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Diverse solid and supersolid phases of bosons in a triangular lattice*
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We investigate the ground state of bosons with long-range interactions in the large U limit on a triangular lattice. By
mapping this system to the spin-1/2 XXZ model in a magnetic field, we can apply the spin wave theory to this study. We
demonstrate how to construct the phase diagrams within the spin wave theory. The phase diagrams are given in an extensive
parameter region, where, besides the superfluid phase, diverse solid and supersolid phases are shown to exist in this model.
Especially, we find that the phase diagram obtained in this method is consistent with the one obtained previously using
numerical techniques in the Ising limit. This confirms the effectiveness of our method. We analyze the stability of all
the obtained supersolids and show that they will not be ruined by the quantum fluctuations. We observe that the quantum
fluctuations in the stripe supersolid phase could be enhanced by the external field. We also discuss the relevance of our
result with the experiment that may be realized with ultracold bosonic polar molecules in a triangular optical lattice.
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1. Introduction
The investigations of cold atoms and molecules in opti-

cal lattices are interesting because we can work on the prob-
lems traditionally encountered in condensed matter physics
and solid-state physics in a new setting where a high degree
of control is possible. Due to the advances of experimental
techniques, there is even the possibility to investigate, with
appropriately designed atomic systems, intriguing phenomena
which do not exist in solid-state materials. Much progress in
both experimental and theoretical aspects has been made in
the past few decades.[1–7] Various types of optical lattices with
interesting geometric structures, such as triangular, kagome,
and honeycomb lattices,[8–10] could be realized by the poten-
tials formed by lasers. Furthermore, the interactions between
atoms can be tuned by the Feshbach resonance.[11] The Bose–
Hubbard model, serving as an explicit example of these quan-
tum systems, has been extensively investigated by using many
techniques. The quantum phase transition from superfluid
to Mott insulator, which is embedded in the Bose–Hubbard
model, has been observed with the aid of ultracold gas in op-
tical lattices.[1]

With the significant experimental progress made in re-
cent years in the cooling and trapping of polar molecules
and atomic species having large magnetic moments,[12–14,18]

the long-range dipole–dipole interaction has attracted more
and more attention.[15–17] Compared with the short-range con-
tact interaction, the long-range interaction could introduce
new physical effects, such as geometrical frustration, density-
density correlations, and so on. Besides the long-range dipole–

dipole interaction, even a variable-range interaction can be
generated by applying off-resonant spin-dependent optical
dipole forces in experiments.[19]

Motivated by the recent progress in experiments of cold
atoms and molecules, we investigate the bosons with long-
range interaction in a triangular lattice in this paper. It is well
known that the long-range interaction can produce strong frus-
tration in a triangular lattice. The previous study showed that
a stable supersolid phase can emerge in this system due to the
order by disorder mechanism.[20–25] By considering the long-
range interaction, we show that diverse solid and supersolid
phases could be realized in such a system. In a lattice system,
since the position of each particle is restricted to the lattice site,
the solid order, i.e., the diagonal long-range order, is defined as
the one that breaks the translational symmetry of the original
lattice, while the superfluid order breaks the U(1) symmetry
and corresponds to an off-diagonal long-range order. If both
orders develop at the same time, then we obtain a supersolid.
The supersolid is one of the intriguing exotic phases of matter,
of which research works have been carried out in both experi-
mental and theoretical aspects.[26–31] We will discuss in detail
how to construct the phase diagram by analyzing the spin wave
energy spectrum. By the analysis of the quantum fluctuations
on the spin waves, we conclude that all the phases obtained in
this system are stable. Finally, we give an experimental pro-
tocol for the observations of these phases with bosonic polar
molecules in a triangular optical lattice.

This paper is organized as follows. In Section 2, we in-
troduce the model Hamiltonian. In Section 3, we construct
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the mean field phase diagrams in the large-S limit. In Sec-
tion 4, we discuss the application of the spin wave theory and
give the analysis of quantum fluctuations, phase stability, and
excitations. In Section 5, we discuss the relevance of our re-
sults with the experiment that might be realized with ultracold
bosonic polar molecules in a triangular optical lattice. Finally,
we give a brief summary in Section 6.

