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With the aid of the zero-curvature equation, a novel integrable hierarchy of nonlinear evolution equations associated
with a 3×3 matrix spectral problem is proposed. By using the trace identity, the bi-Hamiltonian structures of the hierarchy
are established with two skew-symmetric operators. Based on two linear spectral problems, we obtain the infinite many
conservation laws of the first member in the hierarchy.
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1. Introduction

The theory of an integrable system has always been one
of the most intriguing research fields in theoretical physics
and applied mathematics. One of the key features of an in-
tegrable system is that it possesses a Lax representation (i.e.,
a compatibility condition of two linear spectral problems),
which enables one to solve it by using the inverse scatter-
ing transformation,[1,2] the algebra-geometric method,[3–6] the
Darboux transformation,[7–10] and others.[11–16] However, be-
sides some well-known models, such as KdV, AKNS, KP,
Camassa–Holm, Boussinesq, Toda lattice, Ablowitz–Ladik
equations, and others, the integrability of many nonlinear evo-
lution equations is still an open problem in the study of inte-
grable systems. Therefore, it is interesting to search for new
integrable systems and to establish their Hamiltonian struc-
tures for further investigation.[17–20]

In this paper, we propose a novel hierarchy of nonlin-
ear evolution differential–integral equations associated with a
3×3 matrix spectral problem, as described in Section 2. The
first nontrivial member can be reduced to the following non-
linear evolution equation

ut =−uxx +uv+u2w,

vt =−(uw)t +2(uwx)x,

wxt = wxxx− vwx−uwwx. (1)

In Section 3, the generalized bi-Hamiltonian structures for the
nonlinear evolution hierarchy are established by utilizing the
trace identity. Especially, the two skew-symmetric operators
and the Hamiltonian functions are explicitly given. In the last
section, we obtain the infinite many conservation laws of the
first nontrivial equation in the hierarchy by considering the two
linear spectral problems associated with it.

2. The nonlinear evolution equations
In this section, we first introduce a 3× 3 matrix spectral

problem

ψx =Uψ, ψ =

ψ1
ψ2
ψ3

 , U =

 0 1 0
v−λ 0 u

0 w 0

 , (2)

where u, v, w are three potentials, and λ is a constant spectral
parameter. Then, we derive a hierarchy of the nonlinear evolu-
tion equations associated with the matrix spectral problem (2).
In order to derive the corresponding nonlinear evolution hier-
archy, we define two sets of Lenard recursion equations

Ks j = Js j+1, j ≥ 0, s j |(u,v,w)=0= 0, j ≥ 1,

Kŝ j = Jŝ j+1, j ≥ 0, ŝ j |(u,v,w)=0= 0, j ≥ 1, (3)

with the starting points s0 = (1,0,0,w)T, ŝ0 = (0,1,0,0)T, and
the two operators given by (∂∂−1 = ∂−1∂ = 1)

K =


∂u+2u∂ 3u ∂ 2− v+2uw 0

∂v+ v∂ −u∂−1vw ∂ 2−u∂−1w∂ vw u∂−1v
−2w∂ +∂−1vw −3w+∂−1w∂ −2w2 ∂ −∂−1v

∂ 2 +uw 2∂ ∂w+w∂ −u

 , (4)
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J =


0 0 −1 0

2∂ −u∂−1w 0 w u∂−1

∂−1w 0 0 −∂−1

∂ 2 +uw 2∂ ∂w+w∂ −u

 . (5)

Thus we can uniquely determine the sequences s j and ŝ j, for
example

s1 =



1
2

v+
1
2

uw

−1
4

vx−
3
4

uwx +
3
4

uxw

−ux
1
2

vw−wxx +
1
2

uw2

 , ŝ1 =


0

3uw
−3u
3wx

 , (6)

s2 =


−1

8
vxx +

3
8

v2 +
3
4

uvw+
3
8

u2w2− 1
8

uxxw− 7
8

uwxx +
1
2

uxwx

s(2)2

uxxx−
3
2

uxv− 3
4

uvx−
9
4

uuxw+
3
4

u2wx

s(4)2

 , (7)

ŝ2 =


3uwx

−3uxxw−3uwxx +3uvw+3u2w2

3uxx−3uv−3u2w
−3wxxx +3vwx +6uwwx

 , (8)

where

s(2)2 =
1

16
vxx−

3
8

vvx−
15
16

uxxxw+
15
16

uwxxx +
5

16
uxxwx

− 5
16

uxwxx +
9
8

uxvw+
3
8

uvxw

− 9
8

uvwx +
15
8

uuxw2− 15
8

u2wwx,

s(4)2 = wxxxx−
1
8

vxxw− 3
4

vxwx−
3
2

vwxx +
3
8

v2w

− 1
8

uxxw2− 1
4

uxwwx−
19
8

uwwxx

− 9
4

uw2
x +

3
4

uvw2 +
3
8

u2w3.

