Chin. Phys. B Vol. 23, No. 6 (2014) 060201

A novel hierarchy of differential—integral equations and
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With the aid of the zero-curvature equation, a novel integrable hierarchy of nonlinear evolution equations associated
with a 3 x 3 matrix spectral problem is proposed. By using the trace identity, the bi-Hamiltonian structures of the hierarchy
are established with two skew-symmetric operators. Based on two linear spectral problems, we obtain the infinite many
conservation laws of the first member in the hierarchy.
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1. Introduction

The theory of an integrable system has always been one
of the most intriguing research fields in theoretical physics
and applied mathematics. One of the key features of an in-
tegrable system is that it possesses a Lax representation (i.e.,
a compatibility condition of two linear spectral problems),
which enables one to solve it by using the inverse scatter-
ing transformation, ! the algebra-geometric method, >~®! the
Darboux transformation,7-1%1 and others.[! =161 However, be-
sides some well-known models, such as KdV, AKNS, KP,
Camassa—Holm, Boussinesq, Toda lattice, Ablowitz—Ladik
equations, and others, the integrability of many nonlinear evo-
lution equations is still an open problem in the study of inte-
grable systems. Therefore, it is interesting to search for new
integrable systems and to establish their Hamiltonian struc-
tures for further investigation.!!7-201

In this paper, we propose a novel hierarchy of nonlin-
ear evolution differential-integral equations associated with a
3 x 3 matrix spectral problem, as described in Section 2. The
first nontrivial member can be reduced to the following non-
linear evolution equation

U = —Uxx +UV+ uzw,

ve = —(uw); + 2(uwy )y,
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In Section 3, the generalized bi-Hamiltonian structures for the
nonlinear evolution hierarchy are established by utilizing the
trace identity. Especially, the two skew-symmetric operators
and the Hamiltonian functions are explicitly given. In the last
section, we obtain the infinite many conservation laws of the
first nontrivial equation in the hierarchy by considering the two
linear spectral problems associated with it.

2. The nonlinear evolution equations

In this section, we first introduce a 3 x 3 matrix spectral

problem
Yi 0 10
ve=Uy, y=|w|, U=|v-2 0 u], (2
Y3 0 w 0

where u, v, w are three potentials, and A is a constant spectral
parameter. Then, we derive a hierarchy of the nonlinear evolu-
tion equations associated with the matrix spectral problem (2).
In order to derive the corresponding nonlinear evolution hier-
archy, we define two sets of Lenard recursion equations

KSjZJSj+1, j>0, Sj|(u,v,w):0:O> j>1,
Kfj:ijJrlv 1207 §j‘(u,v,w)=0:0a j>1, 3)