2. Model Hamiltonian
The general Bose–Hubbard Hamiltonian with long-range

interactions in a triangular lattice can be written as

H = −t ∑
⟨i j⟩

a†
i a j +∑

i

[
1
2

Uni(ni −1)−µni

]
+∑

i, j

1
2

Vi jnin j, (1)

where a†
i (ai) creates (destroys) a boson on site i, ni = a†

i ai

is the particle number operator, t denotes the nearest neighbor
(NN) hopping strength, ⟨i j⟩ means the summation over all NN
pairs, U is the on-site repulsion and the hard-core constraint
U → ∞ is required in this paper, µ is the chemical potential,
and Vi j is the interaction strength between sites i and j. We
will only consider NN interaction V1 and next nearest neighbor
(NNN) interaction V2 for simplicity. By mapping the empty
and the one-particle states to the spin-up and the spin-down
states respectively,[32] Hamiltonian (1) can be formulated in a
spin S = 1/2 representation as

H = ∑
⟨i j⟩

[−Jx(Sx
i Sx

j +Sy
i Sy

j)+ JzSz
i S

z
j]+∑

(i j)
J′zS

z
i S

z
j

−Sh∑
i

Sz
i , (2)

where Sα
i is the α component. Here, Jx = 2t and Jz =V1 (J′z =

V2) are the transverse and the longitudinal exchange interac-
tions, respectively, Sh = µ + 3V1 + 3V2 is the strength of the
external magnetic field, and (i j) means the summation over all
NNN pairs. From now on, we take the NN repulsive interac-
tion Jz as the energy unit, i.e., Jz = 1, and adopt the parameters
J = Jx/Jz (J ≥ 0) and δ = J′z/Jz (0 ≤ δ ≤ 1).

3. The ground state phase diagrams
In this section, we work out the ground state phase di-

agram by comparing the energies of different phases in the
large-S limit. The analysis of quantum fluctuations, stabil-
ity, and excitations within the full spin wave theory, i.e., the
Holstein–Primakoff approach with large-S expansion, will be
presented in the next section. Here several sublattice schemes
are designed to capture all the possible interesting phases at the
classical level. The sublattice schemes with the corresponding
first Brillouin zones (1st BZ) are depicted in Fig. 1. Each clas-
sical spin with magnitude S is described by two parameters,

the polar and azimuthal angles (θ , φ). Since the system is in-
variant under the global rotation along the z axis and the cou-
plings in the x–y plane are ferromagnetic, we can set φ = 0
without loss of generality. The expressions of the ground
state energies for sublattice schemes A, AB, ABC, ABCD are
worked out and can be found in Appendix A, from which the
phase diagram can be constructed as shown in Figs. 2 and
3. In the spin language, the supersolid order is present when
the spins have their x–y components aligned ferromagnetically
and their z components ordered at a nonzero wave vector in-
side the first Brillouin zone.
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Fig. 1. (color online) The triangular lattice with lattice constant a = 1
and four types of sublattice schemes labeled with A, AB, ABC, ABCD
and their corresponding first Brillouin zones. The nearest neighbor
interactions are denoted by thick red solid lines, and the next near-
est neighbor interactions are denoted by thin dashed lines. The lat-
tice translational vectors are 𝛿1 = {1,0}, 𝛿2 = {−1/2,

√
3/2}, and

𝛿3 = {−1/2,−
√

3/2}.

3.1. The phase diagram for Jx = 0

Because of the particle–hole symmetry, we only need
to consider h > 0. For the case of Jx = 0, the phase di-
agram is depicted in Fig. 2. It is also worth pointing out
that these results are consistent with those obtained by nu-
merical methods.[33] There are four types of emerging diag-
onal orders, the full occupied Mott phase (full), the stripe
solid (stripe-S), the honeycomb solid (honeycomb-S), and
the kagome solid (kagome-S), corresponding to the sublattice
schemes A, AB, ABC, and ABCD, respectively. The phase
transitions between these phases are of first order. We can eas-
ily work out analytically the phase boundaries, they are hSH =

12δ (0 < δ ≤ 0.2) between stripe-S and honeycomb-S phases,
hSK = 2(1+δ ) (0.2 < δ ≤ 1) between stripe-S and kagome-S
phases, hHK = 6− 18δ (0 < δ ≤ 0.2) between honeycomb-S
and kagome-S phases, and hKM = 6(1+ δ ) (0 < δ ≤ 1) be-
tween kagome-S and Mott phases. It should be noted that the
kagome-S phase will disappear at δ = 0, which is consistent
with the previous result.[20]
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Fig. 2. (color online) The ground state phase diagram in the h–δ plane
at Jx = 0. The inserted figures show the configurations of solid orders.
The solution of polar angle θ on a site is denoted by a black filled circle
(θ = π ) or a white one (θ = 0). All the phase boundaries are of the first
order and denoted by black solid lines.

3.2. The phase diagram for Jx ̸= 0

By fixing δ , we worked out the phase diagrams on the
Jx–h plane as depicted in Figs. 3(a) and 3(b). First of all,
the superfluid (SF) phase emerges for nonzero Jx. The SF
state breaks the global U(1) symmetry with respect to the
rotation about the z axis with a uniform polar angle θ =

arccosh/[6(1+ Jx + δ )] for all lattice sites, i.e., the SF phase
is captured by sublattice scheme A. More significantly, sev-
eral fascinating supersolid phases emerge, including stripe su-
persolid (stripe-SS), honeycomb supersolid (honeycomb-SS),
and kagome supersolid (kagome-SS) phases, due to the coex-
istence of superfluidity and the corresponding solid orders.

