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Phonon-dependent transport through a serially coupled double
quantum dot system
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Using Keldysh nonequilibrium Green function formalism and mapping a many-body electron–phonon interaction
onto a one body problem, the electron transport through a serially coupled double quantum dot system is analyzed. The
influence of the electron–phonon interaction, temperature, detuning, and interdot tunneling on the transmission coefficient
and current is studied. Our results show that the electron–phonon interaction results in the appearance of the side peaks
in the transmission coefficient, whose height is strongly dependent on the phonon temperature. We have also found that
the inequality of the electron–phonon interaction strength in two dots gives rise to an asymmetry in the current–voltage
characteristic. In addition, the temperature difference between the phonon and electron subsystems results in the reduction
of the saturated current and the destruction of the step-like behavior of the current. It is also observed that the detuning
can improve the magnitude of the current by compensating the mismatch of the quantum dots energy levels induced by the
electron–phonon interaction.
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1. Introduction

Study of transport through quantum dot-based devices
has attracted a lot of attention, both experimentally and
theoretically.[1–16] One of the most interesting devices is com-
posed of two serial or parallel quantum dots (DQD) because
of their molecular-like behavior. The discreteness of the en-
ergy levels, strong electron correlations, interference effect,
and so on result in the novel and interesting phenomena in
the electron transport through DQDs, such as: Coulomb and
spin blockade effects,[8,17–20] Kondo effect,[14,21–24] ratchet
effect,[25] negative differential conductance (NDC),[26,27] etc.
In addition, the DQD systems are promising candidates for
spintronic applications.[28]

The electron–phonon interaction (EPI) in mesoscopic
systems is a very interesting issue that has been exten-
sively addressed in the last two decades.[4,8,29–43] The EPI
significantly influence the electron transport through QDs
and molecules. Coupling of the center-of-mass motion of
the molecule and electron hoping,[29] and thermally induced
acoustic phonons[44] are the main origin of the coupling be-
tween the electronic and vibrational degrees of freedom. The
EPI in single QD devices has been widely studied, from
both experimental and theoretical point of views. The mas-
ter equation approach[30,32,33] and the Keldysh nonequilibrium
formalism[31,37,42,43,45,46] have been used to investigate the ef-
fect of the EPI on the current and conductance. The results
show that the EPI results in the NDC,[4,32,41] appearance of the
sidebands in the density of the state spectrum,[45,46] phonon-

assisted peaks in the conductance,[31,42] and so on. However,
the influence of the EPI on the transport properties of the DQD
system is a very interesting issue which needs more research.

In this article, we analyze the electron transport through a
DQD system by taking into account the EPI. We assume that
the electron of each dot interacts with a dispersionless opti-
cal phonon mode. Using the Keldysh nonequilibrium Green
function formalism and nonperturbative scheme proposed by
Bonča and co-workers,[47] the current and transmission coef-
ficient are analyzed as a function of temperature, energy lev-
els of the QD, and EPI strength. Unlike rate equation for-
malism, this scheme is valid for strong EPI and explains the
quantum coherence effects. Bonça’s scheme allows us to con-
vert a many-body problem into a one-body problem. Here,
we assume that there are a lot of channels for the transport of
the electron inside each dot. The number of channels is equal
to the phonon number. The electron can change its phononic
channel in the QD due to the electron–phonon interaction. Us-
ing the mentioned scheme, the electron–phonon interaction
term is eliminated from the Hamiltonian of the whole system
and, as a result, the problem becomes analytically solvable.
The same problem was investigated in Ref. [43] with concen-
tration on the shot noise of the system. We have also consid-
ered the influence of the temperature difference between the
phononic and electronic subsystems on the transport proper-
ties of the system. The phonon temperature can be more than
the electron’s temperature because of the smaller heat capac-
ity of phonon subsystems. This difference can result in several
interesting phenomena, such as the appearance of the absorp-
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tion sidebands for increasing temperatures.[48,49] Furthermore,
the influence of the inequality of the EPI strength in two dots
on the transport properties of the system is analyzed. This in-
equality can significantly affect the current–voltage character-
istic of the system. Although the same system was examined
in Ref. [43], the influence of the temperature difference of the
electron and phonon subsystems, and asymmetric EPI were
not considered there. In the next section, the Hamiltonian and
formalism used to describe the system are given. Section 3 is
devoted to the numerical results, and at the end a summary is
given.