Now, we are in a position to solve the stationary zero-
curvature equation

Vx− [U,V ] = 0, V =

V11 V12 V13

V21 V22 V23

V31 V32 V33

 , (9)

which is equivalent to

V11,x +(v−λ )V12−V21 = 0,

V12,x +V11−V22 +wV13 = 0,

V13,x +uV12−V23 = 0,

V21,x + v(V22−V11)−uV31−λ (V22−V11) = 0,

V22,x +V21 +wV23− vV12−uV32 +λV12 = 0,

V23,x +u(V22−V33)− (v−λ )V13 = 0,

V31,x + vV32−wV21−λV32 = 0,

V32,x +w(V33−V22)+V31 = 0,

V33,x +uV32−wV23 = 0. (10)

Let

V11 = b, V12 = a, V13 = c, V32 = d,

V21 = bx +(v−λ )a, V22 = ax +b+wc, V23 = cx +ua,

V31 = ∂
−1wbx−∂

−1v(d−wa)+λ∂
−1(d−wa),

V33 =−ax−2b−wc, (11)

where

(a,b,c,d) =
∞

∑
j=0

(a j,b j,c j,d j)λ
− j.

The substitution of Eq. (11) into Eq. (10) yields

KS j = JS j+1, j ≥ 0, JS0 = 0, (12)

where S j = (a j,b j,c j,d j)
T. Since equation JS0 = 0 has the

solution

S0 = α0s0 + α̂0ŝ0, (13)

then the functions S j given by

S j = α0s j + α̂0ŝ j, (14)

satisfy the recursion equation (12), where α0 and α̂0 are arbi-
trary constants.

Let ψ satisfy the spectral problem (2) and the auxiliary
problem

ψtn =V (n)
ψ, V (n) =


V (n)

11 V (n)
12 V (n)

13

V (n)
21 V (n)

22 V (n)
23

V (n)
31 V (n)

32 V (n)
33

 , (15)

where V (n)
i j = (λ nVi j)+. Then, the compatibility condition of

Eqs. (2) and (15) yields the zero-curvature equation,

Utn −V (n)
x +[U,V (n)] = 0,

which is equivalent to a hierarchy of nonlinear evolution equa-
tions

(utn ,vtn ,wtn)
T = P(KSn) = P(JSn+1), n≥ 0, (16)
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where P is the projective map

P(γ1,γ2,γ3,γ4)T→ (γ1,γ2,γ3)T.

The first nontrivial member in the hierarchy (16) is as follows:

ut1 =
1
4

α0(−4uxxx +6uxv+3uvx +9uuxw−3u2wx)

+ 3α̂0(−uxx +uv+u2w),

vt1 =
1
4

α0[−vxxx +6vvx +6uvxw+3(uxxw)x−3(uwxx)x

− 3u∂
−1vxxw+3u∂

−1w(uwx)x−3u∂
−1w(uxw)x]

+ 3α̂0[(uw)xx−uvw+u∂
−1vwx−u∂

−1w(uw)x],

wt1 =
1
4

α0[−4wxxx−3vxw+6vwx−3uxw2 +9uwwx

+ 3∂
−1vxxw−3∂

−1w(uwx)x +3∂
−1w(uxw)x]

+ 3α̂0[wxx−uw2−∂
−1vwx +∂

−1w(uw)x]. (17)

As α0 = 0, α̂0 = 1/3, t1 = t, equation (17) is reduced to

ut =−uxx +uv+u2w,

vt = (uw)xx−uvw+u∂
−1vwx−u∂

−1w(uw)x,

wt = wxx−uw2−∂
−1vwx +∂

−1w(uw)x, (18)

which is equivalent to Eq. (1). For α0 = 4, α̂0 = 0, t1 = t, equa-
tion (17) turns into

ut = −4uxxx +6uxv+3uvx +9uuxw−3u2wx,

vt = −(uw)t +(−vxx +3v2−uxxw+4uxwx−7uwxx

+ 6uvw+3u2w2)x,

wxt = −4wxxxx +3vxwx +6vwxx

+ 6u(wwx)x +3wx(uw)x. (19)