0 0.1 0.2 0.3 0.4 0.5 0.6
0

2

4

6

8

10

0 0.1 0.2 0.3 0.4 0.5 0.6
0

2

4

6

8

10

12

h

SF

full

kagome S

honeycomb S

stripe S
honeycomb SS

(a)

h

kagome S

Jx

stripe S

kagome SS

full

SF

(b)

stripe SS

Fig. 3. (color online) The ground state phase diagrams for (a) δ = 0.1
and (b) δ = 0.4 in the Jx–h plane. The first- and the second-order phase
transitions at the boundaries are indicated by dashed and solid lines,
respectively.

By fixing parameter Jx, we can obtain the numerical so-
lutions of the polar angles of the sublattice sites (θα ) varying
with the applied field as shown in Figs. 4(a) and 4(b). The first-

and the second-order phase transitions can be easily observed.
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Fig. 4. (color online) The solutions of polar angles θα (α =
A, B, C, . . .) as functions of applied field h with model parameters: (a)
δ = 0.1 and Jx = 0.3; (b) δ = 0.4 and Jx = 0.4. The solid and dashed
vertical lines denote the first- and the second-order phase transitions,
respectively. The appropriate sublattice scheme is AB for the stripe-S
phase, so the sublattice polar angles θC and θD do not appear; θD does
not appear for scheme ABC likewise.

Let us discuss the results shown in Fig. 4(a) (i.e., δ = 0.1
and Jx = 0.3) first. The system is in the stripe-S phase with
θA = π and θB = 0 when the field h is small. When h exceeds
the boundary denoted by

h1 = 2
√
(1+δ + Jx)(1+δ −3Jx), (3)

the system will enter into the honeycomb-SS phase via a first-
order phase transition. The appropriate sublattice scheme
changes from AB to ABC. The sublattice polar angles θA, θB,
and θC take incommensurate values. Notice that this super-
solid phase is absent for

Jx < Jc1
x =

[
3δ −1+

√
(1−3δ )(1+5δ )

]
/2. (4)

When h reaches the second-order transition boundary

h2 =
3
2
(
2+ Jx −

√
4(1−2δ )(1−2δ −4Jx)−7J2

x
)
, (5)

a honeycomb-S phase with commensurate polar angles θA = π

and θB = θC = 0 develops due to the disappearance of the su-
perfluid density. If h further exceeds

h3 = 6(1−3δ ), (6)

the system enters into the kagome-S phase through a first-
order phase transition. Again, the appropriate sublattice
scheme changes from ABC to ABCD. In the kagome-S phase,
we have θA = π and θB = θC = θD = 0. The next phase bound-
ary

h4 = 3
(

1+ Jx +δ +
√

(1+δ −3Jx)(1+δ + Jx)
)

(7)
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is of the first order, which separates the kagome-S phase from
the SF phase. Eventually, when h exceeds the boundary

h5 = 6(1+ Jx +δ ), (8)

the system enters into in the Mott insulator phase with each
site being fully occupied by one boson.

The discussion for Fig. 4(b) (i.e., δ = 0.4 and Jx = 0.4)
could be carried out in the same way. In this case, the hon-
eycomb configurations do not appear at all. With h increas-
ing, the system goes through the stripe-S, stripe-SS, kagome-
SS, kagome-S, SF, and Mott phases successively, with phase
boundaries (only h′2 separating the stripe and the kagome su-
persolid phases needs to be solved numerically)

h′1 = 2
√
(1+δ + Jx)(1+δ −3Jx), (9)

h′3 = 2
(

2+ Jx +2δ −
√
(1+δ )(1+δ −2Jx)−2J2

x

)
, (10)

h′4 = 3
(

1+ Jx +δ +
√
(1+δ −3Jx)(1+δ + Jx)

)
, (11)

h′5 = 6(1+ Jx +δ ). (12)

4. Spin wave theory: the Holstein–Primakoff
approach
Now we apply the full spin wave theory (SWT) to the

problem by emphasizing the quantum fluctuations and exci-
tations. Without loss of generality, we suppose that the whole
lattice is divided into M sublattices denoted by ν = 1,2, . . . ,M.
Just as we have done in the previous section, we can work out
the mean-field ground state that is characterized by the polar
angle θν for the ν-th sublattice. Then we perform a local ro-
tation so that the direction of the local spin points to the local
quantization z axis. Since all spins are assumed to lie in the
x–z plane, we can do this by a rotation about the y axis. By
labeling the local frame with a tilde, we obtain the transforma-
tion

Sx
𝑅,ν = cosθν S̃x

𝑅,ν + sinθν S̃z
𝑅,ν ,

Sy
𝑅,ν = S̃y

𝑅,ν ,

Sz
𝑅,ν = −sinθν S̃x

𝑅,ν + cosθν S̃z
𝑅,ν , (13)

where the subscript 𝑅 labels a Bravais lattice site.
We introduce M bosonic annihilation operators, dν (ν =

