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The relatively long scan time is still a bottleneck for both clinical applications and research of magnetic resonance
imaging. To reduce the data acquisition time, we propose a novel fast magnetic resonance imaging method based on parallel
variable-density spiral acquisition, which combines undersampling optimization and nonlocal total variation reconstruction.
The undersampling optimization promotes the incoherence of resultant aliasing artifact via the “worst-case” residual error
metric, and thus accelerates the data acquisition. Moreover, nonlocal total variation reconstruction is utilized to remove
such an incoherent aliasing artifact and so improve image quality. The feasibility of the proposed method is demonstrated
by both numerical phantom simulation and in vivo experiment. The experimental results show that the proposed method can
achieve high acceleration factor and effectively remove an aliasing artifact from data undersampling with well-preserved
image details. The image quality is better than that achieved with the total variation method.
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1. Introduction

Parallel imaging is one of the most effective ways to re-
duce the scan time of magnetic resonance imaging (MRI).
It adopts multiple receiver coils to simultaneously acquire
signals with a sub-Nyquist sampling rate. Such undersam-
pled signals can be reconstructed into an un-aliased image
via proper reconstruction algorithms,[1–7] provided that the
sensitivity distribution of the receiver coils can be obtained.
The most widely-used algorithms include sensitivity encoding
(SENSE)[1] and generalized autocalibrating partially parallel
acquisitions (GRAPPA).[5]

Among all of the parallel imaging reconstruction meth-
ods, SENSE provides a rigorous framework for parallel imag-
ing with different k-space sampling trajectories.[8] However,
like all parallel imaging methods, at high acceleration fac-
tors SENSE reconstruction can be ill-posed, which can lead to
noise amplification in reconstructed images.[9] This becomes
more severe as the acceleration factor increases.

One way to mitigate this problem is to use a non-
uniform or random sampling sequence that has more uni-
form noise distribution. Variable density spiral (VDS)[10,11]

is one such sequence, which oversamples central k-space data
while maintaining fast k-space traversal speed. Due to such
non-uniform sampling, the undersampling artifact of VDS ap-
pears to be incoherent (noise-like), and its intensity can be
significantly lower than that from uniform undersampling.[10]

Therefore, VDS has been used to accelerate the data acqui-

sition for different applications, such as MR fluoroscopy,[12]

cardiac imaging,[10] perfusion imaging,[13] and coronary MR
angiography.[14] Recent compressed sensing (CS) theory fur-
ther reveals that such aliasing artifacts can be removed via
proper nonlinear reconstruction algorithms.[15,16]

Another way to solve the ill-posedness of parallel imag-
ing reconstruction is regularization, which reduces noise level
by incorporating prior information into the reconstruction.
Various regularization techniques have been proposed for
SENSE reconstruction.[17–19] One widely used technique is
the total variation (TV) regularization which can suppress
noise while preserving sharp edges.[20,21] However, a TV reg-
ularized image may suffer from staircase artifacts and texture
loss due to its piecewise smooth assumption.

Recently, nonlocal total variation (NLTV),[22] which
combines nonlocal mean[23] and TV, has been proposed to
solve the texture loss problem of TV. However, there are very
few reports about its usage for parallel imaging,[24] which is
restricted to the Cartesian parallel imaging and needs the assis-
tance of additional noisy SENSE reconstruction for nonlocal
weight computation. This scheme may be inefficient when the
SENSE reconstruction image is poor.