3. The generalized bi-Hamiltonian structures
This section aims to derive the generalized bi-

Hamiltonian structures of Eq. (16) by trace identity[21](
δ

δu
,

δ

δv
,

δ

δw

)∫ (
V

∂U
∂λ

)
dx

= λ
−γ ∂

∂λ
λ

γ

[
tr
(

∂U
∂u

V
)
, tr
(

∂U
∂v

V
)
, tr
(

∂U
∂w

V
)]

. (20)

To this end, we need to calculate the following quantities:

tr
(

V
∂U
∂λ

)
=−V12, tr

(
∂U
∂u

V
)
=V32,

tr
(

∂U
∂v

V
)
=V12, tr

(
∂U
∂w

V
)
=V23. (21)

Substituting Eq. (21) into Eq. (20) for α̂0 = 0 and α0 = 0(
δ

δu
,

δ

δv
,

δ

δw

)∫
(−V12 |α̂0=0)dx

= λ
−γ1

∂

∂λ
λ

γ1(V32,V12,V23) |α̂0=0, (22)(
δ

δu
,

δ

δv
,

δ

δw

)∫
(−V12 |α0=0)dx

= λ
−γ2

∂

∂λ
λ

γ2(V32,V12,V23) |α0=0, (23)

where γ1 and γ2 are two constants to be fixed, we obtain(
δ

δu
,

δ

δv
,

δ

δw

)∫ (
−V12, j+1 |α̂0=0

)
dx

= (γ1− j)
(
V32, j,V12, j,V23, j

)
|α̂0=0, j ≥ 0, (24)(

δ

δu
,

δ

δv
,

δ

δw

)∫ (
−V12, j+1 |α0=0

)
dx

= (γ2− j)
(
V32, j,V12, j,V23, j

)
|α0=0, j ≥ 0, (25)

by, respectively, comparing the coefficients of Eqs. (22) and
(23) with respect to the same power for λ , where

Vi j,l =
∂ n−l

(n− l)!∂λ n−l V (n)
i j |λ=0 .

Thus we can easily get that γ1 =−1/2 and γ2 = 0. Therefore,
we arrive at(

δ

δu
,

δ

δv
,

δ

δw

)
H j = (V32, j,V12, j,V23, j),

H j =
2α0

2 j+1

∫
s(1)j+1 dx+

α̂0

j

∫
ŝ(1)j+1 dx, (26)

from which we obtain the generalized bi-Hamiltonian struc-
tures of Eq. (16)utn

vtn

wtn

 = K

δ/δu
δ/δv
δ/δw

Hn

= J

δ/δu
δ/δv
δ/δw

Hn+1, n≥ 1, (27)

where K and J are two skew-symmetric operators defined
by

K =


3
2

u∂−1u
1
2

u∂ + v∂−1u− 1
2

uw∂−1u K13

1
2

∂u+u∂−1v− 1
2

u∂−1uw K22 K23

∂ −∂−1v+
1
2

∂−1uw− 3
2

w∂−1u K32 K33

 , (28)

060201-3



Chin. Phys. B Vol. 23, No. 6 (2014) 060201

J =

 0 ∂−1u −∂−1

u∂−1 2∂ −u∂−1w−w∂−1u w∂−1

−∂−1 ∂−1w 0

 , (29)

with

K13 = ∂ − v∂
−1 +

1
2

uw∂
−1− 3

2
u∂
−1w,

K22 = −1
2

∂
3 +∂v+ v∂ −u∂

−1vw− vw∂
−1u

+
1
2

∂
2w∂

−1u+
1
2

u∂
−1w∂

2− 1
2

u∂
−1w∂w∂

−1u,

K23 = −1
2

∂w+ vw∂
−1 +

1
2

u∂
−1w2− 1

2
∂

2w∂
−1

+
1
2

u∂
−1w∂w∂

−1,

K32 = −1
2

w∂ +∂
−1vw+

1
2

w2
∂
−1u− 1

2
∂
−1w∂

2

+
1
2

∂
−1w∂w∂

−1u,

K33 = −1
2

w2
∂
−1 +

3
2

w∂
−1w− 1

2
∂
−1w∂w∂

−1− 1
2

∂
−1w2.

