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Josephson current versus potential strength of the interface in
ferromagnetic superconductors∗
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Based on the scattering theory, we calculate the Josephson current in a junction between two ferromagnetic super-
conductors as a function of the interface potential z. We consider the ferromagnetic superconductor (FS) in three different
Cooper pairing states: spin singlet s-wave pairing (SWP) state, spin triplet opposite spin pairing (OSP) state, and spin triplet
equal spin pairing (ESP) state. We find that the critical Josephson current as a function of z shows clear differences among
the SWP, OSP, and ESP states. The obtained results can be used as a useful tool for determining the pair symmetry of the
ferromagnetic superconductors.
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1. Introduction
One of the interesting characteristic features in the junc-

tion between superconductors is the Josephson current, which
was presented by Brian Josephson in 1961.[1,2] The Joseph-
son current is important not only for applications but also for
theoretical studies. It can be used as a probe for determining
the pairing symmetry of superconductors. After the discovery
of novel superconductors, one of the most asked questions is
about the symmetry of Cooper pairing states in those super-
conductors.

Although ferromagnetism and superconductivity are
known as two opposite phenomena, the coexistence of them
was reported in 2000 and 2001.[3–5] Some research groups
observed superconductivity in some ferromagnetic materials,
such as ZrZn2,[3] UGe2,

[4] and URhGe.[5] Those new mate-
rials were then called ferromagnetic superconductors (FSs).
Theoretically, most challenges are about the kind of pairing
symmetries in those superconductors. In the presence of fer-
romagnetism, it seems that FSs should fall into the spin triplet
equal spin pairing state, while some evidences have been pre-
sented for other symmetries, such as the spin singlet s-wave
pairing state.[6–10] For example, in a study about the nuclear
relaxation rate in UGe2, the possibility of the spin singlet s-
wave pairing state was predicted.[6,7] Also, by using the theory
of weak ferromagnetic Fermi liquid, the possibility of s-wave
superconductivity was suggested.[8] The s-wave pairing state
for UGe2 was suggested to be mediated by local ferromagnetic
spins.[9,10]

For the first time, based on the scattering theory, Furusaki
and Tsukada presented a formula for calculating the Josephson
current.[11] In the last years, different groups have modified

their theories to the unconventional superconductors.[12,13]

And the study of the Josephson current in the presence of
ferromagnetism has shown that the Andreev reflection plays
a key role in the spectra of the Josephson current.[14–18] Re-
cently, the Josephson current for triplet pairing in the presence
of ferromagnetism has been studied in various cases.[19–21] In
Refs. [26]–[29], the Josephson currents for ferromagnetic su-
perconductors with different pair symmetries have been stud-
ied. In all of them, the Josephson current versus the temper-
ature and exchange field was studied, while in this paper, we
study the Josephson current versus the potential strength of the
junction. In fact, our goal is to show that the Josephson current
versus the potential strength of the junction shows a clear dif-
ference for three different Cooper pairing states: spin singlet
s-wave pairing (SWP) state, spin triplet opposite spin pairing
(OSP) state, and spin triplet equal spin pairing (ESP) state.
These pairing states are three candidates for the symmetry of
ferromagnetic superconductors.[23–25]

In the current study, we calculate the critical Josephson
current for an FS/I/FS junction, where FS and I indicate a fer-
romagnetic superconductor and an insulator, respectively. We
consider the FS in the spin singlet s-wave pairing state, the spin
triplet opposite spin pairing state, and the spin triplet equal
spin pairing state respectively. These pairing symmetries for
FSs have been presented in Refs. [19] and [20]. The critical
Josephson current versus the potential strength of the insulator
(z) shows clear distinctions among SWP, OSP, and ESP states.
For the SWP, the Josephson current is a decreasing function of
z; for the OSP, it is an increasing function of z, and with the
increase of the FS exchange field (h), the Josephson current
decreases. For the ESP state, the Josephson current is indepen-
dent of h and increases with increasing z. The strength of the
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barrier potential for discriminating different pair potentials in
ferromagnetic superconductors has been studied in Ref. [22].
In Ref. [24], it was found that in a strong barrier potential,
the difference between s-wave pairing, OSP, and ESP states
becomes clear. Therefore, with large h and z, the Josephson
current versus z shows clear distinctions among SWP, OSP,
and ESP states, which can be used as a useful tool for discrim-
inating between them.