with the starting points s = (1,0,0,w)T, §o = (0,1,0,0)T, and

Wyt = Wygr — VWy — UWWy. (1)  the two operators given by (dd~! =97 19 =1)
|
Jdu+2ud 3u 9% — v+ 2uw 0
K— Iv+vd —ud~vw 9% —ud'wd vw ud~lv @
| 2w+ hvw 3w+ wa —2w? d—o |’
% +uw 20 ow+wd —u
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0 0 —1 0 ot Suw
20 —ud~'w 0 w ud ™! 22 0
J == —1 -1 . (5) 1 3 3
J w 0 0 —d 51— _ZLVX_Z“W“H— Zuxw § = 3uw (6)
> +uw 20 Ow+wd —u = i L I 7 I
X
3w
Thus we can uniquely determine the sequences s; and §;, for va — Wyx + Euw2 ’
example
|
1 n 3 2 3 n 3,, 1 n 1
—=v VI —UVW + SUWT — — U W — —uw, —UW
8 XX 8 4 8 (2) 8 XX 8 XX 2 XX
— )
§2 = § ; 2 ; ) > @)
Uyxx — 2uxv— 4uvx—4uuxw+4u Wy
e
2
\%3 :bx—|—(v—7L)a, Vo =ax+b+we, Vi3 =cy+ua,
Suwy ), Vi1 =0 'wb, — 9 W(d —wa) + A9~ (d — wa),
o | = 3uew = 3uwy + 3uvw + 3uw _
2 = 3uxx—3uv—3u2w s )] Viz = _ax_Zb_ch (11)
—3Wyxx + 3vwy + 6uwwy
where
where had :
- bicid LTI
o | 3 15 15 5 (a,b,c,d) ;)(aj,bj,c/,dj)), .
S = vax - gvvx - Ruxxxw + Ruwxxx + Ruxxwx J=
9 3 The substitution of Eq. (11) into Eq. (10) yields
— —UWyy + —UVW + — UV W
16 8 8
9 15 , 15, KS;=JSjy1, j=20, JSo=0, (12)
— guvwx—i— guuxw — ?M WWy,
@ 1 3 3 3, where S; = (a;,bj,cj,d;)T. Since equation JSy = 0 has the
52 T W SVXXW 4wax ZVWM—i_ 8V v solution
1 , 1 19
— — U W — —UWWy — — UWW .
g 4 g So = Cos0 + 0o, (13)
— guwz + éuvwz + §u2w3
X N . .
4 4 8 then the functions §; given by
Now, we are in a position to solve the stationary zero-
curvature equation S; = osj+ s, (14)
Vit Viz Vi3 . . . . .
satisfy the recursion equation (12), where ¢ and & are arbi-
Ve—[U,V]=0, V=V Vo Vo3, ©)
trary constants.
Var Va2 Vi Let y satisfy the spectral problem (2) and the auxiliary
which is equivalent to problem
Vitg+(v—=24)Vi2 = V21 =0, ) ) 0
Viga+ Vil —Vay +wVi3 =0 i Ve Vs
12, 11—V 13 =10, n
' i, =VOy, VO = [y oyl o (1)
Vizx+uVip — Va3 =0,
V(") V(") V(”)
Varx+v(Voo = Vi) —uVa1 — A (Voo — Vi1) =0, 3Tz s
Vaox + Va1 +wVaz —vWip —uV3p + AV =0, where Vlgn) = (A"Vjj)+. Then, the compatibility condition of
Vos x+u(Vao —Va3) — (v —A4)Vi3 =0, Egs. (2) and (15) yields the zero-curvature equation,
V31x+ Va2 —wVa —AV3 =0, ) "
U,—Vy' +[U,VWW] =0,
Vaox+w(Vaz —Va2) + V31 =0,
Vazx +uVaa —wVp; = 0. (10)  which is equivalent to a hierarchy of nonlinear evolution equa-
Let tions
Vii=b, Vip=a, Viz=c, Vi=d, (g, Vi s wy,) T = P(KSy) = P(JSps1), n>0,  (16)
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where P is the projective map

PP Y N = (AT

The first nontrivial member in the hierarchy (16) is as follows:

1
w, = Z(XQ(—4Mxxx + 61y + 3uvy + Quiw — 3uPwy)

+ 300 (—uxx +uv+ uzw),
v, = %ao [—Vixx + 6V + 6uv,w + 3 (W)
—3ud vw+ 3u371w(uwx)x —3u0™! w(uw)y]
+ 30[(uw)xx — Wy —ud~ wuw),],
wy, = %%[_4Wxxx —
+307!

+ 360wy — uw? — 9~

—3(uwyr)x

ww+ud "ty
3vew+ 6vw, — 3uxw2 + Yuww,

VW — 3871w(uwx)x + 3371w(uxw)x]
Yowye 407 tw(uw),]. (17)

As o =0, & =1/3,1 =t, equation (17) is reduced to
U = —Uyy +Uv+ uzw,
Vi = (uw) e — ww+ud " vwy — ud w(uw),,

wt:wxxfuwzfa_lvwar(?_lw(uw)x, (18)

which is equivalent to Eq. (1). For o =4, g = 0,1, =1, equa-
tion (17) turns into

U = —4umx+6uxv+3uvx+9uuxw—3u2wx,
vi = —(uw) + (—ve + 392 — upw + duewy — Tuwy,
+ 6uvw + 3P w?),,
Wy = —4Wrpor + 3V + 6V
+ 6u(wwy)x + 3wy (uw)y. (19)

3. The generalized bi-Hamiltonian structures

This
Hamiltonian structures of Eq. (16) by trace identity

656/ BEIAW
Su’ 6v' 6w ar )

2o () e () e (224)]

To this end, we need to calculate the following quantities:

U U
tr (Va)L> =—Vip, tr (auv> = V3,

section aims to derive the generalized bi-

[21]

tr 87UV =Vip, tr a—UV = V3. 21
v ow ‘
%ua’lu
H = %au—i—uﬁ_lv— ud tuw
8—8’1v+;8’1uw %wa’lu

Substituting Eq. (21) into Eq. (20) for & =0 and o =0

6 0 6
<6u’5v’5w) /(—Vlz lag=0) dx

0
- )L_YIﬁMI (V32,V12,V23) | =0 (22)
6 6 6
(530 [ Vil
0
— A‘hﬁlh(vszavlLVB) ‘Oﬁ():o’ (23)

where 71 and 7 are two constants to be fixed, we obtain

§ &6 6
<8u’5v’5w>/(_vlz’j+l |ap=0) dx

= (1 —J) (V32,,V12.,V23,7) lag=0, J =0, (24)