1,2, . . . ,M), and their corresponding creation operators. By
means of the Holstein–Primakoff transformation, we can rep-
resent the spins on sublattice ν as follows:

S̃+𝑅,ν = d†
𝑅,ν

√
2S−n𝑅,ν =

√
2Sd†

𝑅,ν +𝒪(S−
1
2 ),

S̃−𝑅,ν =
√

2S−n𝑅,ν d𝑅,ν =
√

2Sd𝑅,ν +𝒪(S−
1
2 ),

S̃z
𝑅,ν = S−d†

𝑅,ν d𝑅,ν = S−n𝑅,ν , (14)

where 𝑅 ∈ ν sublattice, n𝑅,ν = d†
𝑅,ν d𝑅,ν is the particle

number operator, and S±𝑅,ν = S̃x
𝑅,ν ± iS̃y

𝑅,ν . By substituting

Eqs. (13) and (14) in Hamiltonian (2) and performing the
Fourier transformation, we can write the Hamiltonian in the
form

H =ℋ0 +ℋ1 +𝒪(S0), (15)

where ℋ0 is the classical mean-field ground state energy (just
as the ones listed in Appendix A, Eqs. (A1)–(A3)) that is pro-
portional to S2. The ℋ1 is the leading-order quantum fluctua-
tion proportional to S with the explicit form

ℋ1 =
1
2

S∑
𝑘

(
𝐴†(𝑘),𝐴̃(𝑘)

)(ℳ 𝒩
𝒩 ℳ

)(
𝐴(𝑘)
𝐴̃†(𝑘)

)
+E0

FL,

(16)
where 𝐴†(𝑘) = (d†

1(𝑘),d
†
2(𝑘), . . . ,d

†
M(𝑘)), 𝐴̃ is the trans-

pose of 𝐴, from which we can define the spinor 𝐷†(𝑘) =

(𝐴†(𝑘),𝐴̃(𝑘)), ℳ and 𝒩 are M×M matrices (see Appendix
B), and E0

FL is a constant in S order. The ℋ1 can be diagonal-
ized by using the extended Bogoliubov transformation, which
amounts to finding a rank 2M×2M matrix 𝑈 satisfying

𝑈 †𝛬𝑈 =𝛬, (17)

𝑈 †ℋ1𝑈 =𝛺, (18)

with

𝛬=

(
1 0
0 −1

)
, 𝛺 =

(
𝜔(𝑘) 0

0 𝜔(−𝑘)

)
, (19)

where 1 is an identity matrix of size M, and 𝜔(𝑘) is a di-
agonal matrix, i.e., 𝜔(𝑘) = diag(ω1(𝑘), ω2(𝑘), . . . ,ωM(𝑘)).
Equation (17) is a condition that ensures the statistics of the
system, i.e., the system will remain bosonic natured after the
transformation. Equation (18) ensures the diagonalization of
the Hamiltonian, which is just a mathematical requirement.
The transformation matrix 𝑈 and energy spectrum matrix 𝛺

can be obtained by solving the following matrix equation:

𝛬ℋ1𝑈 =𝑈𝛬𝛺, (20)

which can be inferred from Eqs. (17) and (18).
We introduce another set of bosonic operators αν(𝑘)

(ν = 1,2, . . . ,M) and spinor 𝒟†(𝑘) = (𝒜†(𝑘),𝒜̃(−𝑘)) with
𝒜†(𝑘) = (α†

1 (𝑘),α
†
2 (𝑘), . . . ,α

†
M(𝑘)). We suppose that ℋ1

is diagonal in terms of these new bosons (i.e., 𝒟(𝑘) =

𝑈−1𝐷(𝑘)),

ℋ1 = S ∑
ν ,𝑘

ων(𝑘)[α
†
ν (𝑘)αν(𝑘)+1/2]+E0

FL. (21)

So the total spin-wave correction to the ground-state energy
reads

∆E =
1
2

S ∑
ν ,𝑘

ων(𝑘)+E0
FL. (22)
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4.1. Revisit the ground state phase diagram with spin
waves

In Section 3, we have presented the ground state phase di-
agram in the classical large-S limit. Now we discuss how those
sublattice schemes can be reproduced from the spin wave anal-
ysis and whether the phases are stable or not when quantum
fluctuations are included. We can easily work out the ground
states of the system in two limiting cases. One is when h is
large enough, the system is in the full occupied Mott insula-
tor phase. This case is trivial for our discussion. The other is
when Jx is large enough, the system is in the superfluid phase.
In the SF regime, we can work out the energy spectrum with
sublattice scheme A (see Fig. 1) and obtain the analytical re-
sult