2. Theoretical framework
The junction under study is a two-dimensional system

which is formed between two identical ferromagnetic super-
conductors, FS/I/FS, where I indicates an insulator whose po-
tential is modeled by a delta function, FS indicates a ferromag-
netic superconductor which can have one of the three different
Cooper pairing states: spin singlet s-wave pairing state, spin
triplet opposite spin pairing state, and spin triplet equal spin
pairing state. The motion of the quasiparticles is described by
the following Hamiltonian:[19,20]

𝐻̂ =

(
f (𝑘) ∆(𝑘)

−∆ ∗(−𝑘) − f ∗(−𝑘)

)
, (1)

where f (𝑘) = ξ𝑘+ℎ ·𝜎, ξ𝑘, ℎ, and 𝜎 indicate the band en-
ergy measured from the Fermi energy, the intrinsic exchange
field of the FS, and the Pauli matrix, respectively. For sim-
plicity, we consider ℎ in the z direction, ℎ = h𝑧̂, where h is
a constant. The ∆(𝑘) denotes the FS pair potential. For the
SWP state, it is described by the following equation:

∆(𝑘) = i∆σy. (2)

For OSP and ESP states, ∆(𝑘) = i(𝑑(𝑘) ·𝜎)σy, where 𝑑(𝑘)

for OSP and ESP states are respectively defined as 𝑑(𝑘) =

𝑧̂(kx + iky)/|𝑘| and 𝑑(𝑘) = 𝑥̂(kx + iky)/|𝑘|. Now, we are
ready to consider SWP, OSP, and ESP states. For the OSP
state, the eigenfunctions and the eigenvalues of electron-like
quasiparticles are derived by solving the following equation:

𝐻̂

(
u±
v±

)
= E±

(
u±
v±

)
. (3)

For hole-like quasiparticles, we have

𝐻̂

(
σyv±σy
σyu±σy

)
=−E±

(
σyv±σy
σyu±σy

)
. (4)

By solving the above equations, we obtain the energy
spectra and the wave functions of quasiparticles for SWP and
OSP states

Eη =
√

ξ 2
𝑘+ |∆ |

2 +ηh, η =±,

uη =

√√√√√1
2

1+

√
(Eη −ηh)2−|∆ |2

Eη −ηh

(1± 𝑧̂𝜎)/2,

η =±,

vη =

√√√√√1
2

1−

√
(Eη −ηh)2−|∆ |2

Eη −ηh

(1± 𝑧̂𝜎)
∆ ∗

2 |∆ |
,

η =±.

(5)

The energy spectrum for the ESP state is E± =√
(ξ𝑘±h)2 + |∆ |2, and the eigenfunctions are(

u−
−v− e−iθ

)
,

(
v−
−u− e−iθ

)
,(

u+
v+ e−iθ

)
,

(
v+
u+ e−iθ

)
, (6)

with

u± =

√√√√√1
2

1+

√
(E±2−|∆ |2

E±

,

v± =

√√√√√1
2

1−

√
(E±2−|∆ |2

E±

.

(7)

Now, with the above information, we can write the wave
functions of quasiparticles in both sides of the junction. The
interface is located at x = 0. An incoming electron which
moves to the interface from the left side has the following wave
function:

ΨL(x) = e ik(L)FS xcosθL

(
u

vL+

)
+ae ik(L)FS xcosθ a

L

(
α

βL

)
+be−ik(L)FS xcosθL

(
u

vL−

)
, (8)

and the wave function in the right side of the interface is

ΨR(x) = ce ik(R)FS xcosθR

(
u

vR+

)
+d e−ik(R)FS xcosθR

(
α

βR−

)
, (9)

where a and b are the Andreev reflection and the normal re-
flection coefficients, respectively, and k(L)(R)FS , θL(R), and θ a

L
are the wave vector FS in the left (right) side for both spin-up
and spin-down quasiparticles, the angle of electron-like quasi-
particle with respect to the normal interface in the left (right)
side, and the angle of the reflected hole with respect to the nor-
mal interface in the left side, respectively. The α , vL+(−) , vR+ ,
βR− , and βL are defined as

α = v,
vL+(−) = ve−iΦL−iγ+(−) , βL = ue−iΦL−iγ− ,

vR+ = ve−iΦR−iγ+ , βR− = ue−iΦR−iγ− ,

(10)

where u and v are defined in Eqs. (5) and (6), and ΦL(R) is the
external phase of the FS in the left (right) side, and γ+(−) is the
internal phase of the FS in a different Cooper pairing. Now we
can apply the boundary conditions to the junction

ΨR(x = 0) =ΨL(x = 0),
Ψ ′R(x = 0)−Ψ ′L(x = 0) = 2mV0

h̄2 Ψ(x = 0). (11)

Under these boundary conditions, we find the Andreev reflec-
tion coefficient
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aη (E,θ ,ϕ)

=
(E +ηh)(cosϕ−1)− i sinϕ

√
(E +ηh)2−|∆ |2− z2

θ
[(E +ηh)(1− cos(γ1− γ2))− i sin(γ1− γ2)