6 6 O :
<5u’6v’6w) / (=Vi2,j+1 lag=0) dux

= (1 —J) (V32,,V12,,V23,7) lap=0, J >0, (25)

by, respectively, comparing the coefficients of Egs. (22) and
(23) with respect to the same power for A, where

an—l
Viji= W ,, |k =0 -

Thus we can easily get that 93 = —1/2 and 95 = 0. Therefore,

we arrive at

8 6 o
(614;6‘},6W>Hj:(V32.,j7V12,j7V23,j)a

200
= dex—&-—/Hldx 26)

from which we obtain the generalized bi-Hamiltonian struc-
tures of Eq. (16)

Uy, 0/0u
v, | = | 8/8v | Hy
Wi, o/0w
6/0u
= 7| 8/8v | Hypr, n>1, 27
o/0w

where %" and _¢# are two skew-symmetric operators defined
by

1 —1 1 ~1

2u8—|—v8 u 2uw8 u
T I3 | (28)
K32 H33
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0 0 lu —0~!
J = wd ' 20—ud 'w—wd'u wo |, (29)
_9—! 9w 0
\
with + (v+uw)gi o, j>3. (32)
Hz = d—vd '+ %uwa*1 — %ua”m On the other hand, from the auxiliary problem (15), we
1y | | have
gy = —=0°+dv+vd —ud vyw—vwd 'u
2= Vie _ 4y o) [1(¢x+¢2)_ v—/l} a3
1 1 1 .
+ 5(92W8_1u+ §u8_1w82—§u8_1w8w8_1 Vi “
Denoting

1 1 1
Sy = f§8w+vw8_l + Euc?_lwz - 582w8_1

1
+ Eua_lwawa_l,

1 1 1
Sy = 75w8+a—1vw+ sza_luf ia_lwaz
1
+ 58_1w8w8_1
1 3 1 1
Hy = _sza_l + Ewa_lw— Ea_lwawa_l - Ea_lwz‘

For example, the first nontrivial Hamiltonian function reads as

H / LI SR
1 = Op V MVW 4MW IZMMW

1
lzuwxx—i— 3uxwx) dx—i—SOtQ/uwxdx

4. Infinite many conservation laws

In this section, we shall derive infinite many conservation
laws for Eq. (17). Defining ¢ = w1 /i, from the spectral
problem (2), we arrive at the Riccati equation

03000+ 07— =9+ 6?)

UyV Uy

— (vtuw—A)p=v,— —+A1—. (30)
u u
Let A = —n?. By inserting the ansatz
o=Y om’ 31

j=1

into Eq. (30) and comparing the coefficients of A with the
same power, we obtain the expressions of ¢;, which can be
listed as follows:

p1=1, ¢=0, ¢ = (V+MW)
1 1 3
¢2 = 7Vx ZMxW - Zuwxa
¢ + + 2wt ] 1( +uw)?
= —y “UW + ZUyW, SUWxx — 5 (VT uw
3 3 XX g XX ) xWx 3 XX 3 4
Jj—1
20j=—j20—3 ), HGj21x— Y, Ofudn
I=—1 l+m+n=j-2
—1<lm;n<j

Uy =l
t <¢j2,x+ Y ¢1¢j21>
=1

n n n 1 V—l
9:V1(1)+V1<2)¢+V1(3)[u(¢x+¢2)— L },

since
Qllll,x _ 2
g v J
we obtain
9 = 6. (34)
Noting thatn =1,
1 3 3 . N
Vl(ll) =0y —-v,— 7uwx+ — U W +3a0MW+aOA,,
4 4 4
m_ 1
Vip' = 3 00(v+uw) + aol,
VA — ety — 360, (35)

and expanding 6 into the following series of A
6 =—aon’ —aon’+Y 617, (36)
j=1
we can obtain the expressions of 6; immediately from Eq. (34)

UpxW + < UxWy

3 1
0 = o {8(v+uw)2 — ngx -3 5 - 8uwxx}

+ 3puwy,

2
|

1 u N
= E(XO(V‘FMW)‘Pj — 02— (ao;x +3ao)

1
X <¢j,x+ Y ¢z¢j1>, j=L (37)
1=

The coefficients ¢; and 6; in the expansion series of ¢ and
0 are called conservation densities and currents respectively.
The first conservation law for Eq. (17) is