𝜔A(𝑘) =
√
ℳA(𝑘)2 −𝒩A(𝑘)2, (23)

where ℳA(𝑘) and 𝒩A(𝑘) are given by Eqs. (B1) and
Eq. (B2), respectively, in Appendix B. In the SF phase, the
spectrum exhibits a gapless mode at Γ (0, 0) point in the 1st
BZ (see sublattice scheme A in Fig. 1). We now show that the
emergent phases with stripe and honeycomb solid orders (i.e.,
the sublattice schemes AB and ABC are needed accordingly)
are actually embedded in the spectrum given by Eq. (23).
This can be inferred from the gapless behavior of the spec-
trum, because the Bose condensation occurs for the Holstein–
Primakoff bosons and leads to the particular solid order. Nu-
merical solutions of the spectrum are shown in Fig. 5 for sev-
eral selected parameters. We analyze the behavior of the spec-
trum when Jx reduces away from the superfluid regime. In the
1st BZ, a minimum (usually called a “roton”) at M (0, 2π/

√
3)

or X (2π/3, 2π/
√

3) point develops as Jx decreases. At the
transition value Jc2

x , the minimum becomes a gapless Gold-
stone mode (i.e., the roton is totally softened). If the softened
mode occurs at the M point, then the stripe order with sublat-
tice scheme AB appears; while if the softened mode occurs at
the X point, then the honeycomb order with sublattice scheme
ABC appears. This is in agreement with the phase diagrams,
Figs. 2 and 3, established in the previous section.

We notice that the phases with sublattice scheme ABCD
are not embedded in the spectrum given by Eq. (23). This is
not hard to understand since the kagome order cannot be rep-
resented by a faithful single mode in the 1st BZ of sublattice
scheme A. So we resort to sublattice scheme AB. Since there
are two sublattices, we have two branches of spectra labeled
by ωA(𝑘) and ωB(𝑘). They can be numerically solved from
Eq. (20). The result is shown in Fig. 6. We see that the soft-
ened roton develops at the M (π, π/

√
3) point (see the 1st

BZ of sublattice scheme AB in Fig. 1 for both spectra). When
gaplessness occurs at the M point, the Bose condensation of

Holstein–Primakoff bosons leads to kagome orders with sub-

lattice scheme ABCD eventually.
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Fig. 5. (color online) The energy spectrum obtained with Eq. (23). The
selected parameters are (a) δ = 0.1 and h = 0.1; (b) δ = 0.1 and h = 6;
(c) δ = 0.4 and h = 0.1; (d) δ = 0.4 and h = 4. From the roton mode at
the M or X point, we can infer the formation of the stripe or honeycomb
order.
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Fig. 6. (color online) The numerical solution of energy spectrum for
sublattice scheme AB (see Fig. 1) with parameters Kz = 0.4, h = 4, and
Jx = 0.38365. We observe a softened roton at the M point. When it
becomes gapless, a kagome order will develop.

Next, we discuss the properties of excitations in different

phases. In Fig. 7(a), we show the energy spectra in the SF

phase with different parameters. We find that the excitation is

always gapless and linear in k at the long wavelength limit (at

the Γ point), which is consistent with the Goldstone theorem.

In Figs. 7(b)–7(d), we show the spectra for sublattice schemes

AB, ABC, and ABCD respectively, which display clear transi-

tions from the stripe-, honeycomb-, and kagome-SS phases to

the stripe-, honeycomb-, and kagome-S phases, respectively.

At the supersolid–solid transition point, the gapless spectra

change their behaviors from linear (≃ k) to quadratic (≃ k2).

While in the solid phases, the spectra are gapped. The total en-

ergies (including spin-wave corrections) in the solid phases are

independent of h, which demonstrates their incompressibility

due to the solid order.
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Fig. 7. (color online) The energy spectra for different sublattice schemes and the number of branches: (a) scheme A for SF phase, 1
branch; (b) scheme AB for stripe-SS and stripe-S phases, 2 branches; (c) scheme ABC for honeycomb-SS and honeycomb-S phases,
3 branches; (d) scheme ABCD for kagome-SS and kagome-S phases, 4 branches. The black solid lines are for the supersolid phases.
The red dashed lines are for the supersolid–solid transitions. The blue dash-dotted lines are for the solid phases.