2. Model and formalism

We consider a serial DQD system and assume that the
electrons of each dot interact with a dispersionless optical
phonon mode. The Hamiltonian describing the whole system
is given as

H = Hleads +HDQD +HT, (1)

where Hleads = ∑αkσ εαkσ c†
αkσ

cαkσ describes the leads using
the non-interacting quasi particle approximation. c†

αkσ
creates

an electron with wave vector k, spin σ , and energy εαkσ in
lead α = L, R. HDQD is given as

HDQD = ∑
i=L,R

∑
σ

[εiσ niσ +ωia
†
i ai +λi[a

†
i +ai]niσ ] (2)

+ ∑
σ

t[d†
Lσ

dRσ +d†
Rσ

dLσ ],

where d†
iσ is the creation operator in the ith dot, niσ = d†

iσ diσ

is the occupation number, εiσ denotes the energy level of the
ith dot, and we assume εRσ = εLσ +∆ , where ∆ stands for the
detuning. The ai is the phonon annihilation operator, while λi

describes the coupling of the electronic and phononic degrees
of freedom. The t describes the interdot tunneling assumed
to be spin-independent. It is assumed that each QD can have
up to one electron because the one-site Coulomb interaction is
order of a few meV and, as a result, the population of the QD
can be easily controlled using a gate voltage in experiments.
The tunneling between the QDs and the leads is described by
HT

HT = ∑
kσ

[VLkσ c†
Lkσ

dLσ +VRkσ c†
Rkσ

dRσ +h.c], (3)

where Vαkσ is the tunneling matrix element.

Equation (2) describes a many-body problem involving
the phonon absorption and emission when the electron tunnels
to the QD. We can map the problem to a one-body problem by
means of the method introduced by Bonča and co-workers.[47]

Each QD can have one electron and n phonons; thus, a polaron
eigenstate can be used to describe the state of each dot[31,43]

|iσ ,n〉= d†
iσ
(a†

i )
n

√
n!
|0〉, n≥ 0, (4)

where |0〉 is the vacuum state. Note that because the elec-
trodes are normal metals and no magnetic field is applied, the
spin index will be omitted in the following. Using the above
transformation, HDQD is written as

HDQD = ∑
i=L,R,n≥0

{εin|i,n〉〈i,n|+λ
√

n+1(|i,n+1〉〈i,n|

+ |i,n〉〈i,n+1|)}+∑
n≥0

t[|L,n〉〈R,n|+|R,n〉〈L,n|],(5)

where εin = εiσ + nωi. Because of the transformation, Hleads

and HT become

Hleads = ∑
αkn

εαkn|αkn〉〈αkn|, (6a)

HT = ∑
kn
[VLk|Lkn〉〈Ln|+VRk|Rkn〉〈Rn|+h.c], (6b)

where εαkn = εαkσ + nωα , and |αk〉 denotes an electron state
with wave vector k in lead α . Indeed, there are various chan-
nels for the transport of the electron through the system and the
number of the channels is equal to the number of phonons. The
phonon population is conserved in the tunneling from the leads
to the QDs, or from one QD to the other, because the tunnel-
ing is assumed to be an elastic process. On the other hand, the
electron of the QD can change transport channel by absorbing
or emitting a phonon. The probability of being in the nth chan-
nel is given by a weight factor, Pin = e−nωi/kTph(1− e−ωi/kTph)

where Tph denotes the phonon temperature. Because the heat
capacity of phonon subsystem is smaller than the electron sub-
system, the phonons can have a higher temperature than the
electron’s temperature. Such a difference can result in the ap-
pearance of absorption sidebands as temperatures increase in
the carbon nanotube QDs.[48,49]

Now, we define the Dirac brackets as operators:[31]

d†
αn ≡ |αn〉, c†

αkn ≡ |αkn〉, (7)

thus, equations (5) and (6) are mapped in the operator repre-
sentation as

H = ∑
αkn

εαknc†
αkncαkn

+ ∑
αn
{εαnnαn +λ

√
n+1[d†

αn+1dαn +d†
αndαn+1]}

+ t ∑
n
{d†

LndRn +d†
RndLn}

+ ∑
kn
{VLkc†

LkndLn +VRkc†
RkndRn +h.c}, (8)

where these operators satisfy the anticommunication relations
as

{dαn,d
†
α ′m}= δαα ′δnm, {cαkn,c

†
α ′k′m}= δαα ′δkk′δnm. (9)

The electronic current crossing from the nth channel and the
lead α is given as

Iαn(t) =−e
〈 d

dt
Nαn

〉
=
−ie

h̄
〈[H,Nαn]〉, (10)

where Nαn = ∑k c†
αkncαkn. With respect to Eqs. (8) and (9), we
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have