To achieve both high acceleration factor and better-
preserved fine image details, a fast parallel imaging method
based on VDS and nonlocal total variation regularization is
proposed in this paper. The Bregman scheme is utilized to
iteratively refine the regularized reconstruction for improved
reconstruction accuracy. The feasibility of this method is

∗Project supported by the National Natural Science Foundation of China (Grant Nos. 81101030 and 61271132).
†Corresponding author. E-mail: huaguo@tsinghua.edu.cn
© 2014 Chinese Physical Society and IOP Publishing Ltd http://iopscience.iop.org/cpb　　　http://cpb.iphy.ac.cn

057401-1

http://dx.doi.org/10.1088/1674-1056/23/5/057401
huaguo@tsinghua.edu.cn
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn


Chin. Phys. B Vol. 23, No. 5 (2014) 057401

demonstrated by numerical phantom simulation and in vivo
experiments. The results demonstrate that this method can ef-
fectively suppress noises in SENSE reconstruction while pre-
serving image details. The image quality is better than the
conventional TV method.

2. Model and method
2.1. Variable density spiral trajectory

VDS trajectory provides an efficient and flexible way to
adjust k-space sampling density based on the requirement of
various applications, in the form of[11]

k(τ) = λτ
α ej2πnτ , (1)

where τ is a function of time and varies from 0 to 1, n is the
turns of the spiral, λ is a constant determined by the imaging
matrix size N and the field of view (FOV): λ = N/(2×FOV).

Since the trajectory starts with the slew rate limit and
gradually changes to the gradient amplitude limit, the time
function τ can be formulated using the following piecewise
function:

τ(t) =
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(2)

where γ is the amplitude; Ts2α is the transition time from the
slew rate limited period to the amplitude limited period; Tes

is the ending time of the slew rate limited period; Tea is the
ending time of whole trajectory; and α is a constant that con-
trols the k-space sampling density along the radial direction.
The minimum α is 1, which corresponds to a regular spiral.
Increased α results in a VDS trajectory that samples more
densely in the center of k-space. In order to reduce the aliasing
artifact level, the sampling density parameter α is optimized
by using the following worst-case residual error:

ε =
1
A

∫ 2π

0

∫ kmax

0
(1−W ⊗C)2 dkdφ , (3)

where W is the sampling density compensation function, C is
the gridding kernel, ⊗ is the convolution operator, and A is
the area of k-space coverage. Since W is the reciprocal of the
sampling density, equation (3) is also a function of sampling
density.

As mentioned in the previous literature,[25,26] the con-
volution of W and C equals a modulation transfer function
that maps non-Cartesian data to Cartesian grids. In ideal
cases, this function should be unity at all sampling coordi-
nates. When undersampled, the aliasing artifact makes this

modulation transfer function deviate from unity. By integrat-
ing this deviation over the entire k-space, Eq. (3) provides a
total energy measurement of the aliasing artifact level. Fig-
ure 1 shows how the residual errors change with α for differ-
ent reduction factors. When R = 1 and R = 2, the error curves
almost overlap with each other, which indicates that increasing
α does not change the residual errors much. As the reduction
factors increase further, the residual aliasing deceases nearly
exponentially with respect to increased α . Note that the resid-
ual errors remain relatively stable after α reaches three. Since
a larger α will lead to a longer readout window, this may intro-
duce more off-resonance induced blurring. Therefore, based
on the worst-case energy, α = 3 provides a reasonable trade-
off between residual error and readout window.
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Fig. 1. The “worst-case” residual error of VDS with different sampling
density parameter α for different reduction factors.

In practical implementation, the VDS trajectory of Eq. (1)
is re-designed with a regularized slew rate function, so that the
excessive magnitude of slew rate due to potential singularity
of VDS at the k-space center can be avoided.

2.2. SENSE model

Parallel imaging uses phased array coils to simultane-
ously acquire a multi-channel MRI signal. For each coil, the
acquired signal can be formulated as[8]

s j(𝑘) =
∫

ρ(𝑟)C j(𝑟)e−i𝑘𝑟 d𝑟, (4)

where ρ(𝑟) is the spin density spatial distribution of the
scanned object, C j(𝑟) is the sensitivity map of the j-th coil,
s j(𝑘) is the signal at k-space position 𝑘 which is acquired by
the j-th receiver coil. After discretization of Eq. (4), the fol-
lowing linear equation can be obtained:

𝑑=𝐸𝑚, (5)
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where 𝑑 is a vector formed by k-space data derived from all
the coils and 𝑚 is an unknown vector formed by spin density
of the scanned object. The system matrix 𝐸 consists of the
product of Fourier coefficient e−i𝑘𝑟 and the coil sensitivity
C j(𝑟).