For example, the first nontrivial Hamiltonian function reads as

H1 = α0

∫ (1
4

v2 +
1
2

uvw+
1
4

u2w2− 1
12

uxxw

− 7
12

uwxx +
1
3

uxwx

)
dx+3α̂0

∫
uwx dx.

4. Infinite many conservation laws
In this section, we shall derive infinite many conservation

laws for Eq. (17). Defining φ = ψ1,x/ψ1, from the spectral
problem (2), we arrive at the Riccati equation

φxx +3φφx +φ
3− ux

u
(φx +φ

2)

− (v+uw−λ )φ = vx−
uxv
u

+λ
ux

u
. (30)

Let λ =−η2. By inserting the ansatz

φ =
∞

∑
j=−1

φ jη
− j (31)

into Eq. (30) and comparing the coefficients of λ with the
same power, we obtain the expressions of φ j, which can be
listed as follows:

φ−1 = 1, φ0 = 0, φ1 =
1
2
(v+uw),

φ2 =−
1
4

vx−
1
4

uxw− 3
4

uwx,

φ3 =
1
8

vxx +
1
8

uxxw+
1
2

uxwx +
7
8

uwxx−
1
8
(v+uw)2,

2φ j =−φ j−2,xx−3
j−1

∑
l=−1

φlφ j−2−l,x− ∑
l+m+n= j−2
−1≤l,m,n< j

φlφmφn

+
ux

u

(
φ j−2,x +

j−1

∑
l=−1

φlφ j−2−l

)

+ (v+uw)φ j−2, j ≥ 3. (32)

On the other hand, from the auxiliary problem (15), we
have

ψ1,t

ψ1
=V (n)

11 +V (n)
12 φ +V (n)

13

[
1
u
(φx +φ

2)− v−λ

u

]
. (33)

Denoting

θ =V (n)
11 +V (n)

12 φ +V (n)
13

[
1
u
(φx +φ

2)− v−λ

u

]
,

since

∂

∂t

ψ1,x

ψ1
=

∂

∂x

ψ1,t

ψ1
,

we obtain

φt = θx. (34)

Noting that n = 1,

V (1)
11 = α0

(
−1

4
vx−

3
4

uwx +
3
4

uxw
)
+3α̂0uw+ α̂0λ ,

V (1)
12 =

1
2

α0(v+uw)+α0λ ,

V (1)
13 =−α0ux−3α̂0u, (35)

and expanding θ into the following series of λ

θ =−α0η
3− α̂0η

2 +
∞

∑
j=1

θ jη
− j, (36)

we can obtain the expressions of θ j immediately from Eq. (34)

θ1 = α0

[
3
8
(v+uw)2− 1

8
vxx−

1
8

uxxw+
1
2

uxwx−
7
8

uwxx

]
+ 3α̂0uwx,

θ j =
1
2

α0(v+uw)φ j−α0φ j+2−
(

α0
ux

u
+3α̂0

)
×

(
φ j,x +

j+1

∑
l=−1

φlφ j−l

)
, j ≥ 1. (37)

The coefficients φ j and θ j in the expansion series of φ and
θ are called conservation densities and currents respectively.
The first conservation law for Eq. (17) is

1
2
(v+uw)t = α0

[3
8
(v+uw)2− 1

8
vxx−

1
8

uxxw

+
1
2

uxwx−
7
8

uwxx

]
x
+3α̂0(uwx)x. (38)

Furthermore, we can conclude that the Hamiltonian function
H1 is a conserved quantity included in the conserved quantities∫

φ j dx, j ≥ 1, since

H1 =−2α0

∫
φ3 dx−6α̂0

∫
φ2 dx. (39)
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5. Conclusion
In this paper, we have introduced a 3× 3 matrix spec-

tral problem with three potentials, by which a novel hierar-
chy of differential–integral equations is proposed. Based on
trace identity and the Riccati equation of the eigenfunctions,
we have established the generalized bi-Hamiltonian structures
of this hierarchy and derive infinite many conservation laws.
The first nontrivial equation (1) in the hierarchy is in itself in-
teresting and is of potential applied value. In respect that the
hierarchy of nonlinear evolution equations are less known, it
remains open to question whether they have soliton solutions,
Bäculund transformations, Darboux transformation, or other
properties. Any further study involved in the equations can
help us to explore new integrable systems and investigate the
integrable systems that are already known.
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