√

2 : e4tX2
: a

=

√
2√

1+4t

(
a† exp

(
4t

1+4t
X2
)

+ exp
(

4t
1+4t

X2
)

a
)
. (17)

As a result of Baker–Hausdorff formula

egX2
ae−gX2

= eg(a+a†)2/2ae−g(a+a†)2/2

= a+
g
2
[
a†2 +2a†a,a

]
+ · · ·

= a−ga†−ga+ · · ·
= a−

√
2gX . (18)

It then follows that

exp
(

4t
1+4t

X2
)

a

= exp
(

4t
1+4t

X2
)

aexp
(
− 4t

1+4t
X2
)

exp
(

4t
1+4t

X2
)
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=

[
a−
√

2
4t

1+4t
X
]

exp
[

4t
1+4t

X2
]
. (19)

Substituting Eq. (19) into Eq. (17) yields

∞

∑
n=0

tn

n!
H2n+1(X)

=

√
2√

1+4t

(
a† +a−

√
2

4t
1+4t

X
)

exp
[

4t
1+4t

X2
]

=
2

(1+4t)3/2 X exp
(

4t
1+4t

X2
)
. (20)

Changing X back to x we have the generating function of odd
H2n+1(x)

∞

∑
n=0

tn

n!
H2n+1(x) =

2x
(1+4t)3/2 exp

(
4t

1+4t
x2
)
, (21)

we think that equations (16) and (21) should appear in later
mathematical handbooks because they are fundamental and
useful.

5. The generating function of H2n+l(x)2n+l(x)2n+l(x)

Now, we hope to tackle ∑
∞
n=0tnH2n+l(x)/n! to unite

Eqs. (16) and (21), l = 0,1,2,3 . . ., still we consider the op-
erator

∞

∑
n=0

tn

n!
H2n+l(X) =

∞

∑
n=0

tn

n!
: 22n+lX2n+l := 2l : X l e4tX2

:

=
√

2l : (a+a†)l e4tX2
:

=
√

2l
l

∑
k=0

(
l
k

)
a†k : e4tX2

: al−k. (22)

Then, using Eqs. (13) and (19) we obtain

∞

∑
n=0

tn

n!
H2n+l(X)

=

√
2l

√
1+4t

l

∑
k=0

(
l
k

)
a†k exp

(
4t

1+4t
X2
)

al−k

× exp
(
−4t

1+4t
X2
)

exp
(

4t
1+4t

X2
)

=

√
2l

√
1+4t

l

∑
k=0

(
l
k

)
a†k(a− 4

√
2t

1+4t
X)l−k

× exp
(

4t
1+4t

X2
)
. (23)

Due to the operator identity

(µa+υa†)n

=

(
−i
√

µυ

2

)n

: Hn

(
i
√

µ

2υ
a+ i

√
υ

2µ
a†
)

:, (24)

we can express (a− (4
√

2t)/(1+4t)X)l−k as(
a− 4

√
2t

1+4t
X

)l−k

=

(
1

1+4t
a− 4t

1+4t
a†
)l−k

=

(
−i
√
−2t

1+4t

)l−k

: Hl−k

×

(
i

√
1
−8t

a+ i
√
−2ta†

)
: . (25)

Substituting Eq. (25) into Eq. (23) leads to

∞

∑
n=0

tn

n!
H2n+l(X)

=

√
2l

√
1+4t

l

∑
k=0

(
l
k

)(
−i
√
−2t

1+4t

)l−k

× : a†kHl−k

(
i

√
1
−8t

a+ i
√
−2ta†

)

× : exp
(

4t
1+4t

X2
)
. (26)

To proceed, we must have a new binomial theorem re-
garding the Hermite polynomial, we shall make summation
∑

m
l=0
(m

l

)
ylqm−lHm−l(x), for this aim, we replace Hm−l(x) by

Hm−l(X) and consider

m

∑
l=0

(
m
l

)
ylqm−lHm−l(X)

=
m

∑
l=0

(
m
l

)
yl(2q)m−l : Xm−l := : (2qX + y)m : . (27)

By multiplying both sides ∑
∞
m λ m/m! from the left and making

the summation we have
∞

∑
m=0

λ m

m!

∞

∑
l=0

(
m
l

)
ylqm−lHm−l(X)

=
∞

∑
m=0

λ m

m!
: (2qX + y)m := : eλ (2qX+y) : . (28)

Using Baker–Hausdorff formula and Eq. (1) we see that

: eλ (2qX+y) : = exp
[

2λq(X +
y

2q
)−λ

2q2
]

=
∞

∑
m=0

(λq)m

m!
Hm

(
X +

y
2q

)
. (29)

Comparing Eqs. (28) and (29) we obtain a new operator iden-
tity

m

∑
l=0

(
m
l

)
ym−lqlHl(X) = qmHm

(
X +

y
2q

)
. (30)

Returning X → x, we deduce a new binomial theorem about
Hl(x)

∞

∑
l=0

(
m
l

)
ym−lqlHl(x) = qmHm

(
x+

y
2q

)
. (31)