1 3 1 1
E(v—&—uw)t = o [g(v—l—uw)2 =gV T gl
7 .
+ MW — guW”L + 380 (uwy)x. (38)

Furthermore, we can conclude that the Hamiltonian function
H, is a conserved quantity included in the conserved quantities
J¢jdx, j > 1, since

Hy = —20 / 03 dx— 6 / dr . (39)

060201-4



Chin. Phys. B Vol. 23, No. 6 (2014) 060201

5. Conclusion

In this paper, we have introduced a 3 x 3 matrix spec-
tral problem with three potentials, by which a novel hierar-
chy of differential-integral equations is proposed. Based on
trace identity and the Riccati equation of the eigenfunctions,
we have established the generalized bi-Hamiltonian structures
of this hierarchy and derive infinite many conservation laws.
The first nontrivial equation (1) in the hierarchy is in itself in-
teresting and is of potential applied value. In respect that the
hierarchy of nonlinear evolution equations are less known, it
remains open to question whether they have soliton solutions,
Béculund transformations, Darboux transformation, or other
properties. Any further study involved in the equations can
help us to explore new integrable systems and investigate the
integrable systems that are already known.

References

[1] Ablowitz M J and Clarkson P A 1991 Solitons, Nonlinear Evolution
Equations and Inverse Scattering (Cambridge: Cambridge University

[2]

[3]
[4]

[5]

[6]
[7]

[8]

[9]
[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]
[18]
[19]
[20]
[21]

060201-5

Press)

Ablowitz M J, Kaup D J, Newell A C and Segur H 1974 Studies Appl.
Math. 53 249

Dubrovin B A 1981 Russian Math. Surveys 36 11

Gesztesy F and Holden H 2003 Soliton Equations and Their Algebro-
Geometric Solutions (Cambridge: Cambridge University Press)
Belokolos E D, Bobenko A I, Enolskii V Z, Its A R and Matveev V B
1994 Algebro-Geometric Approach to Nonlinear Integrable Equations
(Berlin: Springer)

Geng X G, Wu L H and He G L 2013 J. Nonlinear Sci. 23 527
Matveev V B and Salle M A 1991 Darboux Transformations and Soli-
tons (Berlin: Springer)

Levi D and Ragnisco O 1988 Inverse Problems 4 815

Geng X G and Lii Y Y 2012 Nonlinear Dyn. 69 1621

Hu HC, Lou S Y and Liu Q P 2003 Chin. Phys. Lett. 20 1413

ZhuJ Y and Geng X G 2013 Chin. Phys. Lett. 30 080204

Su T, Dai H H and Geng X G 2013 Chin. Phys. Lett. 30 060201

Qu CZ, Yao R X and Li Z B 2004 Chin. Phys. Lett. 21 2077

Lenells J 2012 Physica D 241 857

Geng X G and Xue B 2011 Adv. Math. 226 827

Lundmark H and Szmigielski J 2003 Inverse Problems 19 1241

He G L and Geng X G 2012 Chin. Phys. B 21 070205

He GL,Zhai Y Y and Geng X G 2013 J. Math. Phys. 54 083509
Huang D J, Zhou S G and Yang Q M 2011 Chin. Phys. B 20 070202
Yan Z 'Y and Zhang H Q 2001 Acta Phys. Sin. 50 1232 (in Chinese)
Tu G Z 1990 J. Phys. A: Math. Gen. 23 3903


http://dx.doi.org/10.1070/RM1981v036n02ABEH002596
http://dx.doi.org/10.1007/s00332-012-9160-3
http://dx.doi.org/10.1088/0266-5611/4/3/016
http://dx.doi.org/10.1007/s11071-012-0373-7
http://dx.doi.org/10.1088/0256-307X/20/9/301
http://dx.doi.org/10.1088/0256-307X/30/8/080204
http://dx.doi.org/10.1088/0256-307X/30/6/060201
http://dx.doi.org/10.1088/0256-307X/21/11/002
http://dx.doi.org/10.1016/j.physd.2012.01.010
http://dx.doi.org/10.1016/j.aim.2010.07.009
http://dx.doi.org/10.1088/0266-5611/19/6/001
http://dx.doi.org/10.1088/1674-1056/21/7/070205
http://dx.doi.org/10.1063/1.4819469
http://dx.doi.org/10.1088/1674-1056/20/7/070202
http://dx.doi.org/10.7498/aps.50.1232
http://dx.doi.org/10.1088/0305-4470/23/17/020

	1. Introduction
	2. The nonlinear evolution equations
	3. The generalized bi-Hamiltonian structures
	4. Infinite many conservation laws
	5. Conclusion
	References