Provided that the coil sensitivity can be obtained in ad-
vance, the desired image 𝑚 can be reconstructed by inverting
the system matrix 𝐸 in Eq. (5). Since the direct inversion of
system matrix 𝐸 can be prohibitively difficult due to its huge
size, equation (5) is usually solved using the following least
square estimation:

𝑚= argmin‖𝐸𝑚−𝑑‖2
2 . (6)

For Cartesian sampling trajectory, Eq. (5) can be decomposed
into a series of small linear equations. However, for a non-
Cartesian sampling trajectory such as VDS, this decomposi-
tion is not applicable. Thus, equation (5) is usually solved
via some iterative linear numerical schemes, such as conju-
gate gradient algorithm[8] with non-uniform Fourier transform
(NUFFT) or gridding method.

2.2.1. Regularized SENSE reconstruction

At high acceleration factors, the system matrix 𝐸 can be
ill-conditioned. Consequently, the least square estimation in
Eq. (6) can lead to significant noise amplification. One effec-
tive method to stabilize Eq. (6) is to use regularization tech-
nique, which can be formulated as

𝑚µ = argmin
𝑚
{‖𝐸𝑚−𝑑‖2

2 +µJ(𝑚)}, (7)

where J(𝑚) is the regularization term that adds prior knowl-
edge about the imaging object into the reconstruction, and µ

is the regularization parameter. The first term of Eq. (7) is the
fidelity term that represents the bias from SENSE model. The
second term is the regularization term that represents the bias
from the prior knowledge. By tuning the regularization param-
eter µ , a tradeoff can be made between these two biases. To
reduce noise level, a smoothing prior is usually used in Eq. (7),
such as the popular TV method. The regularization term J(𝑚)

of TV takes the form of ‖∇𝑚‖1, where ∇ is the discrete image
gradient operator and ‖·‖1 is the L1 norm that sums up the ab-
solute value of elements in a vector. TV has been found to be
effective in both suppressing noise and preserving sharp edges
in various applications. The CS theory further demonstrates
that TV promotes the sparsity of images in a finite difference
domain and can effectively remove a noise-like aliasing arti-
fact.

Since the aliasing artifacts of VDS appears incoherent,
TV can be utilized to remove such pseudo-incoherent aliasing
artifacts and enable further acceleration. However, TV may
blur out low-contrast image structures and cause structure loss
when imaging data are highly undersampled, which inevitably
degrades the diagnostic information in images.

2.2.2. Nonlocal total variation regularization

NLTV improves fine structure preservation by extending
the 4-neighborhood gradient in TV method to the following
generalized discrete image gradient:[22]

∇
w
i 𝑚=

√
w(i, j)[m( j)−m(i)], i ∈Ω, (8)

where m is the discrete image, and j is a pixel within the neigh-
borhood of i. The neighborhood is defined as a square win-
dow that is centered at pixel i. For each pixel in an image, a
neighborhood window is defined for computing the general-
ized derivative in Eq. (8). The weight w(i, j) depends on the
patch similarity between pixel i and j, which is defined as[23]

wi j(i, j) =
1

Wi
exp

(
−‖p(i)− p( j)‖2

2
σ2

)
, (9)

where p(i) and p( j) are image patches centered at pixel i and
j, respectively; σ is the threshold parameter, which is usually
determined by the background noise variance; and, Wi is the
normalization factor that is a sum of all computed weights for
the pixel i

Wi = ∑wi j(i, j). (10)