4.2. Quantum fluctuations

Finally, we turn to the quantum fluctuations that might
destroy the orders of the mean-field ground states. The mag-
netization in sublattice ν (ν = 1,2, . . . ,M) is defined as the
average of the spin component along its quantization axis

⟨S̃z
ν⟩=

1
N ∑

i∈ν

⟨S̃z
i ⟩= S−∆S̃z

ν , (24)

where S is the classical value of the spin, and N is the num-
ber of ν sublattice sites. The second term ∆S̃z

ν is the reduction
from the classical value of the spin due to the quantum fluctu-
ations. The ⟨Q⟩ is the expectation value of operator Q in the
ground state. Here ∆S̃z

ν can be calculated from the Bogoliubov
transformation matrix 𝑈(𝑘)

∆S̃z
ν =

1
N ∑

i∈ν

⟨d†
i di⟩=

1
N ∑

𝑘

⟨d†
𝑘d𝑘⟩

=
1
N ∑

𝑘

2M

∑
l=M+1

|Uν l(𝑘)|2, (25)

where 𝑈(𝑘) is obtained by solving Eq. (20). Particularly, we
can work it out analytically for sublattice scheme A as follows:

U12(𝑘) =
ℳA(𝑘)−ωA(𝑘)

2ωA(𝑘)
.
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Fig. 8. (color online) The quantum fluctuations to the magnetization,
∆S̃z, as a function of external field h, where the parameters in panels (a)
and (b) are the same as those in Figs. 4(a) and 4(b), respectively.

For other sublattice schemes, the fluctuations can be
calculated in the same way. In this paper, we use ∆S̃z =

(1/M)∑ν ∆S̃z
µ to measure the strength of the quantum fluctu-

ation for abbreviation. The results of ∆S̃z are shown in Fig. 8.
We can see that the quantum fluctuation is not strong enough
to destroy the orders in the solid and the supersolid phases.
Especially, ∆Sz is always a small constant in the solid phases.
In the superfluid phase, the fluctuations can grow up slightly,
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however it is still not very strong. It is noteworthy that all
types of supersolids are stable. This conclusion is consistent
with the one given by others.[16] We observe an interesting
phenomenon, betraying one’s intuition, that the external field
can somehow enhance rather than suppress the quantum fluc-
tuations in the stripe-SS phase (Fig. 8(b)). This could be rea-
sonably attributed to the frustration induced by the triangular
geometry.[34]

5. Experimental protocol
The long-range interaction in some parameter regions

considered here can be realized using bosonic polar molecules
in triangular optical lattices. We can consider heteronuclear
molecules, such as SrO with a permanent dipole moment of
d ≈ 8.9 D or LiCs with a dipole moment of d ≈ 6.3 D,
which are relevant in the present experiments,[35–38] prepared
in their electronic and vibrational ground states. The polar
molecules are trapped in the xy plane by a standing wave laser,
which is formed by two counter-propagating laser beams with
ω⊥ ≈ 9.42× 104 Hz. The triangular optical lattices can be
set up by three laser beams of λ ≈ 940 nm for LiCs in the xy
plane with a 2π/3 angle between each other.[39] To obtain an
isotropic dipole–dipole interaction, a strong DC electric field
should be employed along the z direction, which induces the
dipole moment along this direction. Integrating over the z di-
rection, eventually, we obtain a long range dipole–dipole inter-
action as V 2D

eff ∼ D/r3. For more details, we refer to Refs. [40]
and [41]. To identify those phases in the experiment, the stan-
dard time-of-flight image technology can be applied as a use-
ful tool.[39] In the superfluid phase, a strong peak will appear
at 𝑘= 0 due to the algebraic decay of the Green function. Dif-
ferent solids and supersolids can be distinguished by different
peak structures and different peak strengths in the first Bril-
louin zone.

6. Summary
Motivated by the realization of cold atoms with long-

range dipole interactions, we have investigated the hard-core
boson model with long-range interactions on a triangular lat-
tice. By mapping it to the spin-1/2 XXZ model, we applied
the spin wave theory in this study. We have constructed the
mean field phase diagram, analyzed the low lying excitations,
and discussed the phase transitions. We have also considered
the quantum fluctuations that may destroy the solid and the su-
persolid phases and concluded that all the phases found here
are stable. Finally, we gave an experimental protocol to real-
ize the phases in some parameter regions. On the other hand,
due to the equivalence of the hard-cord boson model and the
spin-1/2 XXZ model, the results disclosed here might also be
detected in spin systems with long-range diagonal exchange
interactions in future experiments.

Appendix A: the mean-field ground state ener-
gies

The mean-field ground state energies per site correspond-
ing to those sublattice schemes (see Fig. 1) are

EAB/S2 = ∑
α=A,B

[
− 1

2
(Jx +δ +1)sin2

θα − h
2

cosθα

]
+ 2[(1+δ )cosθA cosθB − Jx sinθA sinθB]

+ (1+δ ), (A1)

EABC/S2 = ∑
α=A,B,C

[δ cos2
θα − (h/3)cosθα ]

+ ∑
⟨α,β ⟩

[cosθα cosθβ − Jx sinθα sinθβ ], (A2)

EABCD/S2 = ∑
⟨α,β ⟩

[δ cosθα cosθβ − Jx sinθα sinθβ/2]

− ∑
α=A,B,C,D

(h/4)cosθα , (A3)

where ⟨α,β ⟩ means summation over all the possible pairs of
sublattice labels, e.g., ⟨A,B⟩, ⟨B,C⟩, and so on. The parame-
ters θα are determined by minimization of the mean-field en-
ergies.