√
(E +ηh)2−|∆ |2]

2(E +ηh)2−|∆ |2(1+ cosϕ)+ z2
θ
[2(E +ηh)2−|∆ |2(1+ cos(γ1− γ2))]

|∆ | , (12)

where ϕ (= ΦR−ΦL) is the phase difference between ferro-
magnetic superconductors. The Andreev reflection coefficient
for the SWP state is obtained from the above equation by re-
placing γ1 = γ2 = 0,η =±, and zθ = z/cosθ , for the OSP state
by replacing γ1 = θ ,γ2 = π−θ ,η =±, and zθ = z/cosθ , for
the ESP state by replacing γ1 = θ ,γ2 = π−θ ,η = 0, and zθ =

z/[cosθ
√

1∓h/(EFcos2θ)], where we have z = mV0/(h̄2kF).
With the aid of the Andreev reflection coefficient, the

DC Josephson current may be obtained from the Furusaki–
Tsukada formula

I =
ekBT |∆ |

2h̄

×∑
ωn

π/2∫
−π/2

dθ cosθ

[
a+(iωn,θ ,ϕ)−a+(iωn,θ ,−ϕ)

Ω+n

+
a−(iωn,θ ,ϕ)−a−(iωn,θ ,−ϕ)

Ω−n

]
, (13)

where Ω+n = Ω−n =

√
ω2

n + |∆ |
2 for the ESP state, and

Ω±n =

√
(ωn± ih)2 + |∆ |2 for the OSP and SWP states, with

the Matsubara frequency ωn = πkBT (2n+1). From Eqs. (12)
and (13), we finally obtain the Josephson current for ϕ = π/2
in the following form:[26]

RNI[SWP]
OSP =

πRNkBT
e ∑

ωn

∫
π/2

−π/2
dθ

cosθ

1+ z2
θ

× ω2
n −h2 +α(θ)∆ 2(T,h)

(ω2
n −h2 +α(θ)∆ 2(T,h))2 +4ω2

n h2
|∆ |2,(14)

with α(θ) = [1+ z2
θ
(1− cos2θ)]/2(1+ z2

θ
) for the OSP state

and α(θ) = (1+2z2
θ
)/2(1+ z2

θ
) for the SWP state, R−1

N =∫ π/2
−π/2[dθcosθ/1+ z2

θ
], and zθ = z/cosθ . For the ESP state,

we have

RNIESP =
πRNkBT

e ∑
ωn

∑
η=±

∫
π/2

−π/2
dθ

cosθ

1+λ 2
η z2

θ

× 1

(ω2
n +αη(θ)∆ 2(T,h))2 |∆ |

2, (15)

with

R−1
N =

∫
π/2

−π/2
dθ

cosθ

1+ z2
θ

,

αη(θ) =
1+λ 2

η z2
θ
(1− cos2θ)

2(1+λ 2
η z2

θ
)

,

λη =
√

1−ηh/(EFcos2θ), zθ = z/cosθ .

In the above equations, RN denotes the resistance of
the normal–insulator–normal junction. Note that one should

multiply the Heaviside step function Θ(θc − |θ |) with θc =

cos−1
√

h/EF for minority spin (η =+ ) in the case of the ESP
state (Eq. (15)) because of the mismatch of the Fermi surfaces
of majority and minority spins.[24,25]

3. Results and conclusion
Now we are ready to present the numerical results of

the Josephson current in Eqs. (14) and (15) for three differ-
ent Cooper pairings. Figures 1 and 2 show the dependence of
the Josephson current on z at temperature kBT/∆0 = 0.05 for
SWP, OSP, and ESP states at h/∆0 = 0–0.2 and h/∆0 = 0.3–
0.6 respectively, where kB is the Boltzman constant. The ver-
tical axes in Figs. 1 and 2 are defined as J/J0, where J equals
to I[SWP]

OSP for OSP and SWP states and equals IESP for the ESP
state (see Eqs. (14) and (15)), and J0 equals π∆0/eRN . The
order parameter at finite temperature and the exchange field
∆(T,h) are derived from the BCS-like equations (for more de-
tails see the appendix of Ref. [25]).
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Fig. 1. (color online) Josephson current J/J0 versus the potential
strength of junction (z) for: (a) SWP, (b) OSP, and (c) ESP states at
kBT/∆0 = 0.05 and h/∆0 = 0–0.2

Figure 1(a) shows that the Josephson current decreases
very quickly as a function of z, and at z ≈ 3, it reaches a fi-
nite value. Analytically, with a little attempt from Eq. (14), we
find that in the limit of large z, the Josephson current tends to
a finite value, and in the high transparent limit z→ 0, it has
a maximum value. Figures 1(a) and 2(a) also show that the
Josephson current versus z does not change qualitatively for
different exchange fields.