Iαn(t) =
e
h̄ ∑

k
[VαkG<

αn,αkn(t, t)−V ∗αkG<
αkn,αn(t, t)], (11)

where the lesser Green functions are defined as:
G<

αn,αkn(t, t
′) = i〈c†

αkn(t
′)dαn(t)〉, and G<

αkn,αn(t, t
′) =

i〈d†
αn(t ′)cαkn(t)〉. To compute the Green functions presented

in Eq. (11), the equation of motion technique within the
Keldysh nonequilibrium Green function formalism is used.[50]

Using the Langreth continuation theorem,[51] it is straightfor-
ward to show that

G<
αn,αkn(t, t

′) = V ∗αk

∫
dt1[Gr

αn,αn(t, t1)g
<
αkn(t1, t)

+G<
αn,αn(t, t1)g

a
αkn(t1, t)], (12a)

G<
αkn,αn(t, t

′) = Vαk

∫
dt1[gr

αkn(t, t1)G
<
αn,αn(t1, t)

+g<
αkn(t, t1)G

a
αn,αn(t1, t)], (12b)

where gr(a)
αkn(t, t

′) =∓iΘ(±t∓t ′)〈{cαkn(t),c
†
αkn(t

′)}〉 is the re-
tarded (advanced) Green function of the isolated electrode,
whereas Gr(a)

αn,αm =∓iΘ(±t∓t ′)〈{dαn(t),d
†
αm(t ′)}〉 stands for

the retarded (advanced) Green function of the αth dot in the
presence of the couplings. Using the identity, Gr −Ga =

G>−G<, equation (11) becomes

Iαn =
e
h̄ ∑

k
|Vkn|2

∫
dt1[G>

α,αn(t, t1)g
<
αkn(t1, t)

−g>
αkn(t, t1)G

<
αn,αn(t1, t)]. (13)

Using the wide band approximation in which the lead-dot cou-
pling is assumed to be energy-independent and setting the un-
perturbed Green functions of the leads in Eq. (12), the current
is given by

Iαn =
ie
h

Γα

∫
dε[ f n

α(ε)G
>
αn,αn(ε)

+(1− f n
α(ε))G

<
αn,αn(ε)], (14)

where Γα = 2π ∑k |Vαk|2 is the coupling strength between
the αth dot and lead, and f n

α(ε) = (1 + exp((ε − nωα −
µα)/kT ))−1 is the Fermi distribution function of the lead α

and µα = Ef±V/2 (a plus sign for the left lead and a negative
sign for the right lead). In order to compute the Green func-
tion of the system, the equation of motion technique is used,
so that the retarded Green functions obey the following matrix
equation

[ε− εαm + i/2Γα ]Gr
αm,βn(ε)

= δαβ δmn +λα

√
m+1Gr

αm+1,βn(ε)

+λα

√
mGr

αm−1,βn(ε)+ tGr
α ′m,βn(ε), (15)

where α ′ = R(L) is opposite of α = L(R). Now, one can easily
compute the retarded Green function in the matrix form as

Gr
αm,αn(ε) = [𝐻1α(ε)−𝐻2(𝐻3α(ε))

−1𝐻2]
−1
mn , (16a)

Gr
αm,α ′n(ε) = [(𝐻3α ′(ε))

−1𝐻2Gr
α ′,α ′(ε)]mn, (16b)

where the matrices presented in the above equations have a
size equal to the number of phonons and are given as

𝐻1α(ε) =


ε− εα0 + i/2Γα −λα 0 0 ...

−λα ε− εα1 + i/2Γα −
√

2λα 0 ...

0 −
√

2λα ε− εα2 + i/2Γα −
√

3λα ...
... ... ... ... ...
... ... ... ... ...

 , (17)

𝐻2 =

 t 0 ...
0 t ...
... ... t

 , (18)

𝐻3α(ε) =


ε− εα ′0 + i/2Γα ′ −λα ′ 0 0 ...

−λα ′ ε− εα ′1 + i/2Γα ′ −
√

2λα ′ 0 ...

0 −
√

2λα ′ ε− εα ′2 + i/2Γα ′ −
√

3λα ′ ...
... ... ... ... ...
... ... ... ... ...