Appendix B: matrices ℳ and 𝒩
The elements of ℳ and 𝒩 in sublattice scheme A are

ℳA(𝑘) = hcosθ +6Jx +6(Jx +δ +1)cos2
θ

+ [(1+ Jx)sin2
θ −2Jx]γ1(𝑘)

+ δγ2(𝑘)sin2
θ , (B1)

𝒩A(𝑘) = (1+ Jx)sin2
θγ1(𝑘)+δ sin2

θγ2(𝑘), (B2)

with cosθ = h/(1 + Jx + δ ),γ1(𝑘) = ∑
3
α=1 cos(𝑘 · δα), and

γ2(𝑘) = ∑
3
α=1 cos[𝑘 · (δα − δα−1)]. For simplicity, we intro-

duce the following notations:

X1
νν

′ ≡ cosθν cosθ
ν
′ − Jx sinθν sinθ

ν
′ ,

X2
νν

′ ≡ δ cosθν cosθ
ν
′ ,

F1
νν

′ ≡ 1
2
(
sinθν sinθ

ν
′ − Jx cosθν cosθ

ν
′ − Jx

)
,

F2
νν

′ ≡ 1
2
(
δ sinθν sinθ

ν
′
)
,

G1
νν

′ ≡ 1
2
(
sinθν sinθ

ν
′ − Jx cosθν cosθ

ν
′ + Jx

)
,

G2
νν

′ ≡ 1
2
(
δ sinθν sinθ

ν
′
)
,

hν ≡ hcosθν γ
1
νν

′ ≡ ∑
σ

e
−i𝑘·𝛿σ

νν
′ , γ

2
νν

′ ≡ ∑
σ

e
−i𝑘·𝛥σ

νν
′ ,

where 𝛿σ

νν
′ and 𝛥σ

νν
′ are the translational vectors connecting

sublattices ν and ν
′

along direction σ for nearest neighbors
and next nearest neighbors, respectively. The matrices ℳ and
𝒩 for sublattice schemes AB, ABC, and ABCD are

ℳAB =

[
ΓAB(A) ∑µ Fµ

ABγ
µ

AB
∑µ Fµ

ABγ
µ

AB ΓAB(B)

]
, (B3)
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𝒩AB =

[
∑µ Gµ

AAγ
µ

AA ∑µ Gµ

ABγ
µ

AB
∑µ Gµ

ABγ
µ

AB ∑µ Gµ

BBγ
µ

BB

]
, (B4)

with
ΓAB(ρ) = hρ −∑

ν ,µ

(zρν X µ

ρν)+∑
µ

Fµ

ρρ γ
µ

ρρ ,

ℳABC =

ΓABC(A) F1
ABγ1

AB F1
ACγ1

AC
F1

BAγ1
BA ΓABC(B) F1

BCγ1
BC

F1
CAγ1

CA F1
CBγ1

CB ΓABC(C)

 , (B5)

𝒩ABC =

G2
AAγ2

AA G1
ABγ1

AB G1
ACγ1

AC
G1

BAγ1
BA G2

BBγ2
BB G1

BCγ1
BC

G1
CAγ1

CA G1
CBγ1

CB G2
CCγ2

CC

 , (B6)

with

ΓABC(ρ) = hρ +F2
ρρ γ

2
ρρ −∑

νµ

zρν X µ

ρν ,

ℳABCD =


ΓABCD(A) ∑µ Fµ

ABγ
µ

AB ∑µ Fµ

ACγ
µ

AC ∑µ Fµ

ADγ
µ

AD
∑µ Fµ

BAγ
µ

BA ΓABCD(B) ∑µ Fµ

BCγ
µ

BC ∑µ Fµ

BDγ
µ

BD
∑µ Fµ

CAγ
µ

CA ∑µ Fµ

CBγ
µ

CB ΓABCD(C) ∑µ Fµ

CDγ
µ

CD
∑µ Fµ

DAγ
µ

DA ∑µ Fµ

DBγ
µ

DB ∑µ Fµ

DCγ
µ

DC ΓABCD(D)

 , (B7)

𝒩ABCD =


0 ∑µ Gµ

ABγ
µ

AB ∑µ Gµ

ACγ
µ

AC ∑µ Gµ

ADγ
µ

AD
∑µ Gµ

BAγ
µ

BA 0 ∑µ Gµ

BCγ
µ

BC ∑µ Gµ

BDγ
µ

BD
∑µ Gµ

CAγ
µ

CA ∑µ Gµ

CBγ
µ

CB 0 ∑µ Gµ

CDγ
µ

CD
∑µ Gµ

DAγ
µ

DA ∑µ Gµ

DBγ
µ

DB ∑µ Gµ

DCγ
µ

DC 0

 , (B8)

with
ΓABCD(ρ)hρ −∑

νµ

zρν X µ

ρν ,

respectively, with µ(ν) = 1,2 representing the interactions of
nearest neighbors and next nearest neighbors, and z