With the generalized image gradient in Eq. (8), the NLTV reg-
ularized SENSE reconstruction can be formulated as

𝑚µ = argmin
𝑚

{
‖𝐸𝑚−𝑑‖2

2 +µ‖∇w
i 𝑚‖1

}
. (11)

Equation (11) shows that NLTV shares the L1 norm with TV,
which maintains the sparsity promotion property of TV. How-
ever, the generalized gradient used in NLTV involves more
pixels into the constraint. Furthermore, intensities of these
pixels are not uniformly penalized. The weights in Eq. (9)
reveal the similarity between pixels in the N-neighborhood.
Based on these weights, the L1-norm constraint is imposed
allotropically to each pixel, which helps to avoid the over
smoothing of pixels in fine image structures.

2.3. Bregmanized nonlocal total variation

The Bregman iteration scheme has been used in L1-norm
related optimization, such as TV for alleviating the texture
loss problem.[30] In order to further improve the reconstruc-
tion accuracy, this iterative scheme was applied to NLTV in
this study. With NLTV, the Bregman iteration can be formu-
lated as

𝑚
µ

k = arg
𝑚

min{‖𝐸𝑚−𝑑‖2
2 +µDNLTV (𝑚k−1,𝑚k)}, (12)

where 𝑚k is the result of the k-th iteration, DNLTV(𝑚k,𝑚k−1)

is the Bregman distance of NLTV function between the result
of the k-th iteration and that of (k− 1)-th iteration, which is
defined as

D(𝑚k−1,𝑚k)
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= ‖∇w
i 𝑚k‖1−‖∇

w
i 𝑚k−1‖1

− 〈∇w
i (‖∇w

i 𝑚k−1‖1) ,𝑚k−𝑚k−1〉, (13)

where ∇w
i
(
‖∇w

i 𝑚k−1‖1

)
is the gradient of NLTV function at

𝑚k−1. Equation (13) demonstrates that the Bregman distance
is a measurement of the distance between increment of NLTV
function from 𝑚k−1 to 𝑚k and the corresponding tangent line
increment. As pointed out by previous studies,[27] the Breg-
man iteration for a linear system can be equivalently formu-
lated as

𝑚
µ

k = argmin
𝑚
{‖E𝑚− (𝑑+𝑢k−1)‖2

2 +µ‖∇w
i 𝑚‖1}, (14)

where 𝑢k = 𝑢k−1 +𝑑−E𝑚k. The intermediate variable 𝑢k

is a sum of results from previous iteration and components re-
moved in historic iterations. This can be seen as “adding error
back”, which compensates the removed image structure in a
previous iteration and improves the reconstruction accuracy.
Another advantage introduced by the Bregman scheme is that
its reconstruction result is insensitive to parameter selection,
which increase the robustness of NLTV in the presence of im-
perfect parameter selection.

3. Experiment and results
3.1. Numerical simulation

The feasibility of the proposed method was first tested by
numerical simulation using Shepp–Logan phantom. The im-
ages acquired by each coil were simulated by multiplying the
Shepp–Logan phantom with a set of pre-acquired 8-channel
coil sensitivity maps. A VDS trajectory that contains 24 inter-
leaves was used in simulation, which is the same trajectory as
that used in in vivo experiments. The VDS sampled k-space
data of each coil were obtained by a non-uniform Fourier
transform[28] of each coil image, respectively. To test the ro-
bustness of the proposed regularization algorithm, a spatially
uniform and uncorrelated Gaussian white noise was added to
the simulated VDS data of each coil. A reduction factor of 6
was used by retrospectively undersampling the obtained VDS
data.