 . (19)

G<(>)(ε) is computed by using the Keldysh Green func-

tion technique as G<(>) =GrΣ<(>)Ga, where the self-energies

are given as Σ<(>)(ε)n,n = ±∑α Γα f n+(−)
α (ε), where f n−

α =

1− f n
α . Indeed, because the correlated Hamiltonian, Eq. (1), is

mapped to a one-body problem, Eq. (8), the tunneling is con-

sidered as an elastic process and the QDs are serially coupled

to the leads, and the self-energy matrices are diagonal and pro-

portional to the tunneling. Therefore, one can easily obtain the

following equation for the lesser (greater) Green function

G<(>)
αn,αn(ε) = ±i ∑

m

[
Γα f m+(−)

α (ε)|Gr
αn,αm(ε)|2

+Γα ′ f
m+(−)
α ′ (ε)|Gαn,α ′m(ε)|2

]
. (20)

By substituting Eq. (20) in Eq. (14), and summing on all
phonon channels, the final expression of the current crossing
from the lead α is given by

Iα =
e
h

Γα ∑
n,m

∫
dε

{
Pn f n

α(ε) ∑
β=L,R

[
Γβ |Gr

αn,βm(ε)|
2
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×(1− f m
β
(ε))

]
−Pm(1− f n

α(ε))

× ∑
β=L,R

[
Γβ |Gr

αn,βm(ε)|
2 f m

β
(ε)
]}

. (21)

Now, we define the transmission coefficient as T (ε) =
trace(ΓLGr(ε)ΓRGa(ε)) which is given as follows:

Tel(ε) = ∑
n

ΓLΓR|Gr
LR(ε)|2nn, (22a)

T (ε) = ∑
nm

PnΓLΓR|Gr
LR|2nm, (22b)

where Tel is the elastic contribution to the transport, so that the
phonon population is conserved during the transport, whereas
T describes the total transmission coefficient. For simulation
purposes, we set the phonon energy as the energy unit.

3. Results and discussion
Figure 1 describes the elastic and total transmission co-

efficients as a function of energy for both EP equilibrium and
EP nonequilibrium. In the absence of the EPI, Tel and Ttot

are identical and show two peaks located in the bonding state,
ε = εL−t, and antibonding state, ε = εL+t. In the presence of
the EPI, the height of the peaks decreases, whereas the num-
ber of peaks significantly increases. First, we analyze the EP
equilibrium case. The position of the peaks is changed due
to the polaronic shift. Furthermore, Tel is no longer identi-
cal to Ttot. One can observe the phonon-assisted peaks whose
distance from the main peaks is equal to nω where n is an
integer. Although the height of the side peaks is low in Tel,
Ttot exhibits higher peaks, indicating that the inelastic trans-
port is dominant. When the EPI is present in both dots, the
distance between main peaks increases; however, the height
of the peaks of Tel reduces, which shows that a higher portion
of the transport is due to inelastic processes. Therefore, the
height of the phonon-assisted peaks is significantly increased.
In the case of the EP nonequilibrium, the phonon temperature
is comparable with the phonon energy, so more phonons are in
the system and, as a consequence, the transmission coefficient
shows more peaks. For Tel, the height of the peaks reduces
while their number increases, which shows that the phonon
channels have a more significant role in the transport. It is also
observed that, although the height of the main peaks of Ttot

reduces in the EP nonequilibrium, the height of the phonon-
assisted peaks increases.

To analyze the influence of the EPI in more detail,
we define the local density of the states (LDS) as Aα,α =

−2Im{tr(Gr
α,α(ε))} containing important information about

the QD–lead couplings, QD–QD coupling, and EPI. As one
expects, Aα,α shows two main peaks in the bonding and anti-
bonding states when λi = 0. The behavior of the LDS is very
interesting when the EPI is just in one dot, the left dot. In this
case, ALL and ARR have different behaviors. ALL exhibits two
main peaks in the bonding and antibonding states. In the EP

nonequilibrium there are extra peaks due to the phonon emis-
sion and absorption. Unlike ALL, ARR has three main peaks
and the third one is located in the resonance energy, ε = εR.
This peak is only observed in the EP nonequilibrium for ALL

with low height. Note that, when λR = 0, there is a detun-
ing in the QDs’ energy levels, resulting in an asymmetry. An
increase of phonon temperature results in the appearance of
side peaks in ARR. When λL = λR ALL and ARR behave in the
same manner, so that main peaks are located in the bonding
and antibonding states. It is clear that the height of the side
peaks is controlled by the EPI’s strength because the probabil-
ity of the phonon participation in the transport is enhanced by
an increase of λi.
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Fig. 1. (color online) (a) Elastic and (b) total transmission coefficients
as a function of energy. The parameters are ΓL = ΓR = 0.2, kT = 0.2,
t = 0.5, and εL = εR = 2.
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Fig. 2. (color online) (a) ALL and (b) ARR as a function of energy. The
parameters are the same as Fig. 1.