Figures 1(b) and 2(b) show the z dependence of the
Josephson current in the OSP state. From Figs. 1(b) and 2(b),
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we find three different behaviors for the OSP state: increasing
behavior for a small exchange field, splitting behavior with re-
spect to different exchange fields, and fast decreasing behav-
ior for a large exchange field. From Fig. 1(b), we find that the
Josephson current increases in small exchange fields (see the
curve for h = 0 in Fig. 1(b)). The reason for this behavior goes
back to the sign change of the pair potential in the case of the
OSP state. In fact, due to the sign change of the pair potential,
zero-energy states form at the interface. One should note that
at h= 0, the OSP and the ESP states are identical. The splitting
behavior of the Josephson current comes from the fact that the
wave functions of the OSP state depend on the exchange field
(see Eq. (5)). We also find a fast decrease in the Josephson
current in Fig. 2(b) for large exchange fields. This is because
the absolute value of the order parameter |∆(T,h)| decreases
as a function of h, and it tends to zero at h/∆0 ≈ 0.7.[25] On
the other hand, as Eq. (14) shows, the Josephson current is
proportional to |∆(T,h)|2, so it rapidly decreases at large h.
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Fig. 2. (color online) Josephson current J/J0 versus the potential
strength of junction (z) for: (a) SWP, (b) OSP, and (c) ESP states at
kBT/∆0 = 0.05 and h/∆0 = 0.3–0.6.

Figure 1(b) shows an increasing behavior with z, and at
large z for different exchange fields, it splits. This is because
the wave functions of the OSP state (see Eq. (55)) depend on
h and they split. Figure 2(b) shows that the magnitude of the
Josephson current decreases for large h. The Josephson cur-
rent goes to zero for large h.

Figures 1(a) and 1(b) show a main difference in the
Josephson current behavior for SWP and OSP states. The ori-
gin of this behavior comes from the difference in the order
parameter of FSs in the SWP and the OSP states. On the other
hand, because of the sign change of the order parameter on
the Fermi surface, zero-energy states (ZESs) are formed at the
interface, while there are no ZESs in the case of the SWP state.

Considering Figs. 1(c) and 2(c), we find two important
behaviors in the Josephson spectra for the ESP state: indepen-
dent behavior with respect to the exchange field and increasing
behavior with increasing z. As can be seen in Figs. 1(c) and
2(c), the Josephson current does not depend on the exchange

field. This is because the wave function of the FS in the case
of the ESP state does not show any sensitivity to the exchange
field (see Eq. (7)). Therefore, the Josephson spectrum does
not change with varying FS exchange field. The increasing
behavior in the Josephson current as a function of z comes
from the formation of ZESs at the interface. The ZESs are re-
sponsible for this peculiar behavior of the Josephson spectrum
versus z. Figures 1(c) and 2(c) show that the effect of ZESs
is weak in low z, while strong in large z. One should note
that in Figs. 1 and 2, we have plotted J(z)/J0 as the Josephson
current. Since, for large z, J0 (= π∆0/eRN) is proportional to
1/z2, one finds that the absolute value of J(z) always decreases
with increasing z. The difference between singlet and triplet
is that, the decrease of J(z) for the singlet case is very fast in
comparison to the triplet case. Now, we compare our results
with those in some previous works. In Refs. [27] and [28], it
was found that under certain conditions, there is an enhance-
ment in the Josephson current with an anti-parallel configura-
tion. In the current study, as Figs. 1 and 2 show, the exchange
field decreases the Josephson current in the cases of SWP and
OSP states. This is because our system is different from those
studied in Refs. [27] and [28]. In fact, our system is a junc-
tion in which the two sides are identical, i.e., both of them are
in the opposite spin triplet state. The anti-parallel system in
Refs. [27] and [28] consisted of a junction in which the ex-
change field of the right side was in the up (down) direction
and the left side was in the down (up) direction with s-wave
pairing. So, the results are different from each other, and we
have not seen any enhancement in the Josephson current.

Thus we have found a clear distinction in the critical
Josephson current versus the strength potential of the junction
for three different Cooper pairing states (SWP, OSP, and ESP
states). In the SWP state, the critical Josephson current is a de-
creasing function of z. In the OSP state, the critical Josephson
current versus z splits for different FS exchange fields. While
in the ESP state, the critical Josephson current shows an in-
creasing behavior with increasing z.

In summary, we have calculated the critical DC Joseph-
son current as a function of the potential strength of the junc-
tion which is placed between two ferromagnetic superconduc-
tors. we have found a clear difference in the z dependence of
the Josephson spectra for SWP, OSP, and ESP states, and our
results can be used as a useful tool for determining the pair
symmetry of ferromagnetic superconductors.
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