3.2. In vivoIn vivoIn vivo experiment

Two 25-year-old healthy volunteers were recruited and
they provided their informed written consent for in vivo stud-
ies. A set of T2 weighted brain data were acquired on a
Philips 3T system (Philips Healthcare, Best, The Netherland)
using a spin echo variable density spiral sequence with an 8-
channel head coil. The sequence has a TR/TE of 500/20 ms,
220×220 mm FOV, a slice thickness of 5 mm, and a resolution
of 0.86×0.86 mm2. The spiral readout contains 24 arms and
each arm has 4335 samples. For the in vivo experiment, only
five of a total of 24 interleaves were retrospectively extracted
and used for reconstruction, which results in a net reduction
factor of 4.8.

3.3. Algorithm implementation

The undersampled VDS data were reconstructed by: 1)
un-regularized SENSE, 2) TV regularization, and 3) the pro-
posed NLTV. To be consistent in computation, all of the re-
construction methods in this study were implemented by the
proximal forward–backward algorithm.[29] For all the three
methods, the iteration was stopped when the decrease of object
function between two iterations was smaller than 0.01%.

Since the Bregman iteration is used, the NLTV method
becomes relatively insensitive to the selection of certain pa-
rameters. In this study, different search windows and patch
sizes have been tested to optimize the NLTV. As expected,
the reconstruction results do not show obvious differences for
both qualitative and quantitative evaluations. Since an in-
creased patch and search window size can significantly pro-
long the computation time, intermediate values for both sizes
are preferred. Therefore, the patch and search window size
of NLTV were fixed as 3× 3 and 11× 11, respectively, for
all of the experiments. The threshold parameter in Eq. (9)
was estimated based on the background noise variance, which
has been proved to yield satisfied results in image filtering
tasks.[23] For both TV and NLTV, the regularization parameter
was selected from a geometric range based on the root mean
square error (RMSE) with respect to the reconstruction results
of fully sampled data. The off-resonance was corrected using
an improved automatic off-resonance correction.[31]

3.4. Results and discussion

Figure 2 shows the k-space trajectory of a single-arm
from the VDS pulse sequence optimized based on Eq. (3).
This trajectory samples the center of k-space with a rate higher
than Nyquist rate. As the radius of spiral increases, the sam-
pling rate is gradually reduced (see Fig. 2(a)). As presented
in Fig. 2(b), the sampling rate of VDS exponentially changes
from oversampling to undersampling. A total of 164 data
points are sampled at a rate no less than the Nyquist rate,
while the other 4171 data points are sampled at a rate less than
Nquist rate in this special case.

The convergence behavior of the NLTV reconstruction is
demonstrated with the in vivo experiment data for a reduction
factor of 4.8 in Fig. 3. The RMSE drops quickly in the first
seven iterations, and reaches its minimum at about the fifth
iteration. This convergence behavior is very typical for non-
Cartesian trajectory reconstruction.[32]

Figure 4 compares the numerical simulation results for a
reduction factor of 6. The SENSE image shows significantly
amplified noise, which implies that, with given coil sensitivity,
the SENSE reconstruction at such high acceleration is quite ill-
posed. Such noise not only degrades the signal-to-noise ratio
(SNR), but also deteriorates local image structures. Although
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TV effectively suppresses the amplified noise, the local struc-
tures and edges are considerably blurred. In addition, there
is an artificial intensity variation across the whole image. In
comparison, the NLTV image shows much sharper edges and
well-preserved, fine image details. The difference maps at the
bottom of Fig. 4 reveal that TV has a high level of structural
error at edges and details together with contrast loss. In com-
parison, the NLTV is visually free of the contrast loss problem
and shows a much lower level of structural error.
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Fig. 2. The k-space trajectory of the optimized VDS pulse sequence.
(a) The k-space trajectory of a single arm from VDS, (b) the sampling
rate of a single arm from VDS. The dashed line in panel (b) indicates
the Nyquist sampling rate.
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Fig. 4. Numerical phantom simulation results for a reduction factor of
6. The top row shows the reference image and the SENSE image. The
columns, from left to right, are reference image and results of SENSE,
TV, and NLTV for the top panel. The bottom panel shows difference
maps of SENSE, TV, and NLTV with respect to the reference image,
respectively (scaled by a factor of 3 for better visualization).