Now, we continue to discuss Eq. (26), using Eq. (31) it be-
comes

∞

∑
n=0

tn

n!
H2n+l(X)
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=

√
2l

√
1+4t

:
(
−i
√
−2t

1+4t

)l

× Hl

(
i

√
1
−8t

a+
a†

−i2
√
−2t

)
: exp

(
4t

1+4t
X2
)

=

√
2l

√
1+4t

(
−i
√
−2t

1+4t

)l

: Hl

(
iX

2
√
−t

)
× : exp

(
4t

1+4t
X2
)
, (32)

where

: Hl

(
iX

2
√
−t

)
:=
(

4t +1
4t

)l/2

Hl

(√
1

4t +1
X

)
, (33)

which is the result of using Eq. (8). Substituting Eq. (33) into
Eq. (32) leads to

∞

∑
n=0

tn

n!
H2n+l(X)

=

√
2

l

√
1+4t

( √
2t

1+4t

)l(
4t +1

4t

)l/2

× Hl

(√
1

4t +1
X

)
exp
(

4t
1+4t

X2
)

=
1

(
√

1+4t)l+1
Hl

(√
1

4t +1
X

)
exp
(

4t
1+4t

X2
)
. (34)

Replacing X → x, we obtain the formula about the generating
function of H2n+l(x)

∞

∑
n=0

tn

n!
H2n+l(x)

=
1

(
√

1+4t)l+1
Hl

(√
1

4t +1
x

)
exp
(

4t
1+4t

x2
)
. (35)

In particular, for l = 0, and l = 1, since H0(x) = 1, H1(x) = 2x,
equation (34) respectively reduces to Eqs. (16) and (21). For
l = 2, and l = 3,

H2(x) = 4x2−2, H3(x) = 8x3−12x, (36)

from Eq. (35) we have

∞

∑
n=0

tn

n!
H2n+2(x) =

4x2−8t−2
(4t +1)5/2 exp

(
4t

1+4t
x2
)
,

∞

∑
n=0

tn

n!
H2n+3(x) =

8x3−12x−48tx
(1+4t)7/2 exp

(
4t

1+4t
x2
)
. (37)

6. Physical applications
Theoretically, we introduce a new optical state in the Fock

space

| 〉t =
√

1−16t2
∞

∑
n=0

tn

n!
H2n(X)|0〉, (38)

where X is now understood as optical field’s quadrature. Using
Eq. (10) we know

| 〉t =
√

1−16t2 : e4tX2
: |0〉=

√
1−16t2 e2ta†2 |0〉, (39)

which is a normalized squeezed state, since

t 〈 | 〉t = (1−16t2)〈0| e2ta2
e2ta†2 |0〉= 1, (40)

where we have used the operator identity

e f a2
ega†2

=
1√

1−4 f g
exp
[

ga†2

1−4 f g

]
× exp[−a†a ln(1−4 f g)]exp

[
f a2

1−4 f g

]
. (41)

Combining Eqs. (39) and (41) we see√
1−16t2 e2ta†2 |0〉=

√
1−16t2

∞

∑
n=0

tn

n!
H2n(X)|0〉. (42)

Let t = (1/4) tanhλ , equation (42) becomes

sech1/2
λ ea†2 tanhλ/2|0〉

= sech1/2
λ

∞

∑
n=0

(tanhλ )n

4nn!
H2n(X)|0〉, (43)

this shows that a squeezed state can also be expanded as the
sum of H2n(X)|0〉, the Hermite-polynomial H2n(X) excitation
of the vacuum state. One may compare this with the ordinary
expansion in terms of the even-number Fock state

sech1/2
λ ea†2 tanhλ/2|0〉

= sech1/2
λ

∞

∑
n=0

(tanhλ )n
√

(2n)!
2nn!

|2n〉 . (44)

Using Eq. (42) we can directly obtain the wave function

sech1/2
λ 〈x| ea†2 tanhλ/2|0〉

= sech1/2
λ

∞

∑
n=0

(tanhλ )n

4nn!
H2n(x)e−x2/2

= e−λ/2 exp
[

tanhλ −1
2(1+ tanhλ )

x2
]
. (45)

Similarly, we construct the state

|ψ〉 ≡
∞

∑
n=0

tn

n!
H2n+l(X)|0〉

=
√

2l
l

∑
k=0

(
l
k

)
a†k : e4tX2

: al−k|0〉

=
√

2la†l e2ta†2 |0〉, (46)

which is the photon-added squeezed state. We directly know
the wave function of |ψ〉

ψ(x) =
√

2l 〈x|a†l e2ta†2 |0〉
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=
∞

∑
n=0

tn

n!
H2n+l(x)

=
1

(
√

1+4t)l+1
Hl

(√
1

4t +1
x

)

× exp
(

4t
1+4t

x2
)
. (47)

In summary, we have derived for the first time the gener-
ating function of even- and odd-Hermite polynomials, which
will be useful in constructing new optical field states. We be-

lieve that these new fundamental formulae will appear in math-
ematical handbooks in the near future.
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