νν
′ is the

number of sublattice ν connecting with a given site of sublat-
tice ν

′
.
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[41] Büchler H P, Demler E, Lukin M, Micheli A, Prokofév N, Pupillo G
and Zoller P 2007 Phys. Rev. Lett. 98 060404

056701-8

http://dx.doi.org/10.1038/415039a
http://dx.doi.org/10.1038/415039a
http://dx.doi.org/10.1126/science.1150841
http://dx.doi.org/10.1126/science.1150841
http://dx.doi.org/10.1038/nature06112
http://dx.doi.org/10.1103/PhysRevLett.107.210405
http://dx.doi.org/10.1103/PhysRevA.73.033605
http://dx.doi.org/10.1103/PhysRevA.73.033605
http://dx.doi.org/10.1103/PhysRevLett.91.090402
http://dx.doi.org/10.1103/PhysRevLett.81.3108
http://dx.doi.org/10.1103/PhysRevLett.81.3108
http://dx.doi.org/10.1103/PhysRevLett.93.030601
http://dx.doi.org/10.1038/nphys1916
http://dx.doi.org/10.1038/nphys1916
http://dx.doi.org/10.1103/PhysRevA.82.043625
http://dx.doi.org/10.1103/RevModPhys.80.885
http://dx.doi.org/10.1126/science.1163861
http://dx.doi.org/10.1126/science.1163861
http://dx.doi.org/10.1103/PhysRevLett.101.133004
http://dx.doi.org/10.1103/PhysRevLett.101.133004
http://dx.doi.org/10.1103/PhysRevLett.94.160401
http://dx.doi.org/10.1103/PhysRevLett.94.160401
http://dx.doi.org/10.1103/PhysRevLett.104.125302
http://dx.doi.org/10.1103/PhysRevLett.104.125302
http://dx.doi.org/10.1103/PhysRevA.85.021601
http://dx.doi.org/10.1103/PhysRevA.85.021601
http://dx.doi.org/10.1088/0034-4885/72/12/126401
http://dx.doi.org/10.1088/0034-4885/72/12/126401
http://dx.doi.org/10.1088/1674-1056/22/9/090501
http://dx.doi.org/10.1088/1674-1056/22/9/090501
http://dx.doi.org/10.1126/science.1232296
http://dx.doi.org/10.1126/science.1232296
http://dx.doi.org/10.1103/PhysRevB.55.3104
http://dx.doi.org/10.1103/PhysRevLett.95.127207
http://dx.doi.org/10.1103/PhysRevLett.95.127205
http://dx.doi.org/10.1103/PhysRevLett.95.237204
http://dx.doi.org/10.1103/PhysRevLett.102.017203
http://dx.doi.org/10.1103/PhysRevLett.102.017203
http://dx.doi.org/10.1103/PhysRevLett.104.015301
http://dx.doi.org/10.1103/PhysRevLett.103.225301
http://dx.doi.org/10.1103/PhysRevLett.97.125302
http://dx.doi.org/10.1038/nature02220
http://dx.doi.org/10.1103/PhysRevLett.109.155301
http://dx.doi.org/10.1088/0953-8984/22/18/185601
http://dx.doi.org/10.1088/0953-8984/22/18/185601
http://dx.doi.org/10.1088/1674-1056/21/6/060305
http://dx.doi.org/10.1143/PTPS.46.411
http://dx.doi.org/10.1016/0375-9601(74)90247-3
http://dx.doi.org/10.1103/PhysRevB.67.144427
http://dx.doi.org/10.1103/PhysRevLett.94.203001
http://dx.doi.org/10.1103/PhysRevLett.94.203001
http://dx.doi.org/10.1103/PhysRevLett.95.173002
http://dx.doi.org/10.1103/PhysRevLett.95.173002
http://dx.doi.org/10.1103/PhysRevLett.93.243005
http://dx.doi.org/10.1103/PhysRevLett.93.243005
http://dx.doi.org/10.1103/PhysRevLett.94.023004
http://dx.doi.org/10.1103/PhysRevLett.104.125302
http://dx.doi.org/10.1103/PhysRevLett.104.125302
http://dx.doi.org/10.1103/PhysRevLett.98.060404

	1. Introduction
	2. Model Hamiltonian
	3. The ground state phase diagrams
	3.1. The phase diagram for Jx=0
	3.2. The phase diagram for Jx=0

	4. Spin wave theory: the Holstein–Primakoff approach
	4.1. Revisit the ground state phase diagram with spin waves
	4.2. Quantum fluctuations

	5. Experimental protocol
	6. Summary
	References