Image detail preservation of different reconstruction al-
gorithms can be better visualized from the center vertical line
plot from the reconstructed images in Fig. 5. The SENSE plot
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Fig. 5. Cross section plots of images reconstructed by different meth-
ods for a reduction factor of 6: (a) SENSE; (b) TV regularization; (c)
NLTV.
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exhibits a large oscillation (see Fig. 5(a)). TV effectively re-
moves such oscillation, but suffers from contrast loss, which is
demonstrated as the shrinkage of structure edges. Meanwhile,
the shape of edges in the TV plot is blurred considerably. Such
blurring also causes artificial intensity changes in a flat area
(see Fig. 5(b)). In contrast, although there is also some edge
shrinkage for small image structures, the NLTV plot matches
the original phantom plot exactly for most parts of the plot.

Figure 6 compares in vivo VDS images reconstructed by
SENSE, TV, and NLTV. Similar to the numerical simulation,
the SENSE image shows amplified noise. However, the noise
distribution of VDS is much more uniform than that of tradi-
tional Cartesian undersampling,[19] which yields a better vi-
sual effect. Although TV effectively removes noise, it also
blurs the image. Some fine image structures are lost due to
this blurring effect (indicated by the arrow in Fig. 6), which
comprises the overall image quality. In contrast, the pro-
posed NLTV method not only removes the severe noise in the
SENSE image, but also maintains sharper structures than the
TV method. The second row of Fig. 6 shows the correspond-
ing difference maps of each reconstruction method. For the
SENSE, the reconstruction error behaves as amplified noise
in the difference map. TV shows a high level of structural
error both near the skulls and the ventricles. For NLTV, the to-
tal error level is the minimum of all three compared methods.
Specifically, the structural error level is also much lower than
that of TV.

fully 

sampled NLTVTV SENSE 

Fig. 6. In vivo experiment results for a reduction factor of 4.8. The top
row shows the reference image and the SENSE image. The columns,
from left to right, are reference image and results of SENSE, TV, and
NLTV for the top panel. The bottom panel shows difference maps of
SENSE, TV, and NLTV with respect to the reference image, respec-
tively.

The fine-structure preservation performance of different
methods for in vivo experiments can be better visualized with
the zoomed-in images in Fig. 7. Both the noise in the SENSE
image and the blurring effect in TV image degrades low-
contrast structure. Meanwhile, TV also shows unacceptable
stair-casing artifact. In comparison, the fine structure in the
NLTV image is much better preserved and matches the fully
sampled image well.

Table 1 summarizes the root mean square error (RMSE)
of reconstructed images in all experiments. SENSE shows

the largest RMSE, due to severely amplified noise. Compared
with SENSE, both TV and NLTV effectively reduce the RMSE
of the reconstruction. However, NLTV is more effective in the
sense that its RMSE is the smallest among all of the test re-
construction methods.

fully 

sampled 

NLTVTV 

SENSE 

Fig. 7. Zoomed-in part of the in vivo experiment results for a reduction
factor of 4.8.

Table 1. RMSE of image reconstructed by SENSE, TV, and NLTV.

Data set SENSE TV NLTV

Numerical simulation 0.125 0.013 0.009

in vivo experiment 0.343 0.234 0.167

4. Conclusion
A fast parallel variable density imaging method has been

proposed based on optimized VDS acquisition and NLTV re-
construction. This method minimizes the aliasing artifact en-
ergy through the “worst-case” residual error metric for VDS
sequence design, so that the incoherence of the aliasing arti-
fact can be promoted. The NLTV reconstruction suppresses
such incoherent aliasing and amplified noise due to the ill-
posedness of reconstruction. The experimental results demon-
strate that this method can more effectively suppress noise am-
plification and preserve finer image details than the traditional
TV method, which has high reduction factors.
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