Current–voltage characteristic is plotted in Fig. 3. In the
case of λα = 0, elastic transport, the current exhibits three
steps, indicating the empty and full states. When |V |< εασ−t,
low bias regime, the system is empty and the current is zero.
With an increase of voltage, the current monotonically in-
creases until the system becomes a fully occupied, high bias
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regime and, as a result, the current will be saturated. Asymme-
try in the EPI results in the asymmetry of the current–voltage
characteristic. The results show that the saturated current is
higher when the QD with weaker λ acts as an emitter. EP
nonequilibrium gives rise to the destruction of the steps and
the decrease of the saturated current magnitude. When the EPI
strength is the same in both dots, the current–voltage charac-
teristic is symmetric. In this case, the results are in good agree-
ment with results presented in Ref. [42]. The EP nonequilib-
rium results in the reduction of the width and height of the
steps.

λL=0, λR=0, kTph=kT

λL=0.6, λR=0, kTph=kT

λL=0.6, λR=0.6, kTph=kT
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Fig. 3. (color online) Current versus voltage. The parameters are
the same as Fig. 1.

Electrical conductance, dI/dV , is shown in Fig. 4 as a
function of bias. Electrical conductance can reveal informa-
tion that is not well seen in the current–voltage characteristic.
In the elastic transport, the conductance has two main peaks
because the system can have up to two electrons. The EPI
results in the shift of the main peaks and the appearance of
the extra peaks. In the case of λL 6= λR, the conductance
spectrum is sensitive to the sign of the voltage, so that it has
two distinct peaks when the left lead is an emitter, while the
peaks are merged when the right lead is an emitter. This leads
to an asymmetry in the conductance spectrum. Furthermore,
the height of the peaks is significantly reduced. In the case of

-8 -4 0 4 8
0

0.04

0.08

0.12

0.16

0.20

V

d
I
/
d
V

Fig. 4. (color online) Electrical conductance, dI/dV against volt-
age. The parameters are the same as Fig. 1.

the EP nonequilibrium, the conductance shows a more com-
plicated behavior. The number of peaks significantly increases
because the phonons have a more colorful role in the transport.
Furthermore, the height of the main peaks is reduced, whereas
the height of the phonon-assisted peaks is increased.

The influence of the detuning, εRσ = εLσ +∆ , and ratio of
λR to λL is analyzed in Fig. 5(a). It is obvious that the detuning
results in the reduction of the current because the probability
of the electron tunneling between QDs reduces. However, be-
cause the EPI strength gives rise to the renormalization of the
QDs energy levels, detuning can sometimes increase the cur-
rent. We consider the situation in which the left lead acts as
an emitter, whereas the right lead is a collector. As one ex-
pects, the maximum of the current takes place in ∆ = 0, when
α = λR/λL = 1. For α < 1, the maximum value of the current
is observed in ∆ =−λL/ω(1−α), because this detuning com-
pensates for the detuning that has resulted from the EPI. For
α < 1, and ∆ > 0, the current is suppressed because the elec-
tron of the left dot cannot tunnel from the left dot to the right
one. With an increase of α , the phonons play more important
role in the transport in the right dot, so that the highest value
of the current is observed in α > 1. Our results show that the
increase of the EPI in the dot coupled to the collector electrode
gives rise to the increase of the current. Figure 5(b) shows the
influence of the interdot tunneling and EPI on the current. The
interdot tunneling is controlled by using a gate voltage so that
both weak and strong times are easily accessible in the exper-
iments. In weak times, the current is suppressed because the
interdot tunneling is blocked. Indeed, an electron has to stay in
a dot for a long time and, as a result, the next electron cannot
tunnel into the dot. The current is significantly increased by an
increase of t. In addition, the reduction of the current due to
the EPI can be improved by increasing the interdot tunneling
strength, so that the current has maximum values in the strong
λ and t.
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Fig. 5. (color online) Color map of the current. (a) λL = 0.6, εL = 2, and
(b) λL = λR. We set V = 4, and Tph = T in both figures.

057302-5



Chin. Phys. B Vol. 23, No. 5 (2014) 057302

4. Summary
In this article, we have analyzed the electron transport

through a serially coupled double quantum dot system while
taking into account the electron–phonon interaction (EPI). A
nonperturbative shame and the Keldysh nonequilibrium Green
function formalism are used to compute the current and trans-
mission coefficients. Our results show that the EPI results in
the appearance of side peaks in the transmission coefficient,
whose height is dependent on the EPI strength and phonon
temperature. In addition, it is found that the temperature dif-
ference between the phononic and electronic subsystems gives
rise to a reduction of the current and the destruction of its step-
like behavior.
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